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Abstract

Hearing loss is a very prevalent sensory disorder and hearing aidsepitoichost

common means to alleviate this problem. The effectiveness of hearing aids heavily
depends on the deviceds tuning or #Afitting
Hearing aid fitting is a process where the hearing aid is tuned by adjsstine

inbuilt parameters to produce the desired output. The effect of changing these
paraméers on the response of the hearing aid can often be complex and this response
needs to be modelled. This thesis focuses on modelling the output response of a bone
anchored hearing aid (BAHA) using machine learning based on regression methods.
Linear regrasion using polynomials of different orders are used and the effects of
ridge and LASSO regularization are studied. This study produced several predictive
models ad their capabilities were evaluated using a test dataset. It was shown that
regularization an be beneficial when producing higher order predictive models and
LASSO regularization proved to be particularly effective. This thesis was carried out

in collabaation with Cochlear Bone Anchored Solutions (CBA®) and the

performance of the models paged in this thesis was found to be superior in most
cases when benchmarked against the methods currently used by CBAS.
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Bone anchored hearing aids.
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1. Introduction

Hearing loss is a very prevalent sensory disorder, which was estimated to effect 466
million people or ¥ 20l? bytha Worlavitealth d s popul a-
Organisatior{1]. Hearing loss can have drastic effects on the quality of life of the

victims as sound primarily used by humans for communication and therefore it can

lead to social isolatiof®].

Hearing loss can be divided intwo types:conductive hearing lossndcochlear

hearing loss Conductive hearing loss occurs when a decline occurs in the transfer
efficiency of sound through the outer or middle ear. This can occur due to multiple
causes such as obstacles in the soumdrmession pathway (presence of ear wax or

fluid due to infection), damage to thempanic membran@ardrum), or change in the
medianical properties of thassicleqtiny bones) in the middle ear, where these
structures donot vidouné The end cesulgol coridectivg t o tr a
hearing loss is an attenuation of the sound reaching the cochlea. The cochlea is a fluid
fill ed component in the inner ear that vibrate with the incident sound waves and
convert the vibrations to nerve impulses whi@vélis along the auditory nerve. The
sound attenuation can be frequency dependant and this means that in addition to
overall attenation of incoming sounds, distortions in the sound may also ¢&Jcur

Cochlear hearing loss occurs when the cocisleéamaged, and this damage can be
caused by loud sounds and ototoxic chemicals. In addition, cochlear hearing loss can
alsobe caused by genetic factors, autoimmune diseases and infections. Sometimes
these factors can also cause damage to neural sesictMhen both the cochlea and

the neural structures are damaged, the reemsorineural hearing loss used to

describe theandition. Sometimes patients can also hawe=d hearing loswhere

both conductive and sensorineural hearing losses are pf&kent

While partial or full hearing restoration is sometimes possible through surgical or
pharmaceutical interventionthie use of hearing aids remains the main utility to

combat hearing loss. Hearing aids are medical devices which are ebspatikhges

that house microphones, preamplifiers, analogue to digital cors/etigital signal
processors, transducers and érats. Hearing aids come in different styles based on
i'ts placement o ntheeadn @TE)dypd heaeing tidd sn thke eoacta [ n
of the ear and are externally visible, unlike the complatethe-canal (CIC) hearing

aids which fit entirelyin the ear canal, which cannot be seen from the outside.

However, the most common hearing aid style is the bethiddar (BTE) hearing aid
which fits behind the patientds ear and t h:
through a thin acoustic bag{4].

The most common reason for patients to adopt the use of hearing aids is due to poor
speeclperceptior{5]. Even though, hearingids do help overcome hearing loss to

some extent, normal hearing is not fully restored. This is because hearing aids

functonwé | t o i ncrease audibility of sounds, &
comprehensibility of the sound such as speech. This is elfpétia in environments

with abundant background noigd.The main reason behind this particular

shortcoming of hearing aids is duetlte fact that a decrease in sensitivity to sounds

is only one part of hearing loss. A healthy cochlea adds distortiongrioaning

sound from the environment and these distortions along with the original incoming



sound create a neural response in thditary nerve. When the cochlea is damaged

(hearing loss) and a hearing aid is used in an attempt to alleviate the proklem, th
hearing aiddés output doesndét incorporate t|
produce naturally. Thus, the neuraladtiyy t hat results from the h
is different to that caused by a healthy cochlea and therefore the soungbineckti

differently by the brain. The transformation of sound in the cochlea with respect to

these distortions is not very well usrdtood and therefore it cannot be mimicked

successfully by hearing aids currerty, [8] .

It should be noted that the scope of this thesis will be limited to the use of machine
learning for hearing aid fitting. This means that the hearing aid itself will often be
treat ed -lmesx @, fvbHmealgdonsidéred iassa system with inputs,
outputs and tuneable parameters. The inner workings of hearganaidhe function

of human hearing will not be explored in great detail.



2.Bone Anchored Hearing Aid (BAHA)

BAHA is a type of hearing aid which trsiers sound to the cochlea through the skull
bone, this is known dsone conductioas opposed tair conductionwhich is utilised
by conventional hearing aifi8]. BAHAS requires a titanium screw known ax¢ure

to be surgically implanted into the mastoid bone of the skull. A detaekabhd
processor with a transducer is attacleethe fixture via a piece which protrudes
though the skin known as abutmentSometime after implantatiothe fixture
becomes strongly attached to the bone through a process knosseamtegration
[10].

There are also other bone conduction hearing aids whih thansducers placed
against the skin coverirthe mastoid bone using a head band, however these are not
as effective as they are somewhat free to move around. In addition, the presence of
skin and hair in the conduction pathway can have undesiredsefiethe

transmission to the cochl§al][10].

The use of a BAHA is well motitad when an air conduction hearing aid is simply

not enough to alleviate the patientds hear|
conductive or mixed hearing loss where the sound conduction mechanismartiest c

sound to the cochlea is no longer funcéibMhis means that if air conduction hearing

aids are used, the output sound from the hearing aid will not reach the cochlea

effectively. Bone conduction solves this problem by bypassing the air conduction

pathway and the sound travels directly from ttestoid bone to the cochlea. The use

of a BAHA is sometimes required by hearing loss patients who encounter fluid

discharge from the ear due to infections. In such cases, the fluid will interfere with the

function of the air conduction hearing ai@$ [12].

2.1 Overview
A simplified schematic of the functioning of a BAHA can be sedfiguire 1.

Skull
’»)_» @ —p | A/D | ep| DSP | =— D/A | =P | Transducer |™=P Bolr:e
s(6) u(t) u(n) Py v(n) v(t) F(t)

1

P
Figure 1: A schematic view of the signal processing chain of a BAHA showing a Microphone, Analog to Digital

Converter (A/D), Digital Signal Processor (DSP), Digital to Analog converter (D/A) and the Transducer. The DSP
can be tined byadjusting the parameters repergted in the parameter vectag4] .

The incoming acoustic signalo is received by the microphe and fed to the
Analog to Digital converter (A/D) as a voltageo . This continuous analogue signal
O 0 is converted to a discrete digital sighat by the A/D. The Digital Signal
Processor (DSP) then appliesrse operations o6 € based on thparameters set in
the parameter vectdr. The output signad ¢ from the DSP is then converted to an
analogue signal 0 by the Digital to Analogue converter (D/A).0 is the input
voltage to the transducerhich vibrates on the skull bone witte force’O0 [4].
Given a timeharmonic input sound sighaith the frequency and the amplitde

i RU , we define the power gain for the system as:
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whereQ) i s the output f ossocigedasth theruadamestala mpl i t ud

frequency component. Thus, all the harmonics of the output force are discarded. The
power gainO1 has the unit decibels (dB) relative-te— [13].

It should be noted that the RMS of the incoming acoustic sigogls taken and it is
then expressed in dB SPL (decibel Sound Pressure Level) which is equivalent to

expressing the RMS of sound pressin Pascald has¢ 1 1 G [14].

Similarly, the RMS of the output for¢go) is expresseds B OFL (decibel Output
Force Level), dB OFL can be obtained by expressing the RMS of the output force in

Newton(0) as¢ i | G— [13]. The RMS of @9) is taken after the signhhs
reached steady stfid].

2.2 Digital Signal Processor (DSP)

The DSP as indicated Figurel is a critical component of the BAHA. It functions as
a multiband dynamic range compressor in a BAHA. This is ilatett inFigure2

[4].

D

u(n)

Figure 2: Block diagram oDSP where the incoming signal is split intefldequency bands by basmhss filters,
compressed by dynamic range compressors and then reconined

2.2.1 Band Pass Filter (BPF)

It is seen fronFigure2 that the incoming signal & is spilt into0 chanrels. The
splitting of the signal into these channels is based on Band Pass Filters (BPF) which
allows signals within a certain frequency range to pass through. The frequency
response for atypicd BPF is shown irFigure3 [15].

0de
-3dB

o

Output Gain

Bandwidth

r fe Vi Frequency (Hz)

Figure 3: Frequency response oftgpical bandpass filter[15].



There are three characteristic frequencies associated with a BPF, niawelycut
off frequency'Q , upper cutoff frequency™Q andcentre frequency’'Q . The
lower and upper cubff frequencies determine tipassbandthe frequencies thato
pass through) of the filter. The span of this passband tsath@widthof the filter and
the frequencies that are outside this passband are attenuatedniredequencyis
defined as being halfway betwe&hand™Q . The attenuated frequeirs are known
as thestopbandof the filter. It is seen frorrigure3 that the transibn between the
passband and the stopband is not instantaneous. This is knownak tffeof the
filter and it is not present in the casetloé ideal band pass filtgt5].

TheO BPF filters shown irFigure2 has different lower and upper cenff frequencies
and therefore each filter passes a different frequency rangs.tfi incoming signal
is split into0 frequency band4].

Some applications where bapdss filters are implemented in a DSP include image
processing, radar signal processing atepteone line moden{46].

2.2.2 Dynamic Range Compressor (DRC)

After the signal is divided into frequency bands, its dynamiceamgeduced by the
Dynamic Range Compressor (DROynamic range compress means that the
effect of an increase in the input sound pressure level (SPL) will result in a lower
(compressed) increase in the output SRiis operation is illustrated iRigure4

where the input SPL is plotted against the output SPL and th@gaibh3].

Output vs.Input Sound Pressure Level

Gain vs. Input Sound Pressure Level
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Figure 4: The effect of compression on the output SPL and on thd4ja|t3] .

From these plots, gain can be defined as:

" AEA" 1 60BO@G" 30T BBOQ A" 30,
Thecompression ratigs defined asyy— . Therefore, when this ratio is unity, no

compression occurs, and this results in the linear region shown in the plot and the gain
is constant. Any compression ratiedar than unity implies that compression is
activated and that the dynamic range of th@auSPL is reduced. A compression

ratio of Hhmeans that the output SPL will not increase further for any increase in the
input SPL and this is known aaturation The point at which compression is
activated, i.e. where the compression ratio changes wrkas thecompression knee
point (CK). The output SPL when the input SPL is in the saturation region in point is
known as thenaximumpower output(MPO). Compressiors an important feature,
since a person with hearing Idgpically has normahearing at higher input levels.
Thus, a sound processor with no compression is uncomfortable at highettinput.
should be noted that CK 1 is set as a function of the inpuaidsexrel while CK 2 is

set as a function of the MP@], [13].



Input SPL can be split into three regions as seéiguare4 and these regions are

referred to as(i) soft regioni input SPL lower than th€K 1, (ii) loud regioni input

SPL between the CK ard CK 2; and (iii) saturaon regioni input SPL is

sufficiently large to make the output SPL saturptg [13].

The DRC has other properties such as attack times and réteasewhich goven

how much time it takes for the gain to change when the input SPL increases or

decreases abruptly. These changes in gain should not occur instantaneously as this

wi || cause distortions[4in the output sound.

2.3 The power gain and gain settings

The power gain for each frequency band at each input sound level is controlled by
parameters knowrsaain settingsTwo vectors]] and Han be used to store the
power gain and the gain setting for each frequency band at each input sound. The
structure of thd and"Hvectors are shown below:

hﬁl,l “Qﬁl,l
e &y
X . K]

I'i] h I“I£2h 1
LY II(2F1|’|
1Hén 1Hén

p Iﬂ] I7]|’| g I'lQF] 1 q

11z 1 11z
€, R
Il .1 Il -1
I!e 1l 1l € r
LY IIQFH"l
11én 11én
Nal Uy U

where ) i or "Q; is the gain setting or power gain msponding to th@th

frequency band an@@ th input sound levelbis the total number of frequency bands
and"Yis the total number of input sound levels. The indexing of the elemehts of

and Hvectors can be simplified by discarding informatabout the frequency band

and the input sound level and simplyimeexing based on the position of the element

in the vector. Note that only the indices are changed, and the elements of these vectors
reman the same. The fimdexedl and Hsectors ares shown:

A 0
é
n Q

whered 0 Y

2.3.1 Constraints on pi vector

Thep vector that is input into the DSP must obey certain constraints to be accgpted b
the DSP. These constraints and their motivations are as follows:

1. Compressionconstraint which specifies thay ") n " for Q
p. Thismeans that when considering two gain settings for a given frequency
band buforthen s o f t 6 and 0 thegaimd settinfontphuet ASsPoLf t 0
input SPLmust have a higher valuéhe motivation for this constraint is to



ensure that sounds with a la@maplitudearenot amplified too much so that it
may cause discomfort or further hewrimpairment to the patient.

2. Compression rule constraintwhich states thay "Ch) n " |
for’'Q pand 1. Thismeans that two gain settingsthe sane frequency
band,buf or fAsoft 0o an canbrlydifiedhy a giverpconstans P L ,
| at most. This constrainhelpsto avoidinfinite compressiorof high
amplitude sounds.

3. Band Rule Constraintwhich specifies that} "0 1 'Q I,
Thiswhich means that the difference between two gain settings of neighboring
frequency bands of the same infIRL must be les than or equal to a given
constant . This constraint ignforced because if théfgrencein gain
betweemeighboringfrequency bands too high, sound quality degradation
can occur.

4. Minimum / maximum value constraintwhich specifies that) "0

n m andn N ¥ .Thismeans thathe gain settings must be an integer
andthe possible values any gain sggtcan have must lie in a given range
(regardless of its corresponding frequency band and input SPL rd§@n)
gan settingn is setsuchthaf 1 , the output signal will be subject to
noisein the measurement setap thisr) results in &¢hat is too low and the
output signal will be below the noise floor. On the other hany, iff} it
will result in a8 Qthat is too high that it causes distortion in the output signal.

2.3.2 Transformation between p and g domains

The daa for this thesis comes from measurements and each data point consists of
pairs of valuesl( ’H) wherel is a vector of input gain settings aftdlis a vector

of power gains obtained during the measuremehere¢  ph8 ) andU is the

total number of measurements.

The transformation fror@ domainto: domain is given by an unknown function
"HI . This unknown function can be estimated using a model and this model is
obtained by a machine learning technique cditezhr regression The unknown
function "H1 is estimated by linear regression using the measured datalpdiid
and oumodel isTH ~ "Hl  8However,amodel cannot predict everlH accurately
and therefore the accuracy of the prediction must be considered usiegith&l'k,

which is defined as:

vy H H T
where,"H is the gain predicted by the model.

Similarly, the transformation from domainto ¥ domainis given by another
unknown functiorll "H. This transformation/ mapping is sometimes referred to as
fithe inver se bmaopepthah g'd "Hcan be erplicklyt computed
from the previously obtained modéfl in some casesSimilar to the estimation of
"HI ,’I "Hcan also be estiated with linear regression using the matiat’l

I "H 8The explicit cenputation ofl "H from "Hl will be compared with
estimation ofl "H using linear regression in this report.



Once again, the accuracy of the predictions made Byneeds to be evaluated and
the residual as defined below can be used for this:

" I 1l v
It can be argued th&t is not an ideal criterioto assess the abitibf 1 to produce

the required power gaiitd This is because the solutionlto’H is not uniquely .
defined. Inother wordsthere ispossiblymore than on& that can produce a giveH
Therefore, another criterion should be used to agse¥3ne such criterion ¥},

where,
By THI H ®
"kyevaluates the ability of the predicted parameter véctdo produce the required

gain vectorH. It should be noted that the us€'lbfis somewhat flawed too as it is
essentially using a model to evaluate the performance of amotiuei and the

validity of "I is only as good as the modEll . A better approach to evaludte

would be to enter thigredicted parameter vector into the BAHA and to observe the
output gain. However, this approach is time consuming as measurements will
have b be performed.



3. Machine Learning

The term AMachine Learningo (ML) was <coi

described as machines being able to learn without being programmed exjdl@itly

Machine learning can be split imfour categories namelgupervisedearning,
unsupervisedearning,semisupervisedearningandreinforcementearning.

Supervised learning is used when labelled data is available and unsupervised learning
is used whenhte available data is unlabelléthe labelling of the data is done by the
supervisorand humans usually assume this role. Ssupiervised learning deals with

a mix of labelled and unlabelled data. Reinforcement learning is somewhat different

to the aforemetioned learning. An action is germed by ar "QQ and this action is
rewarded or penalised, based on the outcome of the action towards achieving the goal
task that reinforcement learning is being used18t.

As already mentioned, the type of machineresy being used in this thesislilsear
regression, which is a subset of supervised learning. Linear regression will be used to
create predictive models. These models are developed thirairgjhg where the ML
algorithm attempts to find the minimum ofass functionThe loss functioms a

function that takes the model prediction as the input and evaluates the error of that
prediction by comparing it to the actual values in the data. The model is then tuned in
such a way to produce a lower output from libss functiofl9].

A commonly used loss function is the mean squared residual (MSR). Given a matrix
of model predictions) and a matrix of the true vals&om the data). The MSR can
be expressed as:

o o L] p r 14
OYY — Wi WF§
50 h h X

wherewy andwy, are elements of] andr respectivelyand’Q pf8 i) and Q
phB M . In addition to being used as the loss function, the MSR can also be used as a
metric to assess thmediction accuracy of a moddl9].

3.1 Linear Regression

In the context of machine learning, the elemenf$fafid| areknownas the
dependanvariables andgndependentariables, respectively. Linear regression
modelsattemp to expresshe dependant variable as a linear combination of the
independent variablg$9].

3.1.1 Linear regression for linear modd

The first linear regression model to be presented is the linear model and it is defined
as follows

C 7% 1]

where7 is a matrix known as the weight matrix and it dictates the effect or the
Aweight o of each of the parameters on t

ne.

he



When giveni measurements, which result in one data @kl ; ) for each
measurement, the model can bewréten as:

G 7B )
where,&¢ p8 & . This model is generalised for measurements by transposing
andstackingb; andC; vectors as shown below:

N(EO NEEO 7Rﬁ
é é

é
Nc}o NDflo 7 i

> >5¢

p T

M.y M

This generalised model can now be expressed as:

€ ER PP
The matrixfi must be solved for in order to use this model and this can be done using
thenormal equationsderived below.

In order to derive the normal equations, one must begin at the loss function for linear
regression, whicls the least squares objective function, defined 8k [21]:
J)

p .

oW 55 (G PiWyp E PpW ; P C

Note that0 | is the MSR, which was previously defined in equajon

The optimal7 in equationp ¢will minimise0 | and it is found by setting the
partial derivative ob 7 with respect to each elementdfto zerg17].0 7 is
0 7 for@h column of7 , whereQ pf8 0 8Thus,0 7 can be expressed H®]:

p .

0 W — PcWy E Py W o
5o (G W R h W g P

The partial derivative add 7 with respect to each elementdfis put into a matrix
*which has the same dimensionsfas*is shown below{21]:

'L(‘)W . 10 W,
E i .
it W, TWygH o~ mnm E 1
J ' é E e 7 E&E @ pT
Mo W o . 1T0 W. m E n
ur W TW i U

L e texamine an arbitrary elemetit; where’Q ph8 i) andQ pf8 h) .

. dl
To W P
J B m =
T W v v

This can be rearrangedas):

GiPF PiWr E PRrW g (P PQ

10



This lefthand side and the rightand side of this equation can be stacked into two
matrices of the same dimensiongras showrj21]:

y

Il
Gi P,

1 GaPp E

11 . . ]

11 é E é 1

11 "

Il GypPy E Gy Py 1

u U
ny = = = I’l
0 PiWy E PRW 4 Py E PaW i E PgW g Pp,
11 . i ]
11 é E é n P X
11 "
I PiWg E PRrW g Py E PiWyp E PrW i P
u U

The equations within these matrices can be condensed using matrix notation as shown
[21]:

T T
PGy PP Wy
1€ n 1 €

Hé€n 11 € n Py
Wl Gl Wl P W
P'G=FPw P w

The weight matrix¥ canfinally be obtained by solving the followirf@9], [21]:

R EE B ¢
The term 80 204 is known as the pseudaverse of0 and is denoted && [22]. If
the number of rows ifE is greater than the number of columiig system is said to
be overdeterminedmore equations than unknowras)d a uniga solution can be
obtained provided thate is full rank. On the other hand, if the number dlioans

in "Eis greater than the number of rows, the system is saidundeedetermined
(more unknowns than equations), a unique solution does nde8&kist

A model wherd) is obtained using this method is called an ordinary least squares
(OLS) model as only the least squares criterion was used to evqlyas.

As previously discussed, residuals are required to gauge the accuracy of the
predictions made by a particular model. The residual in this case is the defined as:

N "ER € ¢p
wherer +is the residual matrix.
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3.1.2 Affine model

It can be seen that the linear model only represents eacfgaia linear

combinationofi. Thi s model doesno6tQhaaisnob mmodate an:
dependant oih. This problem can be mitigated by adding a bias term into the linear

combination ofl that results in the prediction Gf

This model with the bgterm is called an affine model and it is defined as:

HAMH GG

where,"Hs the bias vectdi9]. The bias vectoiHcan be incorporated into the weight
matrixfj and the affine model can still be expressed as:

¢  "ER Co

The structure of Eandfj must be changed slightly to accommodate these changes as
shown below:

Yglo p Yplo 7’5 E 75
é é é é E é CT
Ygl© p Nplo 7 s E 7

It can be seen that the modifi§dhas an additional row at the top and this roiis
A column of ones must be added'bo allow the change 19 [19], [21]. The
modified "Ematrix is known as thdesignmatrix.

This affine model islerived from a modified version of the least squares objective
functiond W) with an additional termb  asshown below[19], [21]:

P

OW —= Wi+t PWg E PpW j v
5o ( § it RWp h Wk q

This system can also be solved as previously shoequation¢ 1§19], [21].

3.1.3 Higher-order models

It is seen from previously discussed models that the basis functions onlytedosis

the’l vector and a constant. Therefore, all the functions in the basis were linear.
Further descriptive power can be added to this approach by adding additional
functions to the basis and this is knowrbasis expansiorthese additional basis
functions arenoni linear and have an exponent higher than 1. This approach of
adding to noflinear functions to the basis is callpdlynomial regressiorGome

examples of these basis functions afe; ) andr ) ; and so on. The highest
exponenin the basis is called the order of the polynomial regression model. This new
model can be expressed as:

€ Al Co
Where'Ais the modified design matrix anid is the corresponding weight matrix,
which can bealved for as shown in equati@nttlt must be noted that polynomial

regression is considered a subclass of linear regressoange the model is still
linear with respect to its weighf$9].
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In order to mderstand the structure &f it is useful to consider applying & &rder
polynomial regression model to the simple case when only two pararaetgpresent
in the’'l vector, such that
., N
| ,
N ¢ X

In this case, théA matrix would lod like this:

o ©
=
=
Ja
=
=
=
=

"A ‘A" ‘A’ ch

- D% -
()
()

é é é é €
PR N N N N NN
where, ) is the¢ i th measurement fay where £ ph8 &1).

This is a rather trivial example with only two parameterk and a relatively low

order (3 order) polynomial regression model. Howevbg curse of dimensionality
becomes obvious in this example as more columns will be added to the design matrix
"Aas the number of dimensions'lofs increased. This effect ®@mpounded when the
order of thgpolynomial regression model is increased. The issue with the number of
columns increasing in the design matrix is that the system will become
underdetermined if the number of columns of the design matrix is greater than the
number of rows, unless more roase added to the design matrix by adding more data
[24].

I n order to put this problem into perspect,|
required for the system to be not underdetermifeedjifferent order polynomial

regression modelsvhen an 18 anensionall vector is involved. The highest number

of dimensions for th& vector in this thesis is 18. Each data point consists of a

measurement paifHAl ). Assume that all these models also have the constant

function in the basis.

Polynomial Order Number of data points required
19

190

1330

7315

33649

Tablel: The number of data points required for the system of linear equationstat baderdetermined for
varying orders of polynomial regression models.

apbrwnNn k-

It is seen fromTablel that the amount of data required increases rapidly as the
polynomial regression order increases due to the high dimensionality of th€&ldata.
general formula for the required number of points for a model ohglegree
including a bias term igiven by:

® QpA
Aw pA
wherewis the length of thé vectorandOis the order of the polynomial. The -

kit learn packagen Python, which was used for this #iegoverns the number of
columns in the degh matrix according this formula.

Mi QR 6 B WO @i
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3.2 Training, validation and testing data

The purpose of a machine learning dataset can be broadly categorized into training,
testing and validation.

3.2.1 Training data

Training inthe context of machine learning means, tteegss from which the model

obtainsits weights by minimizing the loss function. In the case of linear regression,

this involves populating the elements of thematrix. The portion of the available

dataset that i s al | oc aneightsistcalled trammgdata.ai ni ng
This is often the largest portion of the available dataset and the training data is picked
randomly to avoid biafl9],[24].

3.2.2 Testing data

Oncethe model is trained, it is essential to quantify the performance of the model on
unseen data. This is to give an indication of the accuracy of the model in reality when
making predictions given some input. For exémfo predict the parameter veclor

that would give a particular gain vecfétin order to get an accurate assessment, it is
therefore crucial that no part of the training data is present in the testing data
[19],[24].

3.2.3 Validation data

In order to understand the raléthe validation data, the conceptaserfitting must

be discussed. Overfitting is a phenomenon that occurs when the model learns
information that is too specific to the training data such as measurement noise. This
results in the model beirfgted too closely to the training data instead of learning

only the general trends. Overfitting results in a very small residual on the training
data, however, the model will fail to generalize well on unseen @iaj$22].

The role of the validation data can be described as somewhat intermediate to training
and testing data. It is used as a proxy for test data during training. The validation data
is used to prevent ovetting as the ability of the model tomeralise well to new data

is measured using the prediction accuracy of the model on the validation data. Using
this method of testing the accuracy of the model on validation prevents an overly
optimistic view on the @rformance of the model. The performarut a particular

model on the validation data can be used as a criteria for model sej¢6éjida4].

Validation data is also used to tune certain model parameters kndwpexs
parametersThe values of these parameters usueadiynot be directly calculated from

the data but determined from heuristic methods such as trial and error. The model is
trained with certain values for certain hyperparameters and then the prediction
accuracy of thenodel on the validation dataset isadhted to gauge the suitability of
these specific hypgrarameter values. This process is repeated to find the most
suitable hypeparameter valugd.9], [24].

It is well established that thmost important use of the available dataset should be to
train the model and therefore only the minimum required amount of data should be
reserved for testing and validation. A validation strategy knowkafelsl validation

can be used to maximise the dable amount of training data and avoid reserving a
proportion of data only for validatiqi 9], [24].
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3.2.3.1 K-fold validation

The main benefit of #old validation is that it takes a subset of training deta
validation data in such a wahat this subset can also be used for training. The
general procedure forfold validation is outlined below:

Divide the training data intk number offoldsor subsections.

Train the model ofQ p folds.

Validate tle model on the remaining fold é&note the accuracy.

Repeat this process until all the folds have been used as training and validation

folds.

5. Calculate the overall validation accuracy by averaging the validation accuracy
from that of every fold.

6. Repeathe above steps for differentpgr-parameter values.

Wb R

Finally, the model is then trained on all the training data using the most appropriate
hyperparameter values chosen throughblé validation. Training and validating in

this manner ensure that alkttraining data is used for tnémg. Despite this method
maximising the available training data, it is computationally expensive as the model is
trained and validate@i times for each hypgvarameter value. A commonly used

value used foiQis 10[24].

3.3 Regularization

As previously discssed, overfitting occurs when the model learns information that is
too specific to the training data, this typically occurs in a linear regression model
when the chosen model is too complex to represent the general tteeddata. The
complexity of a Inear regression model is dictated by its order and overfitting can be
mitigated by reducing the order of the mqi®].

Another method of controlling the model complexity to reduce the likelihood of
overfitting is known aseguarization. In the context of linear regression, this
involves placing a penalty on the magnitude of the weights and the strength of this
penalty carbe controlled by the regularization parametewhich is a hyper
parameterThis penalty is imposed by modifying the loss function presented in
equationp ¢where a additional term known as the regularization term is added to
the loss functionThe regularization terns often chosen to beither the Lnorm or

the Ly norm of the weigh{49].

To illustrate the effects of regularization, &R of training and validation accuracy
of a regularized model is presented as a functiQnifFigure5.
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MSR vs. A for training and validation data
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Figure 5: MSR of training and validation data plotted as a function.of

It is seen that a lower MSR value is found at an optimalzava value of_and the
training MSR increases asis increasedThis demonstrates that this model was
overfitted to the training data at 1and that regularization by increasing
mitigated this problem and reduced the MSR of the validation data.

3.3.1 L2 Regularization

Linear regression withdregularization oridgeregression uses tlie norm to
impose a penalty on the magnitude of the weightgeometric interpretation of
ridge regression during training using two weights is showsigare 6 [19].

wy

‘ :

Figure 6: Geometric interpretation of ridge regression using two weights. The ellipses indicate the contours of the
OLS MSR, anche grey shaded region indicates the possible combinatiahs afidy . The black dot represents

the weights selection made by the OLS criteria alone and the blue cross indicates the weights chosen using ridge
regression with the addition of thé norm constrain{19]..

The black dot in this figure indicates the omail values fov and0 according to

OLS model, which is determined by the least squares criterion. The ellipses represent

the contours produced by the outpfithe OLS loss function, which is the MSR. On a

given ellipse, the MSR is the same &my combination o6 and0 that lie on that

ellipse and the MSR increases for the ellipses that are further away from the black dot.

The grey circleonthe plotper esent s t he fAbudgeto avail abl e
budget is governed by tlie norm of the weights for ridge regression. The diameter

of this circle is inversely proportional to thehat is chosen. Thus, a largevill
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make the weights budget srihaihd therefore the available magnitudes for the weights
will be more constraire The bluecrosson the figure represents the chosen value for
the weights, which satisfy both the least squares and the budget criteria. The visual
representation presentgdFigure6 holds true in higher dimensions for modeish

more weightg19].

The OLS loss function needs to be modified to implement ridge regression and this is
done with the addition of the regularization term, which is the weight budget. The
modified loss function can be selaelow:

J

p

oW  —
o 0

(G PrWg E PRrWj 7: E7 ; Cw

It is possible to formulate this problem into a system of linear equations whidbe can
solved forfj 8Theabove equation can be condensed into matrix notation as it was
done in sectio®.1.1with the linear model. The condensed equation is expressed as:

P ~ ,E]E L "E"]"E =|=r] OTl
v U

This equation can then be solved fpras follows:

-~ p.‘ "B'E B 2 p.‘
0] U - U U

f "Hig op
If the model contains a bias term, tfiEmatrix is modified as a columrf ones is
inserted as previously shown @guationg t In addition,equationo 1s modified
slightly as follows:

—— "¢ 7 P — "B'E ER O q
0 U 0 U =

where s the identity matrix where thedement on the intersection of the first row
and the first column is zer@his modification has the effect of not penalising the
magnitude of the bias term. The bias term is left nafieed as doing so means that
simple offset in the dependant variable would not result in a similar shift in the
predictions of the model as the penalised bias term will not allp9l]it

3.3.2 L1 Regularization

Linear regression with regularization oLASSO (LeastAbsoluteShrinkage and
SelectionOperator)regression uses tlie norm of the weights as the regularization
term to control the magnitude of the weights. A geometric interpretation of LASSO
regres®n is shown irFigure7 [19].
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Figure 7: Geometric interpretation of LASSO regression using two weights. The ellipses indicate the contours of
the OLS MSR, and the grey shaded region indicates the possible coomsiéidb andV . The black dot

represents the weights selection made by th® Qiteria alone and the blue cross indicates the weights chosen
using LASSO regression with the addition of thenorm constrain{19].

In contast to the constrained region of weights for ridge regression, it is seemethat t
weights region is diamond shaped asih®orm is used. This diamond shaped region
has pointed corners where one of the weights is exactly zero. If the solution for
weightsoccurs on these corners, one of the coefficients will be set toTdee are

more of these pointed regions in higher dimensions and therefore there is a high
chance that an increasing number of the weights are going to be set to zero. This is
beneicial as it encourages feature selection where the independent variables that

d o ethavéa large effect on the dependant variable are eliminated from the model.
In addition, a model with a high number of zero weights has the advantage of being
computatimally efficient when it comes to making predictigas].

LASSO regression is implemented tmpdifying the OLS loss function. This loss
function to be minimised is shown below:
]
p
0 0

0W (G PrWj PrW j 7r 8 7 7 00
Unlike ridge regression, the lasso regression loss function cannot be formulated into a
set of linear equations, so the solutionrjoiis obtained # solving a minimization

problenj19]. In the case of this thesis, an algorithm cafledrdinate descentas
used which is already implemented in ¢hie-kit leam package foPython

3.3.3 Choosing the optimal value forf

The optimévalue for_ will result in a model that is not overfitted Wdpreventing

underfitting Under fitting occurs when the model 06:¢
it doesndét | earn enough from training data
givendata requires regularization and the chosen value iftoo low overfitting

will occur as the magnitude of the weights are not being penalised enough. However,

on the other hand, if the chosen value of too large, then the magnitude of the

weighss is being restricted too much and underfitting will occur.réfoee, it can be

appreciated that choosing the optimal valug f crucial to the performance of a

regularised mod§19].

A common approach to choosing a vdloe_ is to train the model with different
values of_and then observe the accuracy of the predictions made on the validation
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data by the trained model. This process can be repeated for many arbitrary values of
and the corresponding that producsthe lowest MSR can be used as the optimal
model that doerot overfit.

However, this approach of arbitrarily varyingarely gives the most optimal value

for _8A more refined method would be to use a minimisation algorithm such as the
golden sectiosearchwhich finds theminimum of a function by varying fainction

Il nput between a given parameter interval
prediction on the validation data is minimised with respect tohere_is varied in

the interval _ [25].

The valuesfor. and_  were found by trial and error and then golden
section search was used to find the optimdalhe golden section search algorithm
was already implemented in teepy library available ér Python

3.4 Scaling and basis transformation

The input data for the modeiust be scaled so that all the elements of the design
matrix and the dependant variable matrix are on the same scale of magnitude. The
scaling of the columns for design matrix is imjaat for both OLS and regularized
models.

For OLS, this can be understood through an example, consider the values in the
design matrix column that correspond to the basis fungtipthe magnitudes of

these values caorders of magnitudes larger or smatiegin that present i

column. Thiscan result ifQda @ ¢ &€ 'Q Qo @ ¢he reépreion problern ill -
conditioned problem is one where a small changhkeririput results in a large change
in the output. Solving such problems using computers cause inaccuracies in the
solution die to issues with numerical precision. In the case of linear regression, this
leads to a poor solution fgr [26].

For regularized models, in addition to conditioning of the designxmatraling poses
additional problems. If the design matrix has values in varying orders of magnitude,
the associated weightgll also be present in varying orders of magnitude. This
means that weights that are large, simply due to scaling will be pehafiser
regularizatior{19].

An arbitrary arrayj can be scaled to produce the scalgdyn - ;which contains
elements that lie in the intervaliw . - - obtained as follows

5 5 . 5 , p e,
[ z v « v Z
Ny W w0z n 007 Ao s O o0 oT
wher e, A*0 i ndicat es neatrieesmadthe Wwactoorindivatest i pl i ¢

elementwise divisionp; @ando; ; jarerow vectors that contain catun-wise
maximum and columise minimum of the unscaled ary The number of
elements iny; @ndoy; ; fare the same as the numbécolumns present ify. Ois a
column vector of ones with the same number of rows ashereasQis amatrix of
ones with the same dimensicas [27].

It must benoted that when scaling the test data using the above equation that the

columni wise maximum and minimum values are taken from the training daig. T
is to preventlata leakage wher e i nformation about test d
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by the model. @ta leakage can cause the model to perform better on the test data and
therefore cause overly optimisestimateo f t he model[2B]s per f or manc:

In addition to scaling the design matrix, its elements are also transformed using
Legendre polynomial basi$he effect of this transformation is that it changes the

basis to berthonorma) whereorthonormal bais functions have the property of

being linearly independent to each other. Transforming the basis to an orthonormal
basis has the effect of improving the conditioning of the least squares problem as the
initial basis, which simply consist§ powers ofl will results in anll -conditioned
problem. In addition, sommulti-collinearity, will start to occur as the order of the

model order is increased. Mudilticollinearity is where the value of one independent
variable in the basis, depends another. Anxample of this is the value gf as an

Ai ndependent o var i ahbl whiciegnaherdndependentt he val u:
variable. Multicollinearity can lead to an4{tonditioned system and there will be
considerable errors in the sohuiforr) . The linear independence of the orthonormal
basis helps to mitigate multollinearity[26][29].

The values of an array scaled according to equatiocan berestoredby applying its
inverse scaling using the formula given below:

5 5 v y , p
n Ny 62 A0 wo Of i1 2=

- 00; ;1 ovu
w w0

Note thatthisis a simple algebraic reangement of equatiam 1

The inverse scaling needs to be applied to the predictions made by models where both
the dependant and independent variables were scaled. This is because the predictions
made by the model will b@ the samenagnitude as the scaled dependant variables,

so in order for the model predictions to make sense, the inverse scaling must be
applied.

3.5 Pipeline

Now that all the individual steps for a generalised machine learning approach using
linear regresion is outlned, the exact methodology used in this thesis can be
summarised using the steps given below:

1. The rows of théEande matrices are split into training and testing sets to
result in four new matrice$ e HE AT & . 80 %of the data is used for
training and 20 % of the data is used for testing.

2. Columnwise scaling is applied &€ AT & to be in the range of plp
according teequationo 1 The scaled training matrices are denoted as
"E AT & .

3. Columnwise scaling is applied t&€ AT ¢\ and the range is specified to be

plp , but the columswise minimumo and maximum 6 used in
the scaling process are taken from the training data.méas that all the
elements of the scaled test matrices might not exactly lie in the rapie.

The scaled test matrices are denote@Ead 1 & .

4. "E is transformed into Legendre polynomial basis tredweight matrixj in
the linear regression mod@r ¢ is calculatedy feeding theraining data
into themodel Thisobtairsthe mappingy ™ : . Different models of different
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degrees and with/withoulifferent regularisation techniques outlined
previously are trained herdo validation is performed for unregularized
models as there are no hyperparameters to tune. For regularized mddiels, k
validation is used to choose the optimaWhile trainirg regularised models,
unscaled training dat& A1 €\ arefed in. During kfold validation,

different training and validation folds are constructed from the unscaled data
and then the training and validation folds are scaled to be witlgilp .
However, during the scaling of the validation fadd, andé  are obtained
from the training foldThe reason why the scaling of the validation data is
done in this fashion is to avoid learning about the probability distribution of
the validation dta. Therefore, the validation data is treated similarly to the
testing data in this regarifleanwhile, the scaled training data is fed into the
model for the training of the unregularized models as there is no validation
step involvedLegendre polynomiabasis transformation is also done on the
scaled’Ematrix during kfold validation.

5. Theweight matrixrj obtained during training is used with the scaled test data
matrix 'E to make predictions. These predictions are then scaled using the
inverse scling equation shown iequationo vand then the residugl is
evaluated using according teequationo @

6. In order obtain the mapping™ V, the weight matrixj is obtained from the
linear regression modelj  "Eby feeding the training dat@ihe exact same
procedure outlined in stepis used in thigase too.

7. The residual| is then calculated usirgguations xf and the scaled test
datamatrix¢ are used to make predictions whante then scaled using the
inverse scalingdrmula and) is evaluated usinge .

8. The predicted values are denotedEaswhich is used with aveightmatrixn
to evaluate the residugf according teequationo YThis residual evaluates
the ability of a particular predictédvector to produce the requir@dsector.

A visual representation of the aforementioned machine learning approach can be seen
in Figure8.
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Figure 8: Flowchart illustrating the machine learning approach undertaken in this thesis.
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4. Results

This section will present and discuss the results obtainedriyripéng this thesis
work.

4.1 Measurement campaign

The data that was used in this tisesdmes from measurements performed by CBAS

AB. These measurements were automated and performed in a controlled environment.
The measurement process involves measuriagasponse of the transducer to the

sound produced by a sinusoidal frequency sweeig.fldguency sweep involves 9
different frequency bands at 3 different amplitude levels. These frequency sweeps are
repeated, and the data obtained from these frequeresps is then processed. The
processed data results in data pairshtH which can be used for machine learning.

Measurements involved two devices: device A and device B and three different

parameter regions: region 1, region 2 and region 3. For the sake of convenience when
discussing the results of a particular device / patar region combination, some

notation reeds to be employed. For example, when referring to the results for device

A in parameter region 3, the results wild.l |

In addition, each device/parameter combination was tested under tveoigsen

1 Scenario 1:The soft and loud ga settings were varied, and the saturation
gain settings were kept constant. Each measurement made in this scenario
gives rise td ; and"kl vectors with 18 elements each. The acoustic input
s i gnal d@respddd? Lo the soft or loud range.

1 Scenario 2:The soft and loud gain settings were kept constant while the
saturation gain settings were varied. Each measurement made in this scenario
gives rise td ; and"k vectors with 9 elements each.€élacoustic input
signal 6s SPL is in the saturation regi ol

The distinction of which scenario a particular result belongs to will also be specified
during discussion.

4.1.1 Devices and available data

As mentioned previously, the measurements were performedoartevices, device

A and device B. These devices differ mainly in the transducer design they employ.
Device A has an electromagnetic transducer while device B has agbsezioc
transducer. Thexact design of these transducers or an explanation tewsed

impact of the transducer design on the results that will be presented is outside the
scope of this thesis.

The number of data pair$ h'H available for each device/parameter region

comhnation for the two aforementioned measurement saEe given presented
below inTable2.
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Al A2 A3 Bl B2 B3
Scenariol 300 300 300 0 300 0
Scenario2 100 100 200 0 100 0

Table2: Number of data @intsavailable for each device/parameter region comalbion for two measurement
scenarios

It can be seen fromable2, that B1 and B3 has no data pairs available and therefore,
these combinations were not studied.

Now that the available number of data points is quantified, theregbjmumber of

data pointsnust also be considered. The number of data points required for the
system of linear equations to not be underdetermined for different order models are
shown inTable3.

Degree 1 Degree 2 Degree 3 Degree 4
Scenario 1 19 190 1330 7315
Scenario 2 10 55 220 715

Table3: Number of data points required for system of linear equations to be notdegemined for different
order modelsncluding a bias term.

It is seen that the nuper of required data points increase significantly as the order of
the model increases. Therefore, considering the available data, a model of order 2 is
the highest possible model that can be usetddtr scearios.

It should be noted that a model atler 2, which is the highest order that fulfils the
criterion for not being underdetermined, is quite a low order model and we are quite
restricted by the amount of data availafilee OLS models where the sgst of

linear equationgvasunderdetermined weralso solved using the psetidverse
employed inthenormal equations as describedattion3.1.1 The ridge regression
problems were solved usisghgular value decomposition e design matrixas

too ill conditioned epecially at very small, to be solvediccuratelyusing the
pseudeinverseas described in secti@3.1

4.1.2 Parameter regions

As previously mentioned, there are three parameter regions being studied. The
difference between these parameter regiondeaxplained in terms of the following
aspecs:

1. I -vector variation: This is the variation between the values of the elements
of the'l vector.

2. "El 1 linearity: This is the amount of nelinearity present in the relationship
between d vector in a gien parameter region and its correspondigctor.

3. A'HT"MHH 1 idAnTHdication of how easy it is to produce a mapping
between d vector from a given parameter region to its corresponding
vector. It is difficult to map & vector b its correspondinfHector where
there ardarge nonlinearities in the relationship betweérand its
correspondingH Ease of mapping is based on the magnitude of the residual
produced by the mapping.

The different parameter regions are presentadrims of the aforementioned aspects
in Table4.
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Parameter

region I - vector variation Non - linearity Ease ofmapping
Region 1 Low None Easy

Region 2 Medium Little Medium

Region 3 High Large Hard

Table4: Parameter regions described in termspi/ector variation, nofinearity and ease of mapping.

4.2 Quantifying the results

Before presenting the results, it is useful to discuss a few tools that will be used to
quantify the results and the reasonsdmploying them in the discussion.

4.2.1 Residuals

As previously mentioned, residuals will be used to measure the accuracy of the model
predictions and three different residuals are used for these. These residuals are
outlined as below:

1. n : This residual evaluates the ability of the model to producentimping
v m . |tis calculated as follows:

n € ¢ "Ef ¢ (o)

2. N : This residual evaluates the ability of the model to produce the mapping
: m V. ltis calculated as follows:

N "E E € E o X

3. R’ : This residual evaluates the ability of the predicted parameters to produce
the required gain. It is calculated as follows:

n° & & "B ¢ oy
The weight matrix] used to calculat§® is the weight matrix that resulted in
the lowest) across all polynomial degrees, with/ without regularization. This

was done to ensure that multiple modelslifferent degrees, with/without
regularization, that predict&is asgssed by the same, most accurate model.

Residual percentages can be derived from the residuals and can be defined as below:
2 AOEBAARAT SLELDROTKOGRT CA
T4 O @RI OA prm
This formula is applied elementwise to the matrix of predictedegadund the matrix
containing true values.

Residual percentages provide an elementwise indication of the accuracy of the matrix
predicted by the model. A descriptive method spthying residual percentages is to
use a histogram.
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4.2.2 Matrix similarity measure

The elementwise similarity between two matrices of the same dimensions can be
studied using thé norm according to the formula given below:

%/EA A
where’Aand’Aare the two matrices being studied. For two matrices thaharexact
same, this formula would evaluatezieroand any dissimilarities between the

elements of théwo matrices result in a nexero output from the formula, where the
magnitude of the nemero output is directly proportional to the dissimilarity.

This similarity measure will be used to compare the following weight matrices for
mapping: M V:
1. 1| obtained by training the linear regression magdgl "E
2. 1| “obtained by explicitly computing the inverseipf Note that this
computation is only possible for the linear model and the affine model.
The computation off * given afj is as follaws:
If § comes from a linear model, then obtainipg is very straightforward as below:
i
This is becausg from a linear model in this thesis is a square matrix and is
invertible.
This1} * can be used to predict therameter matrixas follows
TE

If i comes from an affine mode], needs to be decomposed ifitandij *, where
"Hs a row vector with the elements from the first rowjofindij * is a matrix with
elements from the rest of the rewf 1} . Now, 1} “can be calculated as:

z v Z

n n
However, making predicting the paramematrix using) ©° 1 ° s slightly
different and it is as follows:
"E & OHQ°

WhereQis column vector of ones with the samumber of rows as.

Bothrj “ andr] will be evaluated in terms of; .

4.2.3 Norms of the weight matrix

As outlined previously, ridge regression penalisesitheorm of the weights and
LASSO regression penalises thenorm of the weigts. Therefore, it is relevant to
study the effects of varying the regularisation parameter thed norm of ridge
regression weights and on tbenorm of the LASSO regression weights.

The number of nozero weights is another aspect oftheweht mat ri x t hat 6s
considering for the regularised models. This is because one of the advantages of

LASSO is that it setsome weights exactly to zero. A weight matrix with a lot of

zeros is beneficial as it results in a model that is computatiogffiltyent when

making predictions.
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The number of nozero elements in a matrix can be obtained by itsorm.
Therefore, anodel which has a weights matrix with a [dwnorm is desirable.

4.3 Linear Model

This section will present the results obtained by the linear nasdaéscribed in
section3.1.1 The results will b@resented in terms of the MSR and also in terms of
the distribution of the residual percentage.

4.3.1 Mapping, ™ 2

The MSR and histogram @f residuals for scenario 1 anddt all available
device/parameter region combinations are shown beldwlte5 andFigure9
respectively.

Al A2 A3 B2
Scenariol 0.0052 0.1090 6.2583 4.3150
Scenario 2 0.0401 0.2460 3.8806 1.1645

Table5: Linear model MSR for different device/parametegio@ combinations foscenario 1 and scenario 2.
These MSR values correspond to the mappiny : .

Linear model for A1 scenario 1 Linear model for A1 scenario 2
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Linear model for A3 scenario 1 Linear model for A3 scenario 2
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Figure 9: Histograms of residual percentage of all device/parameter region combinations for scenario 1 and

scenario using the linear model. These models are producing the mapping.

Residual Percentaqe (%)

It can be seerhat the MSR and the residual percentage increases as theepsra

region number increases. This is to be expected as the difficulty of mapping increases
with the parameter region as outlinedliable4. It can also be observel the

prediction error is much higher for B2, when compared to A2.

In general, predictions for scenario 2 produces less error than scenario 1. One possible
reason for this is because there are only 9 elements ’Inw&etor for scenario 2,
whereas,Here are 18 elements in timethe’l vector for scenario 1. Thus, training a

model for scenario 2 requires less data (for system of linear equations to be not
underdetermined) and less data is required for the systineaf equations to be
overdetermied. Having an overdetermined system is preferred as some of the data
points could be outliers (measurement noise, etc.) and having more datanayints

reduce random disturbances by averagiriaus, the weights obtainém solving

this system will produg more accurate predictions.

4.3.2 Mapping 2 m
The mapping ™ Vv was also studied and the results are presented below.
4.3.2.1 Weight matrix similarity

As previously mentioned, the similarity betwagnandi] * was calculated and it can
be seen below imable6.
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Al A2 A3 B2
Scenario 1 T TV W ™ op w T TV o PE @ T C
Scenario 2 P& WT X P W p P& W C X pPB T C ¢

Table6: Similarity betweenss (trained from scratch) angt * (obtained from invertingy ) where values close to
zero indicate that thenatrices are very similar.

A general trend that can be observed is that the dissimilarity befyeewij * is
higher for scenario 2 than scenario 1. In addition, the dissimilastytistantially
higher for B2 than AZor scenario 1This indicades that for these cases, the mapping
vy m : and: m y requires different linear models in a least squaesse.

4322 1,

Ther) MSR produced byj andfj * for scenario 1 and scenario 2 by the linear
model are represented in a bar chafigure10.

Scenario 1 MSR for linear model Scenario 2 MSR for linear model
i
4e+01 - 26402 -
2e+01 - 793’;%"5
6e+01 =
163045z 4e+01 -
6e+00 = -
4e+00 - 2e+01 -
x - o
g g
1et00= 4e+00 E
6e-01 -
4001 - 2e+00 -
2e-01 - 1e$08,= I I
6e-01 =
1e»03 - 4e-01 -
86-02 = N
G022 . 2001 - I
trained inverted trained inverted
from scratch from scratch

Figure 10: MSR OH - for linear models for scenarios 1 and 2, where the weightebtained by training from

scratch) andss © (obtained by invertingr ) were usedThe MSR for A, A2, A3 and B2 are represented in blue,
orange, greerand red respectively.

It is seen that the weights that were trained from scratch perform better and this is
more pronounced in the case of scenario 2. It should also be noted that the scenario 2
MSRis higher than scenario 1 and this is a contrast todke of] . This might

indicate that it might be more difficult to map™ v thany m :

It should be noted that on this plot, the horizontal gridlines are spaced logarithmically,
so differences in height between the bars are very substantial in tedglaed

magnitude differences of the MSR. The same is also true regarding the variable
presented on the ordinate axis for other log plots that will be presented in this report.

The MSR trend seen froffigure10is furthe substantiated by the residual
percentage histograms presente#ligurell, where the residual percent histograms
produced by weights trained from scratch has lesser instances of high error
percentages in companis to weights obtained from invertimg.
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Figure 11: Residual percentages expressed as histograms for linear models that'map The results produced
bysr (obtained by training from scratch) argl” (obtained by invertingr ) are showrin blue and orange
respectively.
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4.3.2.3 0¥y

The MSR fom)” for the weights trained from scratch for both scenarios and for alll
available device/parameter region combinations are presented béelabl@ay.

Al A2 A3 B2
Scenario 1 0.0026 0.1906 3.5116 2.2074
Scenario 2 0.0200 0.1805 2.0264 0.7094

Table7: The={ * MSR values produced by a linear model witkights trained from scratdgr ) for all available
device/parameter region combinations for scenarios 1 and 2.

4.4 Affine Model

The results obtained for the affine model will be presented in this section. As
previously discussed, an affine model is a linear model with an added bias term which
is not dependantn the independent variables in the model.

For the sake of brevity, residual percent histograms are omitted from this section in
the body of the report, as the trends observed were the same as in the case of the
linear model. These histograms are ineldiagh the appendices of this report for the
interested reader.

4.4.1 Mapping, ™ 2

Thery MSR for the scenarios 1 and 2 for all the available device/parameter region
combinations is presented ifable8.

Al A2 A3 B2
Scenario 1 0.0048 0.0792 5.8837 4.0677
Scenario 2 0.0196 0.1751 1.4065 0.3314

Table8: Affine model MSR for different device/parameter region combinatiorseéorario 1 and scenario 2.
These MSR values correspond to the mappiny : .

It is seen that the MSR for the affine model is lower than that of the linear model for
both scenariosral all device/parameter region combinations. This shows that the
additional descriptive power of the affine model is beneficial in comparison to the
simplerlinear model.

4.4.2 Mappingam

Similar to the linear model, weight matrix similarity, MSR fpr andr|” were
studied and the results are presented in this section.

4.4.2.1 Matrix Similarity

The weight matrix similarity between andr] * were calculated and is shown in
Table9.

Al A2 A3 B2
Scenariol 0.3050 0.0865 0.3141 1.3437
Scenario 2 0.9073 1.6771 1.8987 1.4599

Table9: Similarity betweenss (trained from scratch) angt * (obtained from invertingy ) where values close to
zeroindicate that the matrices are very similar.
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Similar, to the linear model the dissimilarity between the weight matiicaadfj “is
higher for scenario 2 than scenario 1 #mete is also a significantly higher
dissimilarityfor B2 than A2 for scenario 1.

4.42.2 1,

Then MSR produced by; andij * for scenario 1 and scenario 2 by the affine
model are represented in a bar chaRigurel2.

Scenario 1 MSR for affine model Scenario 2 MSR for affine model
1ee+quﬁ 4e+02 E
el
20401 - Te303,=
6e+01 =
1%@%? 4e+01 -
f0- 20001
) 25+007 % ﬂegeqaoi
S 6e+00:
1e*§QQ;E 4e+00
i:gl = 2e+00 -
2e-01 B 1e300.=
6e-01 -
1659%,% 4001 -
6e-02 =
- . " m
trained inverted trained inverted
from scratch from scratch

Figure12 : MSR of:{ - for affine models for scenarios 1 and 2, where the weightebtained by training from

scratch) andss © (obtained by invertingr ) were usedThe MSR for Al, A2, A3 and B2 are represented in blue,
orange, green and red respectively.

Similar to the linear model, the affine model where the weights were trained from
scratch produced better MSR fpr. The MSRfor scenario 2 was also higher than

scenario 1 as it was for the linear model. Slight improvements in the MGRwére
seerfor the affine model in comparison to the linear model.

4.4.2.3 0%

Thenr® MSR produced by) for scenario 1 anccenard 2 by the affine model are
presented ifable10.

Al A2 A3 B2
Scenariol T ¢ TIngu PP YwT oP XK
Scenario2 minpt T8I ¢ 0 X T® T Y W TSI T X X

Tablel0: The=|  MSR values produced by an affine model wigights trained from scratcfg; ) for all
available device/parameter region combinations for scenarios 1 and 2.

The MSR offy” is vastly improved for the affine model in comparison the linear
model. The only exception to this B2 scenario 1 where the RISR worse for the
affine modé

4.5 Higher Order Models

In this section the results obtained from modelsrdérs 2, 3 and 4 will be discussed.
The model types that will be explored arélinary least squares, ridge regression and
LASSO regression.

4.5.1 Ordinary Least Squares

This section Wi discuss results obtained by ordinary least squares models of orders 2,
3and 4.
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45.1.1 Mapping, ™ 2
The MSR and residual percent histogramgsijfoare presented iRigure13 and

Figurel4.
Scenario 1 MSR for ordinary least squares Scenario 2 MSR for ordinary least squares
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Figure13: MSR of=| for OLS models of varying orders for scenaricantl 2 The MSR for A1, A2, A3 and B2
are represented in blue, orange, green and red respectively.
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Scenario 1 A3 residual percentage Scenario 2 A3 residual percentage
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Figure 14: ={ residualpercentage histogram for OLS models of ordépl@e) 3 (orange)and 4(green)for

scenarios 1 and 2 for all device / parameter range combinations.

As previously discussed in sectidri.l, models of degree 3 and 4 were obtained

from underdetermined systems and these models are prone to overfitting.nTihés ca
seen by the increase in the MSR for models of degree 3 and 4 in comparison to degree
2 models. This is atsevident in the residual percent histograms as the order 2 models
have lower error percentages. The MSR and residual percentage for scertarso 1 B

an exception to this trend as the residuals for orders 3 and 4 are better than they are
order 2.

As expeted, the order 2 model performed better than the order 1 (affine) model for

all device/parameter region combinations for scenario 1, excefi fahich

produced better residuals with the affine model. This indicates that a model of order 2
might be too omplex for making predictions for A1 and this is logical as A1 was
expected to exhibit linear behaviour accordind &ble4 and a model of order 1 is

linear.

For scenao 2, models of order 2 performed better than order 1 for all
device/parameter region combinations except foruwere the MSR was slightly
worse for order 2.

4.5.1.2 Mappingd ™ |

TheMSR and residual percenmagjistograms for; are shown below ifigure15
andFigurel6.
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Scenario 1 MSR for ordinary least squares

Deg 2 Deg 3 Deg 4

are represented in blue, orange, green and red respectively.

# Data Points

# Data Points

# Data Points
g

Scenario 1 A1 residual percentage

J
o

33
=)

N
@

2
£
£ 100
S
8 75
H
50
25
n :
| [ ] ——
-20 - -10 -5 5 10 15 20
Residual Percentaqe (%)
Scenario 1 A2 residual percentage
I 120
100
i)
£ 80
(e}
o
< 60
o
*H*
40
I I 20
-40 40
ReS|duaI Percentage (%)
Scenario 1 A3 residual percentage
200
£ 150
c
5
o
©
g 100
E:3
50

0

-100 50

-50 0
Residual Percentage (%)

Scenario 2 MSR for ordinary least squares

Deg 2 Deg 3 Deg 4

for OLS models of varying ordefsr scenarios 1 and Zlhe MSR for A1, A2, Aéhd B2

Scenario 2 A1 residual percentage

-10 -5 0 5 10 15
Residual Percentage (%)

-20 -15 20

Scenario 2 A2 residual percentage

-20 40

Residual Percentaqe (%

Scenario 2 A3 residual percentage

-40 -20 0 20 40
Residual Percentage (%)

35



Scenario 1 B2 residual percentage Scenario 2 B2 residual percentage
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Figure 16: ={ residual percentage histogram for OLS models of ordeiu), 3 (orange)and 4(green)for
scenarios 1 and 2 for all ailable device / parameter region combinations.

In the case of scenario 1, as expected, models that were derived from
underdetermined systems produced worse residuals, which can be seen from the MSR
and residual percentage histogramsr scenario 2, sirmal to thev m : MSR values,
the order 2 models performed better than order 1 for all cases except A2.
The affine model outperformed the higher order OLS models for all device
parameter region combitians for scenario 1. This may indicate that the mapping

m y for scenario 1 might be best produced by the simpler affine model instead of a
higher degree model.

Then’ residuals were also studied for the higher order OLS models and the MSR for
this can be seen fFigurel?.

Scenario 1 MSR for ordinary least squares Scenario 2 MSR for ordinary least squares
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Figure17: MSR of={ * for OLS models of varying orders for scenarios 1 anthz MSR for A1, A2, A3 and B2
are represented in blue, orange, green and red respectively.

From the comparison of the above figure witble 10, it is evident that the affine

model produced bettgf MSR for scenarios 1 and 2, than the higher order OLS
models.

As seen previously, théQorder model produced bettgr residuals for scenario 2 in
comparison to the affe model. This suggests, as it was initially hypothesised, that
ther) residual may not have much validity when assessing the predicted parameter
vector| as multiplel vectors could produce the safkector. Therefore, just

because a given preted parameter vector is close to'l the fitrueod
vector from the test set, doéHs Ardther mean
predicted parameter vectbr,which is further fom’l , could produce #required

"H . Thus,i” might be a better criterion to asséss
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4.5.2 Ridge regression

The previously discussed higher order models were also studied with ridge or
regularization. The obtained results are presented in this section.sicheate
histograms for ridge regression were omitted from the main body of this report and
can be found in the appendices. This
than theMSR values alone.

4.5.2.1 Effect of varying the regularization parameter ) on the MSR

The regularization parametemwas varied and the effect this had on the MSR for the
validation data and the MSR for the training data was studied. The results are
presentedhn the plots inFigure18 andFigure19. It should be noted that for training
data MSR vs_ plots only A2 is presented in the main body of this report in the
interest of brevity and the trends seefrigure19 was the same for all
device/parametaegion combinations.

From here onwards, all the plots that hawn the abscissa axis are plotted with log
scale on both axes. As a consequence, it is impossible to includeas the
logarithm of 0 is undefined. In order to remedy this,d very smal magnitude was
found for each plot which yields the same result asttand this norzero_ was

used as the equivalent of T8Thus, when discussing results for T, it should be
noted that in reality the resydtoduced i this small_ is what is being refeed to.
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A3 scenario 1 MSR vs. A

A3 scenario 2 MSR vs. A
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Figure 18 MSR vs_ for ridge regression with polynomials of degree 2 (green), degree 3 (red) and degree 4
(blue) for validation data.
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Figure 19: MSR vs._for ridge regression with polynomials of degree 2 (green), degree 3 (red) and degree 4
(blue) for training data for scenarios 1 and 2 for A2.

A general trend that can be observed fileigure18is that there seems to be an
optimal value of_where the MSR is the lowedinlike all the other cases, for th€ 3
order and % order models for A1 and A2 for scenario 2, the optimal valug foas
found to be zerdlt is seen from the plots that the MSR for these cases is almost
independent of as it stays relatively constant ass variedand there is no
pronounced minimumf _ 1t is used, there is no regularization and the model is an
OLS model. This mearthat0d regularization will not improve the OLS models of
these particular deges. This could be a consequence of the optimisation algorithm
not finding the most optimal and naero_. However, it is seen that most of the
models produce better residsiahend regularization is used and is better than the
OLS models.
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The dfect of varying_ on the training data MSR is shownHRigurel9and it is seen,
as expects, that the training data MSR becomes worseiasncreased from 0,

where the validation data MSR becomes

better. This is a classiofsigerfitting

and it is more evident in the higher order models whrgmore prone to overfitting.

4.5.2.2 The effectd ¥ ond norm of the weights
The effect that_has on the © norm of the weights was studied, and the results are

given bebw in Figure20.
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B2 Scenario 1 L2 norm of the weights vs. A B2 Scenario 2 L2 norm of the weights vs. A
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Figure20: 0 Norm of the weightg s . o for ridge regression with polynomial

and degree 4 (blue).

A general trend that can Iseen in all the plots of the norm of the weights vs. is
that thed norm decreases ads increased.

4.5.2.3 The effectoff T 1”1 i ¥Hnorm of the weights

The effects of varying on the number of nemero weights were studied for
regularized models of order 2, 3 and 4. For all these models, theenofmmonrzero
weights remained constant for all ranges tiiat were trialled.

4.5.2.4 Mapping, m 2
Then residual ford regularized models were studied and the MSR is diedow

in Figure21.
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Figure21: MSR of={ for ridge regularized models of varying orders for scenarios 1 affthe. MSR for A1, A2,
A3 and B2 are represented in blue, orangeegrand red respmtively.

It is observed that the MSR values are better fobthegularized model than the

linear and the affine models in all cases and better than the higher degree OLS models
in most cases. The cases where the OLS modejsenfdrm thel regularized

models are where the optimal value fawvas found to be 0,d. for models of order 3

and 4 for A1 and A2 for scenario 2.

4.5.2.,5 Mappinga m |

The MSR values for thg andr|® were studied and are presented belowigure22
andFigure23.

N
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From the MSR of thg residuals given below, for scenario 1 it is seen that the MSR
is consistently better for the ridge regularized models. However, thsdrémot

always appear for scenario 2 andréherereexceptions where the OLS models
performed better.

Scenario 1 MSR for ridge regression Scenario 2 MSR for ridge regression
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Figure22: MSR 0f={ for ridge regularized models of varying orders for scenarios 1 affth@ MSR for AL, A2,
A3and B2 are represented in blue, orange, green and red respectively.

R4

n

From then® MSR values presented below, it is seen that for majority of the cases, the
ridge regularized model performs better.

Scenario 1 MSR for ridge regression Scenario 2 MSR for ridge regression
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Figure 23: MSR of ={| for ridge regularized models of varying degrees for scenarios 1 ahde2MSR foA1,
A2, A3 and B2 are represented in blue, orange, green and red respettA850O regression

4.5.3 LASSO regression

LASSO regularization was also performed be higher order models and the effect
of varying_ on the MSR)) norm and) norm was studied, and the results are
presented in the following sections.

As in the case of ridge regression, the residual histograms were omitted from the main
body of this report. However, these figures are included in the appendices of this
report.In addition, plots indicating the change in MSR for the training data was also
omitted as the trends are the exact same as that observed in the case of ridge
regression.

4.5.3.1 Effect of varying the regularisation parameter on the MSR

Plots indicating the change 1 MSR with respect tg for different degree models
IS seen below ifrigure24.
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Figure24: MS R v slassoeegrdssion with polynomials of degree 2 (green), degree 3 (red) and degree)4 (blue
for the validation data.

Similar to the case for ridge regression, it is seen that MSR decreases iwhen
increased from O, until it reaches amimum. A few differences to the corresponding



ridge regression plots shownkingurel18is that the decrease in MSR is much higher
and the MSR is much more sensitive to cleaimg_ .

4.5.3.2 Effect of varying ¥ on thed norm of the weights

The effect of varying_on the regularisation ternd (norm of the weights) was
studied and the results can be seen beldvigare25.
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It is seen, similar to the ridge regression thatixtreorm which represents the
summed magnitude of the weights decreasesascreased.

4.5.3.3 Effect of varying the ¢ on thed norm of the weights

TheO norm of the weights which represents the number ofzsoa weights were
studied as a function gfand the results can be seerfrigure26.
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Figure26: 0 Norm of the weighte s . L&SSfregression with polynomials of degree 2 (green), degree 3
(red) and degree 4 (blue).

44



It is seen that the number of raaro weights decreases_as increased. This is a
contrast to ridge regression where thenorm of the weights did not change with

This means that for ridge regression, none of the weights were set to zero as a result
of regularization.

4.5.3.4 Mapping, ™M 2

Then residual was studied for the higher eranodels with LASSO regression and
the MSR values are presented belowigure27.
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Figure27: MSR 0f={ for LASSO regularized models of varying orders for scenarios 1 ahlde2MSR for A1,
A2, A3 and B2 are represented in blue, orange, green and red respectively.

It is seen thalf MSR values using LASSO regularization is substantially better than

OLS ard moderately improved over ridge regression. This could be attributed to some
of theweights being set to zero and therefore only the parameters that effect the gain
most is used for prediction by the model.

4.5.3.5 Mappingd ™ |

Higher order models were studieith LASSO regularization for the mapping™ v
and the results are presented in ®ohthe MSR values af andr)” in Figure28

andFigure29.
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Figure 28 MSR of={ for LASSO regularized models of vanyiorders for scenarios 1 and Phe MSR for A1,
A2, A3 and B2 are represented in blue, orange, green and red respectively.

It is seen that th®MISR values of] are consistently better than OLS and ridge

regression foscenario 1. However, ridge regses produced better MSR for th&'2
degree polynomial for A1 and A2 for scenario 2.
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Figure29: MSR of=|i for LASSO regularized models of varying orders for scenarios 1 afde2MSR for Al,
A2, A3 and Bare represented in blue, orange, green and red respectively.

It is seen that LASSO regression model produced bgtt&SR than OLS for all
cases and bitr than ridge regression for all cases except scenario 2 Al for the

polynomial of order 2.
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4.6 Benchmarking

The performance of the models that produced the lowest MSR for both scenarios and
each device/parameter region combination, was benchmarked algainstrent

models used by CBAS for the same purpose. It should be noted the benchmarking
was caried out using a script and the official CBAS fitting software was not uged.
andn® wereused as the benchmarking criteria. In order to make the comparison fair,
the exact same data points were used for training and testing by both models. The
models chosen faj andrj for all device/parameter region combinations were based
on the validatia scores produced. The MSR values obtained from benchmarking is
shown below irFigure 30.

Scenario 1 MSR benchmarking Scenario 2 MSR benchmarking

2e+00 -

1e+0
6e 01

1500,
6e-01-

2e-01- 2e-01-

4e-01 - 4e-01

15083 . i
oY 6602 66-02°
g 4e-02- 4e-02 -
26-02 - 26-02 -
1%—033—.
08,=
se 03 6e-03 -
4e-03- 4e-03-
26-03 - 26.03.-

1e-03 = ||

A1 A2 A3 B2

Figure3GBenchmar king the models obtained f rThenMSRVBluess t hesi s ag
of 4 (blue)and={ * (orange) are given for both scenarios for all device/parameter combinafibeshatchednd

the unhatched bars indicaMSR valuesgrduced by the fAnew model s0 and fAcurrent
model so0 refers to models proposed in this thesis and fAcu

It can be observed that the residual is consistently betttor the new models for
both scenarios. For scenario 1, the new model also performs better in téfis of
residual in all cases except A1l. However, for scenario Z)thresidual is only better
for the new model in 1 c& out of 4.
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5. Conclusion

It can be concluded that the project was executed successfully as machine learning
based on regression was applied to the fitting of a BAHA. Linear, affine and higher
order models were fitted to the measured data. Ridge and LA&f@arization were
applied in an effort to mitigate problems associated with overfitting. The results for
the regularized models were quantified in terms of the MSR of the validation data and
comparison to OLS models and ridge regression models, LASSO regression was
found to be particularly effective in terms of reducing the validation data MSR and
the number of nozero weights. The inverse mapping was studied with linear and
affine modelsand comparisons were made between models obtained using analytical

expressions and Atraining from scratcho.

were applied to the inverse mapping and LASSO regression was found to have the
best resultsdr the inversenapping. From benchmarking, the methods proposed in

this thesis was found to perform better in most cases than the current methods used by
CBAS.
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Appendix A:  Affine model rj-yhistogram
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Figure 31 Histograms of residual percentage of dévice/parameter region combinations for scenario 1 and
scenario using the affine model. These models are producing the mapping.



Appendix B:  Affine model i}, histogram
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Figure32: Residual percentages expressedhimsograms for affine models that map® V. The results produced
by (obtained by training from scratclands *(obtained by invertingr ) are showrin blue and orange
respectively.
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Appendix C:  Ridge - training data MSR vsY
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Figure 33: MSR vs__for ridge regression with polynomials of degree 2 (green), degree 3 (red) and degree 4
(blue) for training data.
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Figure 34: =| residual percetage histogram for ridgeegularized models afrder 2 (blue), 3 (orange) and 4
(green) for scenarios 1 and 2 for all device / parameter range combinations.
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Appendix E:

1000

800

600

400

# Data Points

200

# Data Points
N
8

200

]

Scenario 1 A1 residual percentage

-20 -15

Scenario 1 A2 residual percentage

-40

l|l
0 5 10

-10 -5
Residual Percentage (%)

-20 0 20
Residual Percentage (%)

15

40

20

QJ
o

o
=]

N
o

# Data Points

# Data Points

IS)
S

75

50

25

120

100

80

Scenario 2 A1 residual percentage

-20

-15

Scenario 2 A2 residual percentage

-40

Ridge - ]y histogram

-I | —
-10 -5 0 5 10

Residual Percentage (%)

I‘-
-20 0 20

Residual Percentage (%)

15

40

20

Figure 35: =| ~residud percentage histogram for ridge regularized model®oaler 2 (blue), 3 (orange) and 4
(green) for scenarios 1 and 2 for all device / parameter range combinations.









