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theorem to stability in mirror symmetry
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in homological mirror symmetry
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Abstract

We give an introduction to the mathematical formulation of Yang-Mills theory. In particular we
derive the Hermitian-Yang-Mills equation and show that Hermitian-Yang-Mills connections can be
described as the zeroes of the corresponding moment map. We then introduce deformed Hermitian-
Yang-Mills equations by considering arbitrary moment maps.

Furthermore we introduce slope stability of holomorphic vector bundles and show that holo-
morphic vector bundles have a unique Harder-Narasimhan filtration. We then give a proof of the
Donaldson-Uhlenbeck-Yau theorem in the case of algebraic surfaces, which states that there is a
one-to-one correspondence between stable bundles and bundles that admit an irreducible Hermitian-
Yang-Mills connection.

Finally we look at stability in the context of homological mirror symmetry. We discuss Bridge-
land stability conditions on the bounded derived category of coherent sheafs Db Coh(M) over a
Kaéhler manifold M and discuss how it connects to the deformed Hermitian-Yang-Mills equation.

Keywords: Donaldson-Uhlenbeck-Yau theorem, deformed Hermitian-Yang-Mills, Kobayashi-Hitchin
correspondence, Mirror symmetry, Bridgeland stability.
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Chapter 1

Introduction

A recurring topic in mathematics is that of classification. Given some set of objects we want
to parameterize them up to some notion of equality between the objects. Ideally we want this
parametrization to preserve enough structure to allow the study of the original objects while also
taking the form of a well behaved space, giving us a simpler object to work with. Particularly in
geometry one asks if a collection of geometric objects itself can be given geometric structure, this
is the concept of a moduli space. An example of this is the Riemann sphere, the space of all lines
in C? that goes through the origin.

An approach to construct moduli spaces in algebraic geometry is that of geometric invariant
theory (GIT) which was introduced in 1965 by Mumford. Geometric invariant theory provides a
way of taking quotients by a group action in algebraic geometry in such a way that the resulting
space is in a certain sense “well-behaved”. In particular we want the quotient to be Hausdorff, which
commonly is not the case for the naive approach of taking the orbit space. To do this Mumford
introduced the concept of stability, telling us that in certain cases the class of geometric objects
satisfying a stability condition do form a “well-behaved” space.

1.1 The moduli space of bundles and the Hermitian-Yang-
Mills equation

We will in this thesis study the moduli space of holomorphic vector bundles. This is a case that has
been extensively studied and where a beautiful correspondence has been discovered between the
moduli space of stable bundles and solutions to a geometric PDE, known as the Hermitian-Yang-
Mills (HYM) equation. Mathematically this is interesting since it relates the algebraic condition of
stability to that of solutions to a differential equation, thus relating different branches of mathe-
matics.

There is also interest in this topic from a physics perspective. Modern physics is dominated
by the study of symmetry, requiring that the equations of motion should be invariant under some
symmetry group. An example of this is Yang-Mills theory from which the Yang-Mills equation and
the Hermitian-Yang-Mills equation are derived. In particular the symmetry group U(1) gives us
electromagnetism in the form of Maxwell’s equations while the symmetry group SU(3) x SU(2) x
U(1) describes the Standard model of particle physics. Yang-Mills theory has a particular class of



solutions, to the equations of motion, known as instantons that in physics represents solutions to
the classical equations of motion. The instantons will play a key part in our analysis since they give
a lower bound on the energy functional that describes Yang-Mills theory.

The most well known result in the above discussed correspondence of the moduli spaces is the
Donaldson-Uhlenbeck-Yau theorem which tells us that stable bundles have a one-to-one correspon-
dence to irreducible Hermitian-Yang-Mills connections.

Theorem 1.1 (The Donaldson-Uhlenbeck-Yau theorem). A holomorphic vector bundle E over a
compact Kdhler manifold M 1is stable if and only if E admits an irreducible Hermitian-Yang-Mills
connection. This connection is then unique.

The correspondence is also known as Kobayashi-Hitchin correspondence, after Kobayashi and
Hitchin who first conjectured the general relationship. In the case of algebraic curves, i.e. Rie-
mannian manifolds, the theorem is known as the Narasimhan-Seshadri theorem. It should be noted
that the above theorem is very much a collaborate effort by several mathematicians where the proof
of the general theorem builds on techniques found when working with lower dimensional cases. In
particular the if direction was first shown independently by Kobayashi in [1] and Liibke in [2]. Of
particular importance to us for the only if direction is the proof in the case of Riemann surfaces
by Atiyah and Bott in [3]. There they introduced the moment map perspective for Yang-Mills,
showing that solutions to the Hermitian-Yang-Mills equation could be viewed as the zeroes of a
moment map. The next step was done by Donaldson who in [4] extended the result to algebraic
surfaces by using a heat equation method and results from Uhlenbeck in [5] and [6] on the choice of
a “good gauge” and the removability of singularities for Yang-Mills connections. The general result
over Kihler manifolds was then shown by Uhlenbeck and Yau in [7]. It is also possible to extend
the theorem to Hermitian manifolds, dropping the Kéhler requirement, which was done by Li and
Yau in [8].

Much of our work will be to build up the background to and prove the Donaldson-Uhlenbeck-Yau
theorem in the case of projective algebraic surfaces. We will devote chapter 3 to the introduction of
Yang-Mills theory including the definition of Hermitian-Yang-Mills connections. These connections
are also known as Hermitian-Einstein connections since the associated metric satisfy the Einstein
condition,

Rij = agij, (1.1)

i.e. that the Ricci curvature tensor is proportional to the metric. In particular the Hermitian-
Einstein metrics have constant scalar curvature, which can be seen by tracing the Einstein condition,
and are thus examples of constant scalar curvature Kéhler (cscK) metrics. In chapter 4 we will
introduce the stability of vector bundles and their properties as well as proving the if direction
using the approach of Liibke. Finally in chapter 5 we will show the only if direction in the case of
projective algebraic surfaces, thus completing the proof of the theorem in this case. We will for our
proof take the approach introduced by Donaldson, however subsequent work by others including
Uhlenbeck, Yau, Li, and Kobayashi have allowed parts of the proof to be simplified which we will
use when convenient. We will also provide some discussion on how the result was extended to the
general case of Kéhler manifolds.

It should be emphasised that the proof in itself is very much of interest where it can be said that
the proof strategy is even more interesting than the theorem itself, having introduced techniques
that now are part of the standard toolbox of geometric analysis. A key insight in the proof is the
introduction of a functional whose associated gradient flow is given by the heat equation which
is used to show convergence to a Hermitian-Yang-Mills connection. Another interesting approach
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is the use of Uhlenbeck’s choice of good gauge which will allow of us to bound the functional for
surfaces by the functional for curves, thereby reducing the case of algebraic surfaces to that of
algebraic curves.

Let us finally note that while the Donaldson-Uhlenbeck-Yau theorem has been shown, there are
other definitions of stability and conditions on the connections or metrics whose correspondence are
being explored and this remains a very active area of research. In the next section we will look at
such a case.

1.2 Mirror symmetry

The second part of our work will be to look at stability conditions in mirror symmetry, which is
an active area of research both in mathematics and physics with its roots in string theory. We will
here provide a brief introduction and motivation to mirror symmetry. For a detailed coverage of
mirror symmetry we refer the reader to [9].

String theory is a ten-dimensional theory while the world we experience is four-dimensional.
The approach taken in string theory is to require that the remaining six dimensions be compact
and “small”. Of particular interest due to physical considerations is the case when the six extra
dimensions consists of a Calabi-Yau manifold of three complex dimensions. It was noticed that
two different Calabi-Yau manifolds gave rise to the same four-dimensional physics, more specifically
they give rise to the same scattering amplitudes. We say that such manifolds are mirror manifolds
to each other.

It turned out that a manifold M and its mirror W could be quite different, in fact it was
discovered that their Hodge numbers were related by

hPI(M) = B P9(W). (1.2)

This relation between the Hodge numbers is known as topological/geometric mirror symmetry. It
is known that there exists Calabi-Yau manifolds without a mirror satisfying this, so the conjecture
is that it is possible to classify Calabi-Yau for which the relation of the Hodge numbers is valid.

We can arrange the Hodge numbers into what is known as a Hodge diamond. In dimension
three the Hodge diamond is

hO’O
hl,O hO,l
hQ,O hl’l hO,2
3.0 B2l pli2 1,0:3 (1.3)
h3:1 h2:2 pl:3
h3,2 h2,3
h3’3
and for Calabi-Yau and its mirror it takes the forms
1 1
0 0 0 0
0 a 0 " 0 b 0
1 b b 1 wrormer 1 a a 1 (1.4)
0 a 0 0 b 0
0 0 0 0
1 1

11



for integers a and b. Empirical evidence for the geometric mirror conjecture can be seen in fig. 1.1
which displays a Hodge plot of known Calabi-Yau threefolds. With the advent of topological

h2.1 . h1.1
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100 F

-400

L L L L L L L L L L L L L L | h11 _ h21
-200 0 200 400

Figure 1.1: Hodge plot of known 3-dimensional Calabi-Yau manifolds. We see evidence for the
existence of mirror manifolds by the symmetry around zero, which correspond to the symmetry
ht! < h%! between mirror manifolds. The data is from [10].

string theory, mirror symmetry took the form of an equivalence between the two main versions of
topological string theory, the A-model and the B-model. The scattering amplitudes in the A-model
depends only on the symplectic structure of the manifold while the scattering amplitudes in the
B-model relies solely on the complex structure. Mirror symmetry then relates the complex geometry
on the manifold M to the symplectic geometry of its mirror W and the other way around. The
benefit of this relation is that complicated calculations in one model may be easier to perform in
the other and vice versa.

A particular application that generated a lot of interest is that to enumerative geometry, where
the counting of rational curves on a Calabi-Yau threefold turns into an easier calculation of period
integrals on the mirror manifold. The first such calculation was done for quintic threefolds by
Candelas, Ossa, Green, and Parkes in [11]. Since then some of these results have been proved
rigorously by Givental in [12]. That it is possible to count the rational curves on a Calabi-Yau
threefold in this way is known as the arithmetic/numerical mirror conjecture.

Another approach called homological mirror symmetry was proposed by Kontsevich in [13],
resulting in the homological mirror conjecture. The conjecture states that for mirror manifolds M
and W, mirror symmetry can be stated as the equivalence of two triangulated categories

D Coh(M) ~ DF (W), (1.5)

the left side coming from complex geometry and the right side from symplectic geometry. A funda-
mental set of objects in string theory are that of D-branes, in the A-model these roughly correspond
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to holomorphic vector bundles over M with holomorphic connections known as A-branes. Similarly
in the B-model we have B-branes which roughly corresponds to Lagrangian submanifolds of W. The
categories in Kontsevich conjecture are meant to correspond to the B- and A-branes respectively.

Some special cases of the homological mirror symmetry conjecture are known. The case of
elliptic curves is done by by Polishchuk and Zaslow in [14] and the case of quartic surfaces by
Seidel in [15]. Since we will work in the framework of homological mirror symmetry we may for
our purposes treat the conjecture as a definition of what it means for two manifolds to be mirror
to each other.

The D-branes in physics have their own notion of stability, corresponding to if they are decom-
posable or not. For A-branes the stability condition can be stated in terms of whether a class of
Lagrangian submanifolds [L] contain what is known as a special Lagrangian manifold (sLag). For
B-branes stability corresponds to connections solving what is known as the MMMS equation, after
Marifio, Minasian, Moore, and Strominger who derived the equation in [16]. The MMMS equation
is also known as the deformed Hermitian-Yang-Mills ({AHYM) equation as it can be seen as a gen-
eralization of the HYM equation. We can now summarise what we know of mirror symmetry in a
table as

Mirror symmetry

B-model A-model

e B-branes e A-branes

e Complex geometry e Symplectic geometry

o D' Coh(M) o DE(W)

o h1(M) o W'PU(TV)

e Holomorphic connections A e Lagrangian submanifolds L

e AHYM connections sLags in [L].

Interestingly the stability conditions on D-branes coming from physics share properties with those
found in mathematics as by geometric invariant theory. In particular in the context of homological
mirror symmetry, a stability condition known as II-stability was formulated on derived categories
by Douglas, Fiol, and Romelsberger in [17], Douglas in [18], [19], [20], and Douglas and Aspinwall in
[21]. This motivated Bridgeland in [22] to introduce a more general form of stability on triangulated
categories, which we will refer to as Bridgeland stability.

Our aim in chapter 6 is to introduce Bridgeland stability and review some of the recent work on
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the deformed-Hermitian-Yang equation by Collins, Xie, and Yau in [23] and by Collins and Yau in
[24]. In particular we are interested in if there is a theorem similar to the Donaldson-Uhlenbeck-Yau
theorem for D® Coh(M) and the dHYM equation. This can be formulated as

Conjecture 1.2 (Conjecture 1.1 in [24]). There is a Bridgeland stability condition on D” Coh(M)
so that the holomorphic vector bundle E is stable if and only if it admits a deformed Hermitian-
Yang-Mills metric.

Correspondingly, given mirror symmetry, the conjecture on the symplectic side is

Conjecture 1.3 (Conjecture 1.1 in [24]). There is a Bridgeland stability condition on D™ (W) so
that the isomorphism class of a Lagrangian submanifold is stable if and only if it contains a special
Lagrangian submanifold.

1.3 Structure of the thesis

In chapter 2 we will go over some of the mathematical background we will rely on. Of particular
importance for the following chapters are section 2.2.1 on principal bundles and gauge transforma-
tion, section 2.2.2 on sheaves, section 2.3 on moment maps in symplectic geometry, and section 2.4
on Kéhler geometry. Since much of the motivation to our work comes from mirror symmetry we
also provide some background on Calabi-Yau manifolds and special Lagrangian submanifolds in
section 2.4.1 relating back to the introduction.

Chapter 3 introduces the Yang-Mills theory. We begin in section 3.1 by introducing the Yang-
Mills functional and deriving the Yang-Mills equation. We then cover the self-dual and anti-self-dual
solutions to the Yang-Mills equation and the gradient flow of the Yang-Mills functional. Then in
section 3.2 we specialise to the case when the base manifold is Kéhler which gives us the Hermitian-
Yang-Mills equation. Next in section 3.3 we look at the Hermitian-Yang-Mills equation from the
perspective of that of a moment map where the Hermitian-Yang-Mills connection correspond to
zeroes of the moment map. Finally we use the moment map perspective to generalize the Hermitian-
Yang-Mills equation to deformed-Hermitian-Yang-Mills equation by arbitrary moment maps.

In chapter 4 we begin by introducing the stability criteria for holomorphic vector bundles and
proceed to show that every holomorphic vector bundle have a unique Harder-Narasimhan filtration.
We then consider bundles that admit an irreducible Hermitian-Yang-Mills connection and show that
such bundles are stable by the approach in [2], thus proving half of the Donaldson-Uhlenbeck-Yau
theorem.

Chapter 5 deals with the other direction of the Donaldson-Uhlenbeck-Yau theorem. In the case
of bundles over an algebraic surface we present a proof of the Donaldson-Uhlenbeck-Yau theorem
originally found in [4]. We also discuss the general case, over an arbitrary Kihler surface, and why
the proof of this in [7] needed a different approach.

Finally in Chapter 6 we connect our earlier work with stability in mirror symmetry. We begin
in section 6.1 by introducing the derived category of coherent sheafs D” Coh(M), over a Kihler
manifold M. Then in section 6.2 we introduce Brigeland stability as a generalization of slope
stability, and specifically look at Bridgeland stability conditions on D® Coh(M). We conclude the
chapter in section 6.3 by looking at the dHYM/MMMS equation with a focus on low-dimensional
examples. We also review recent progress in [23] and [24] towards formulating a Bridgeland stability
condition on D® Coh(M) corresponding to the dHYM equation.
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Chapter 2

Mathematical preliminaries

In this chapter we aim to introduce some of the tools, primarily from algebraic- and complex
geometry, that will be used throughout our work. Not all material here is strictly necessarily for
the remainder of the text and the reader is encouraged to pick and choose from this chapter, and
use it as a first reference when encountering an unfamiliar concept in the main text.

We present the material with an emphasis through examples and caution the reader that the
definitions and theorems stated will often not be in their most general form, rather we aim for
simplicity. For a source giving a broad introduction to most of the topics here we encourage the
reader look at [25], which also provides a well written introduction to mirror symmetry. Furthermore
[9] covers most of the material. We also provide additional suggested reading in some of the sections,
which the reader may find helpful.

2.1 Algebraic varieties

In this section we give a short overview of algebraic varieties over C.

Affine varieties

We say that a set X C C™ is algebraic if it is the zero locus Z(S) of a set of polynomials S C
C[Xy,...X,). That is
X=Z(S)={zeC"|f(x)=0 Vf e S} (2.1)

An example of an algebraic set is {(z,0)} U {(0,y)} since it is the zero locus to the polynomial
f(z,y) = zy. An algebraic set X that is irreducible, meaning it is not the the union of two proper
algebraic subsets of X, is known as an affine variety.

Every algebraic set is the zero set of some ideal in the polynomial ring. Given an algebraic set
X we have that X is the zero set of the ideal

I(X)={feC[Xy,...X,,] | f(x) =0Vz € X}. (2.2)
There is a one-to-one correspondence between algebraic sets and radical ideals, i.e. ideals satisfying

I=VI={zeC[Xy,...,X,]| 2" €I for some r € Z*}, (2.3)
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by
Theorem 2.1 (Hilbert’s Nullstellensatz). For every ideal J C C[X1,...X,]
I(Z(J)) =VJ. (2.4)
This allows us to express the irreducibility of an algebraic set in terms of its ideal.

Proposition 2.2. An algebraic set X is irreducible if and only if the ideal I(X) is prime.

Thus we have a correspondence between affine varieties and Spec(C[X7,...,X,]), the set of
prime ideals of the polynomial ring. Relating back to our example of the algebraic set {(x,0)} U
{(0,y)} we see that I({x,0}) consists of all polynomials of the form f(z,y) = p(z,y)y and is thus a
prime in C[X,Y] and similarly for I({0,y}). Thus the sets {(x,0)} and {(0,y)} are affine varieties.

Every algebraic set can be written as a finite union of affine varieties. This follows from

Theorem 2.3 (Hilbert basis theorem). If a ring R is Noetherian then so is R[X].

By induction if R is Noetherian then so is the polynomial ring R[X1,...X,] and in particular
since any field is Noetherian so is C[X7y, ... X,]. We remind ourself that a ring being Noetherian is
equivalent to each of its ideals being finitely generated. Thus we conclude that any algebraic set is
the zero locus of a finite set of polynomials.

Projective varieties

Consider the vector space C™ for n > 2 and denote by C* the multiplicative group of C. Introduce
the equivalence relation z ~ y by = = Ay for some A € C*. The projective space of C" is then
defined to be the quotient space

CP" ! = P(C") = (C" - 0)/ ~ . (2.5)

Geometrically the projective space is the space of lines through the origin of the vector space.
Inductively we have CIP" = C™ U CIP"~!. In particular CP! = C U oo is known as the complex
projective line or Riemann sphere. We denote the group of projective transformations of P(C™) as
PGL(C™) i.e. the quotient of GL(C™) under the action of scalar transformations AI, the center of
GL(C™).

A point p € CIP" is described by any (n + 1)-tuple in the equivalence class of p, called homoge-
neous coordinates. Analogously to before a set X C CIP™ is algebraic if it is the zero locus of a set
of homogeneous polynomials S, that is

X = Z(S) = {z € CP"|f(z) =0, Vf € S}. (2.6)

A projective variety is defined as the zero locus of an irreducible set of homogeneous polynomials,
or equivalently as the zero locus of a set of homogeneous polynomials that generate a prime ideal.

2.2 Fiber bundles

We will here introduce the concepts of fiber bundles and the gauge theory. There are excellent
lecture notes on gauge theory by Figueroa-O’Farrill at [26] and Evans [27] which treat these topics
in more detail and covers some of the derivations omitted here.
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A fibre bundle consists of three topological spaces E,B,F and a continuous surjective map
7 : E — B, known as the projection. The spaces FE,B,F are known as total space, base space and
the fiber respectively. Furthermore each point b € B is required to have an open neighbourhood U
and a homeomorphism
¢:7m Y U) = U xF, (2.7)
such that m = proj; o ¢, where proj; : (u,f) — wu is the natural projection. The set of all (U;, ¢;) is
called the local trivialisation. This can also expressed as that the diagram

W U) ——2 S UxF

x Al
U
commutes.

A fiber bundle is a way of taking products so that locally the total space E looks like the product
space of B x F. In particular a bundle where £ = B x F with 7 = proj; is known as a trivial
bundle. See fig. 2.1 for an illustration of the difference between a trivial and non trivial bundle.

Figure 2.1: A Mobius strip is an example of a non-trivial vector bundle with the corresponding
trivial bundle being the cylinder S* x R.

We are primarily interested in vector bundles £ — M, whose fiber F' is a vector space R™ or
C". We further will assume that the base space is a real or complex manifold M and that the
transition functions are smooth respective holomorphic. These bundles are then known as smooth
and holomorphic vector bundles respectively.

With a fiber bundle 7 : E — M comes the idea of local sections. These are morphisms from an
open set U C M of the base space

c:U—=FE (2.8)
such that they are a local right inverse to the projection
moo =id. (2.9)

A global right inverse ¢ : M — E is known as a global section. We can form sections from the
trivialization maps ¢, 1. U; x F — 7~ by considering morphisms U — F.

17



Remark 2.4. In the context of smooth bundles we talk about smooth sections C*°(U,E) and cor-
respondingly holomorphic sections for holomorphic bundles.

Example 2.5. Let 7 : E — M be a vector bundle. By mapping every point to the zero vector we
obtain a global section, the zero section

o :m— (m,0). (2.10)

2.2.1 Principal bundles

A principal G-bundle 7 : P — M is a fiber bundle where the fiber is a Lie group G, known as
the structure group, that acts freely on the right on the total space P. For our purposes we will
assume that the base space M = P/G is a manifold with smooth transition functions. Note that
m(pg) = m(p) by definition since 7 maps into P/G.

Given a representation of G we can construct an associated bundle with a different fiber but
with induced transition functions ¢;. In particular we can form a vector bundle, the adjoint bundle
7’ :ad P — M with the fiber g = Lie(G) using the adjoint representation Ad : G — GL(G). The
total space is

adP =P xpag= (P xg)/~, (2.11)

with equivalence under the action

(p.X)g = (pg.Ady—1 (X)) = (pg.9~ ' Xg), (2.12)

assuming G is a matrix group. We set 7/(p,X) = 7(p) and the transition functions ¢’ : U x g —
7Y U) x g.

Conversely given a vector bundle with fiber V' there is an associated Principal bundle known as
the frame bundle by letting G be the automorphism group GL(V'). This allows us to move between
between vector bundles and principal bundles. Since we will work with bundles with additional
structure in the form of a metric we also want this relation to hold. The structure groups of a
Riemannian manifold is O(n) giving an orthogonal frame bundle. Similarly with an Hermitian
metric we will work with the associated U (n)-bundles.

A connection on a principal G-bundle P is a horizontal G-equivariant Lie-algebra valued 1-form
A € QY (M,g). The connection forms are naturally identified with forms in Q!'(M,ad P). For a
connection A we have the exterior covariant derivative d4 : QP(M,ad P) — QPT1(M,ad P) given
by

da=d+ A (2.13)

and the curvature
Fa=d4y=daA=dA+ANA, (2.14)

which measures the exactness of the connection.

Gauge transformations

Principal bundles comes with a set of gauge transformation which are transformation between local
sections of the bundle describing the redundancy of the bundle structure. In Physics this freedom
is commonly used to represent symmetries. A particular useful technique is that of gauge fixing,
where a particular gauge with nice properties is chosen.
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Definition 2.6. Let P be a principal bundle. A gauge transformation on P is a G-equivariant
diffeomorphism ® : P — P that preserves the bundle structure.

G-equivariance means that ®(pg) = ®(p)g and the preservation of bundle structure meaning that

mo® =, ie. that the diagram

p—2 P

N

M

commutes. We call the group of gauge transformations ¢ the gauge group of P. By considering
their action on the transition function we can view a gauge transformation as a choice of a section on
the associated bundle Ad P. This is the bundle generated by the representation Ad : G — Diff(G)
which is constructed the same way as the adjoint bundle. Then the gauge group is 4 = Q°(M,AdP).
Acting on a connection with the gauge transformation g € ¢ the connection transforms as

A gAg~t —dgg™! (2.15)
while the curvature transforms as
Favrs gFag™t. (2.16)
That is the curvature transforms equivariantly.

Example 2.7 (Maxwell theory). Consider a U(1)-bundle over some complex manifold M. A gauge
transformation is then of the form

(m,e'®) = (m,e' 0+, (2.17)

In this case the connection form is an element A € Q' (P,g), meaning it takes values in u(1), the set
of imaginary numbers. Applying a gauge transformation then results in the transformation

A A+idf, (2.18)

that is adding an exact imaginary 1-form. In particular connections in the same equivalence class
have the same curvature and the flat connections are precisely those that are equivalent to the
trivial connection.

2.2.2 Sheaves

In order to introduce stability we need to introduce coherent sheafs, which we will view as a
generalisation of vector bundles. In the context we are interested in, that of holomorphic vector
bundles, this is covered [25] and [28].

Definition 2.8. A sheaf of abelian groups & on a topological space X is a map that assigns to
every open set U C X an abelian group &(U). The elements of &(U) are known as sections over
U. Additionally we require that for every open subsets V. C U there exists a group homomorphism
puv : EU) — &(V) known as the restriction map satisfying:
(i) puu = id.
(ii) For V.CU CW.

PUV © PWU = PWV -
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(11i) Let U; be a open covering of U. If f,g € F(U) and f
() If a family f; € F(U;) satisfies

v, = 9lu, for alli then f =g.

fi
then there exists a f € F(U) with fly, = fi.

UiﬁU]’ = f] UimU]’?

Remark 2.9. The conditions (i) and (ii) makes & into a presheaf. Property (iii) adds locality
and (i) is known as gluing, telling us that compatible sections combine to a gluing section which is
unique by (i1i).

One consequence of the sheaf axioms are that that % () is the trivial group. This follows from
(iii) by considering f,g € Z(() and noting that the only cover of () is itself and thus f = g by (iii).

Relating this to vector bundles we note that the sections on a vector bundle F over an open set
U forms a module. Furthermore there is a natural restriction map satisfying the axioms making
the sections of the bundle into a sheaf, the sheaf of sections which we denote O(E). We remind the
reader that depending if we work with C'*° or holomorphic bundles we consider respective sections.
Since we are interested in the holomorphic case we will proceed to work in this setting while noting
that the case of smooth bundles are completely analogous.

For a complex manifold M we can form the structure sheaf O,; consisting of holomorphic
functions. We have that this is the sheaf of the trivial line bundle E = M x C while O, correspond
to the trivial bundle of rank k, E = M x C*. The property we need a sheaf to satisfy to be a vector
bundle is that it locally looks like a trivial bundle, such sheafs are known as locally free.

Definition 2.10. A sheaf & over M is locally free of rank k if for every open subset U C M
Oy = &lu. (2.19)

Since the sections determine the vector bundle there is a one-to-one correspondence between
locally free sheaves and vector bundles. Thus we will move between these viewpoints and treat
locally free sheaves as vector bundles.

Locally free sheafs do not in general form an abelian category, since if we take the quotient of
two locally free sheafs the result may not be locally free. What we need is the category of coherent
sheafs, which do form an abelian category.

Definition 2.11. We say that a sheaf & of O-modules is coherent if there exists an exact sequence

O"U - O°|IU = &|U — 0. (2.20)

Remark 2.12. We caution the reader that the above definition in algebraic geometry texts usually
is for & to be finitely presentable. However in our case, when considering sheafs of finite rank and
O being locally free, the notion of coherence and being finitely presented coincide.

We see that a locally free sheaf is coherent since OF o € & 0 s exact if and only if f is
surjective and thus the sequence O M, ok Iy @ 5 0 is exact. Coherent sheafs are free outside of
a singularity set.

Definition 2.13. The singularity set S of a coherent sheaf & is the the set of points where & is
not locally free
S = {z € M|&; is not free}. (2.21)
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The rank of a coherent sheaf & is defined as the rank outside the singularity set S(&),
tk& =rké,, xze M-S (2.22)

In the case of algebraic curves we have
Proposition 2.14. A subsheaf of a locally free sheaf over a projective curve X is locally free.
For the proof of the Donaldson-Uhlenbeck-Yau theorem we will rely on

Proposition 2.15 (Proposition 5.6.13 in [28]). A monomorphism . — ./ between torsion-free
coherent sheaves of the same rank induces a monomorphism det ¥ — .

2.3 Symplectic geometry & moment maps

Symplectic geometry has its roots in classical mechanics, with a symplectic manifold being the
generalization of phase space. Moment maps are similarly derived from the concept of generalized
momenta and correspond to conserved quantities. An excellent source for learning about symplectic
geometry and in particular moment maps is the lectures notes by Berline and Vergne in [29].
Furthermore the classical work of Arnold in [30] also provides a very readable introduction to the
subject.

Definition 2.16. A symplectic manifold (M,w) of dimension 2n is a manifold M together with a
closed non-degenerative 2-form w on M, known as a symplectic form.

Remark 2.17. A symplectic manifold is always even dimensional in order to have a symplectic
form. The prototype of a symplectic manifold is R*™ with symplectic form w = >_ da; A dy;.

Let us look at some of the properties of symplectic manifolds and in particular their context in
Hamiltonian mechanics. A function H € C*°(M) give rise to a vector field Xy by

dH(Y) = w(Xg,Y) (2.23)

or restated
dH = 1x,w, (2.24)

where ¢ : QF(M) — QF=1(M) is the contraction of a vector field X and form « defined by
(an)(Xl,...,Xk_l) :Oé(X,Xl,...,Xk_l). (225)

Note that Xy is unique and exists for all H. Conversely a vector field X specify H up to a constant.
Xy is known as a Hamiltonian vector field and H a Hamiltonian function.
Every symplectic manifold have a natural Poisson structure with Poisson bracket

{=—}:C®(M) x C®(M) = C°(M) : {f,g} = w(Xs,Xg). (2.26)

The 1-form dH acting on a Hamiltonian vector field Xz can then be expressed in terms of the

Poisson bracket as
dH(X¢g) = w(Xy,Xe) = {H,G}. (2.27)
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The flow defined by the vector field Xy is known as Hamiltonian flow. In particular the time
evolution of the coordinates x under Hamiltonian flow is

x = X (x). (2.28)
More generally the flow of a tensor field f under Xy is given by the Lie derivative as

of

In the context of Hamiltonian mechanics the Hamiltonian flow will correspond to equations of
motion.

There is a canonical choice of local coordinates for a symplectic manifold. In classical mechanics
these coordinates are known as generalised coordinates and generalised momenta x = (q,p). That
such a choice is possible in general is a consequence of Darboux’s theorem.

Theorem 2.18 (Darboux’s theorem). Let (M,w) be a symplectic manifold of dimension 2n. Then
around every point m € M there exists coordinates

qi,---4n,P1,---Pn (230)

such that
w=dg ANdp; +--- +dg, Adp,,. (2.31)

These coordinates are known as canonical coordinates or Darbouzx coordinates.

A proof can be found in [30]. Using these coordinates we can now derive the properties of
Hamiltonian mechanics as a consequence of symplectic geometry.

Example 2.19 (Hamiltonian mechanics). Let (M,w) be a symplectic manifold of dimension 2n
with canonical coordinates (g;,p;). For H € C°°(M) we have

H
dH = dql — dp;. 2.32
> G G 232
Additionally
w(Xp,Y) =Y dg Adpi(Xp,Y) = _dgi(Xg)dpi(Y) - dg:(Y) dpi(Xn). (2.33)

=1 i=1

Matching the condition that dH = w(Xg,—) gives the conditions

dai(X) = 5, (2.34)
dpi(Xg) = —25,

and thus the Hamiltonian vector field Xy is given by
Z OH 0 0H 0 (2.35)

dpi q;  Oq; Ip;’
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and the Poisson bracket of H,G € C*°(M) is then

n

OH 0G 0H oG

HG}=dH(Xqg) = - . 2.36
.G} (o) ; 9q; Op;  Op; Oy (2.36)
Explicitly the Hamiltonian flow x = Xy (x) is
. OH
q9= "5,
{, o (2.37)
b= 737(17

which can be recognised as Hamilton’s equation of motion from classical mechanics. The flow lines
are then the trajectories in phase space.

We are now ready to introduce moment maps on symplectic manifolds. Let G be a Lie group
that acts on the left on a symplectic manifold (M,w). There is then a corresponding infinitesimal
action by the Lie algebra g.

gx M —TM: (X,m)— XM, (2.38)

where for every X € g the vector field XM is defined at m € M by exponentiation of the Lie algebra

XM = iexp(tX)m . (2.39)
dt —o

Definition 2.20. A moment map is a G-equivariant map
w:M—g*, (2.40)
such that for every X € g the map X™ is the Hamiltonian vector field of m — {(u(m),X). That is
d(p, X) = 1(XM)w = w(XM -). (2.41)
Proposition 2.21. The moment map of an element X € g is unique up to a constant.
Proof. Suppose that pq,ue are two moment maps for X € g. Then
d(p1 — p2) = 0. (2.42)
O

Let us illustrate the concept of moment maps as conserved quantities with the two following
examples from classical mechanics.

Example 2.22 (Linear momentum). Consider R? with a group action of R given by (g,p)
(¢ +t,p) and let w = dg A dp be the symplectic form on R2. The vector field is then corresponding
to the generator X of the Lie algebra is then

0
XM= — 2.43
5 (2.3
We have that 5
L(XM)w =dg Adp <8q’_) = dp, (2.44)
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and hence up to a constant
(n(q.p),—) = p, (2.45)

giving us the moment map
w(g.p) = p- (2.46)

Example 2.23 (Angular momentum). Consider an action by the rotation group SO(3) on R®
with the standard symplectic form. The vector field then takes the form for the three generators
X; € s0(3) as

XM = e (Qjaaqk +pjaik> ; (2.47)
or in vector notation
XM =qxVgq+px Vp. (2.48)
Then
{wa; ) =dp; 2.49)
w(32i7_) = —dg, .

which gives
UXMw = €5k (q; dpr — pj day). (2.50)

Again putting this in vector notation
(Xpw=gxdp—pxdg=gxdp+dgxp=d(qgxp). (2.51)
The moment map is then the angular momentum

1(p,q) =p % q. (2.52)

Note that the result of the conservation of the antisymmetric tensor ¢;p; — ¢;p; is valid in any
dimension under rotation SO(n), while in n = 3 dimensions the angular momentum takes the
familiar form of a cross product.

2.4 Kéihler geometry

A Kahler manifold is a manifold with three compatible structures, a complex structure, a symplectic
structure, and a Riemannian structure. The prototype for Kéhler manifolds are C™, which we will
often return to as an example. In the last section we introduced symplectic manifolds and the
reader is likely already familiar with Riemannian manifolds. There are several well written sources
on Kihler geometry however we especially would like to refer to Foundations of differential geometry
by Kobayashi and Nomizu in [31] and [32], which provide the necessary background for [28] who
cover the material in the context of complex vector bundles.
Let us thus begin by saying a few words about the complex structure.

Definition 2.24. An almost complex structure J on a manifold M is a smooth (1,1)-tensor field
JeT(TM ®T*M) such that
J) = —id. (2.53)

We say that the pair (M, J) forms an almost complex manifold.
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Since T'(TM @ T*M) = End(T'M), what the above definition says is that J assigns smoothly a
linear endomorphism J, : T,M — T, M for each p € M such that Jz = —id.

Example 2.25. In the case of C™ with coordinates z; = x; +1iy; we then have the natural complex
structure given by

J: (zla"'vxnayla"'ayn) = (7y17"'37yn’$13"'axn)' (254)

That is J work as a multiplication with ¢ on z;. Note that a similar construction can be made for
any even dimensional vector space.

Every complex manifold have an almost complex structure however the converse is not generally
true. What is missing is an integrability requirement which if satisfied gives us an integrable almost
complex structure. For an almost complex structure J this integrability requirement is given by
the Newlander-Niremberg theorem which tells us an almost complex structure J is integrable, and
thus defines a complex structure, if and only if the Nijenhuis tensor of J given by

N (X,Y) = [X,Y] + J[JX.Y] + J[X,JY] — [JX,JY], (2.55)

vanishes for all vector fields X,Y € I'(T'M). A proof of this theorem can be found in most textbooks
on complex geometry or see [33] for the original proof by Newlander-Niremberg.
We are now ready to give a definition of Kéhler manifolds.

Definition 2.26. A Kdihler manifold (M, J,w) is a symplectic manifold (M,w) with an integrable
almost complex structure J such that

g(XaY) = W(Xv‘]Y)? (256)

is a symmetric positive definite bilinear form, i.e. a Riemannian metric. We say that w is a Kdhler
form.

Remark 2.27. If the integrability requirement of J is dropped, we say that (M, J, ) is an almost
Kdhler manifold.

In the above definition we gave a Kéhler in terms of the symplectic form and the complex
structure while checking that g is a Riemannian metric, however one could specify a Kihler manifold
in terms of any pair of (w, J, g) while checking that the third is compatible. Compare this to to the
two out of three property of the unitary group. Given the Riemannian metric g and the complex
structure J we can form the symplectic form by

W(Xay) = g(JX7Y)7 (257)

where we would have to check that w is closed. Similarly given g and w we can form the complex
structure by

J(X) =g o (w(X,-)). (2.58)
One can also specify an Hermitian metric by

which can be used to recover the Riemannian metric as ¢ = Reh and the symplectic form as
w=—1Imh.
Let us also note that for a Kahler manifold the complex structure preserves w, g and, h i.e.

w(JX,JY) =w(X)Y), g¢(JX,JY)=g(X)Y), and h(JX,JY)=h(X)Y). (2.60)
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Example 2.28. Let us return to our example of C™. In standard coordinates the symplectic form
is given by

. n n
1 _
w= 3 Z dzp Ndz, = dek A dyg. (2.61)
k=1 k=1
If we then consider two vector fields locally given by
n n
0 0 0 0

X = Ar— + Br— d Y= Cy=—+ Dp— 2.62
;(kaxk+ k@yk>’ an ;(’“axﬁ kayk>’ ( )

we see that with the complex structure introduced in example 2.25 that
n
g(X)Y) =w(X,JY) = > (AxDy + BiCy) , (2.63)
k=1
which the dot product of Euclidean space. We can also write the metric in the perhaps more familiar

form of the line element as N

ds? = Z (dzf + dyy) - (2.64)
k=1
In addition to C™ being the simplest example of a Ké&hler manifold we will often work in local
coordinates where the manifold will look like C™. Let us finally note that the Nijenhuis tensor
trivially vanishes in the above case since second derivatives commute and thus by working in local
coordinates the same is true for any complex manifold.

On complex manifolds the exterior derivative can be written in terms of the Dolbeault operators

d=0+9, (2.65)
where 9 : QP4 — QP14 and 9 : QP4 — QP9+ These operators satisfy
?=0>=00+00=0. (2.66)
Note that we have forms of total degree r as
(M) = @ (). (2.67)
pt+g=r
which the exterior derivative acts on.
Specifically on Kéhler manifolds the Dolbeault cohomology can be related to the de Rham
cohomology as
H"(M)= & HP(M). (2.68)
pt+g=r
We also have the Kéhler version of the Poincare lemma, the 9 lemma. Locally we can write a

closed (1,1)-form « as -
a=00f (2.69)

for a smooth function f. In particular one often write the Kéhler form in form of a Kéhler potential

f _
w = i0df, (2.70)
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where the factor of i is often included by convention. In C™ or in the standard local coordinates
the Kéhler potential would be

1 n ~
f= 5I;dzk. dzy. (2.71)
We define the Lefschetz operator L : QP4 — QptLatl by
La=wAa. (2.72)

Denote the adjoint operator by A = L* : QP4 — QP~1a=1 We will commonly refer to A as the
trace operator. In particular when acting on a (1,1)-form « and assuming the standard volume

form on (M ,w),

w
dvol = o (2.73)
A acts by
Aow™ 1 1
— Awn™ 2.74
n! (n — 1)!oz Y (2.74)
or rearranged
Aow™ = na Aw™ L. (2.75)

One can show show the identities
o* =i[A, 0],  0F = —i[A, )], (2.76)

which together with similar identities for L are known as Kéhler identities.
These identities prove useful for showing that the three natural Laplacians we can form on a
Kahler manifold defined as

Ag=d"d+dd*, Ay=09"0+090*, A;=0"0+ 00", (2.77)
are equal up to a constant.
Proposition 2.29. On a Kdihler manifold the Laplacians are related as
Ag =20y =275, (2.78)
i.e. they are equal up to a constant.

Proof. By the Kéhler identities we have that

90" + 0% = —i(9[A,0] + [A,0]0) = —i (0AD + DK + A8” — OND) =0, (2.79)
and by also considering the adjoint it follows that
%0+ 00" = 00" +0%0 = 0. (2.80)

AS a consequence
Ag=d"d+dd* ={0+0,0"+ 0"} = {0,0"} + {3:0"T + £3:0*T + {0,0"} = Mg + Ay, (2.81)

where we use the brackets to denote the anticommutator. W also have that

Ag=00"+0"0=1i (G[Aﬁ] + [A,é]a) =1 (aAé — 00N + ADD — 5A8) ) (2.82)

and taking the adjoint we have
Ay = —i (0AD — OOA + ADO — OAD) . (2.83)
Since 89 = —09 we see that Ay = Ag. O

27



2.4.1 Calabi-Yau manifolds & Special Lagrangian submanifolds
An important class of Kdhler manifolds is that of Calabi-Yau manifolds.

Definition 2.30. A Calabi- Yau manifold (M, J,w, Q) is a compact Kihler manifold with a nowhere
vanishing holomorphic volume form €.

Remark 2.31. We will on occasion drop the requirement of compactness. It is also common to see
requirement that a Calabi-Yau should also be simply connected or algebraic. Both these properties
will be true in all the examples we consider.

We remind ourselves that €2 being a holomorphic volume form means that it is a (n,0)-form
satisfying -
002 = 0. (2.84)

Note that while © is not a volume form on the underlying real manifold, Q A Q is. On C" a
holomorphic volume form is Q =dz; A --- Adz,.

The Calabi-Yau manifolds of dimension n = 1 are elliptic curves, i.e. projective varieties. In
dimension n = 2 the simply connected Calabi-Yau manifolds are known as K3 surfaces.

One important property of Calabi-Yau manifolds is that their first Chern class vanish. This is
often taken as the definition of Calabi-Yau manifold, as Kdhler manifolds with vanishing first Chern
class, and is equivalent for simply connected Calabi-Yau. We can further note that the vanishing of
the first Chern class on a Calabi-Yau manifold M corresponds to that the curvature form F' takes
values in su(n) by

a(M) = i tr(F) = 0. (2.85)

In the introduction we discussed special Lagrangians as an important object on the symplectic
side of mirror symmetry, in the form of branes in the A-model. Let us begin with Lagrangian
submanifold in the context of symplectic geometry which in classical mechanics can be thought of
as corresponding to the set of generalized momenta.

Definition 2.32. Let (M,w) be a symplectic manifold of dimension 2n. A Lagrangian submanifold
L is a submanifold to M of dimension n where the restriction of the symplectic form vanish, i.e.

wlp = 0. (2.86)

Remark 2.33. Submanifolds where the symplectic form vanishes are more generally known as
isotropic. Lagrangian submanifolds are those that have mazimal dimension, i.e. half that of M.

Special Lagrangian arise as submanifolds in the context of Calabi-Yau manifolds where in addi-
tion to the restriction on the Kéhler form w, there is one on the holomorphic volume form (2.

Definition 2.34. Let (M,Jw,Q2) be a (not necessarily compact) Calabi- Yau manifold. We say that
a Lagrangian submanifold L of M is a special Lagrangian (sLag) if

Im(e= Q) =0, (2.87)

for 8 € R. The angle 0 is known as the Lagrangian angle.

Remark 2.35. It is common to define sLags without the phase factor e=*

to sLags with 8 = 0 as simple sLags.

. We will instead refer
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Special Lagrangians are examples of minimal submanifolds, that is they minimize volume locally.
More specifically they are calibrated manifolds with calibration

n = Re(e” Q). (2.88)

For the details of this we refer the reader to [34]. Let us illustrate sLags in the simplest possible
example with M = C, where the sLags are geodesics.

Example 2.36. Consider € with holomorphic volume form Q = dz = dx 4 i dy and symplectic
form w = %Q AQ = %dz A dz = dx A dy. Take note that w is the volume form of the underlying
real manifold while ) is the holomorphic volume form on C.

We first note that every curve in C is a Lagrangian submanifold since w is a 2-form while a
curve is of dimension one. We have that

Re(e Q) = cos O dx + sin 0 dy, (2.89)
and ‘
Im(e~"*Q) = cosf dx — sin 0 dy. (2.90)

Let ¢ denote the inclusion map. Let ¢ : ¢ — (x(¢),y(t)) be the inclusion map of a curve L. The
pullback

- . _ oxr . Oy
i*(cosfdx —sinfdy) = <cos HE — smeat) dt (2.91)

is zero when sin Oz (t) = cos 0y(t) + ¢ for any constant ¢. Thus the curve can be written

z(t) = sin(0)t + zo
{y(t) = cos(0)t + yo. (2.92)

These are all the straight lines in R? i.e. the geodesics in IR? so the sLags are minimal in volume
as expected.
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Chapter 3

Yang-Mills theory

We will in this chapter give an introduction to Yang-Mills (YM) theory which will be needed for
chapter 5 and chapter 6. For a more extensive discussion of the material we refer the reader to [35].
There are also lecture notes by Figueroa [26] and Evans [27] on Yang-Mills theory which the reader
may find useful.

3.1 The Yang-Mills functional

Let P — M be a principal G-bundle where M is an compact oriented pseudo-Riemannian manifold.
We will further demand that the Lie algebra g = Lie(G) has a G-invariant inner product. By the
definition of the Hodge dual the corresponding norm of the curvature F4 can be written

|Fa)? dvol = tr(Fa A xFy), (3.1)
where dvol is the volume form/measure on M.

Remark 3.1. In the case of g being semisimple and compact such a metric on g would be given by
the killing form. This is the case in the standard examples with G as the unitary or special unitary

group.
Definition 3.2. The Yang-Mills functional for connection A € QY (P,g) is defined as

Syar(4) = [|Falf = [ [Pl dvol (32)
M
We say that a connection is a Yang-Mills connection if

=0, VaeQ'(Pg). (3.3)

d
— (A4t
& Sy m (A +ta) .

Taking the first variation of the YM-functional gives
|Fatial® = [Fa+tdaa*+O(t?) = |[Fal?+2t(Fa,dac)+O(t?) = |Fal?+2t(d" Fa,a)+O(t?). (3.4)

We have shown
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Proposition 3.3. A connection A is Yang-Mills if and only if
di Fa =0. (3.5)
This equation is known as the Yang-Mills equation and can be stated equivalently
Corollary 3.4. A connection A is Yang-Mills if and only if dq x F4a = 0.

Proof. On a manifold of dimension m the adjoint operator acting on a k-form can be written

df = ()" e d s, (3.6)

which implies
d*AFAZO@dA*FAZO. (37)
O

In particular in four dimensions with a positive signature of the metric it follows that self-dual
and anti-self-dual (ASD) connections, i.e. connections satisfying xF4 = £F4, are by the Bianchi
identity d 4 Fla = 0 a solution to the YM-equation. These solutions are known as instantons.

Proposition 3.5. One of the instantons corresponds to a global minimum of the Yang-Mills func-
tional.

Proof. Since in 4-dimensions with positive signature *?> = 1 there is a splitting of the 2-forms by
the £1 eigenspaces of the Hodge dual

0% = Qi ® 0%, (3.8)
resulting in that a curvature form F4 can be we decomposed into self-dual and anti-self-dual parts
Fy=F{®F,. (3.9)

In particular a connection A is ASD if and only if FX = 0 or equivalently AF4 = 0. Since the
decomposition is orthogonal the Yang-Mills functional can be written

||FA|\2:/ |FA|2dv01:/ |FX|2dvol+/ |Fy |? dvol . (3.10)
M M M
Setting
C:/ tr(FE,)z/ |Fg|2dvol—/ |E5|? dvol, (3.11)
M M M
now gives the lower bound on the Yang-Mills functional by
IFall* > |C, (3.12)

with equality only when F4 is self-dual or anti-self-dual for C' negative or positive respectively. [
Remark 3.6. The integer
1
C = / tr(F3) = 872(co(ad P) — 5cl(ad P)?), (3.13)
M

is known as the instanton number. In the case when G = SU(n) the constant C is given by the
second Chern form
C = cz(ad P), (3.14)

since su(n) consists of traceless matrices making the tr(Fa)? term vanish.
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Remark 3.7. If the metric had negative signature as in the Lorentzian case we would instead have
instantons with xF4 = £iF4 since 2 = —1 in this case.

It is natural to consider the gradient flow of the Yang-Mills functional as a way of finding a YM
connection. Thus we introduce the Yang-Mills flow

0

—A=-—d4F 3.15

ot AL A, ( )
for a collection of connections A; which we say satisfy Yang-Mills flow. It can be seen that the
critical points of the YM flow are YM connections. Looking at how F4 transforms under YM flow

we see

0 0

aFA = &(dA—FA/\A) = —ddZFA —dZFA/\A—A/\dZFA = —dAdZFA. (316)
Using the Bianchi identity d4F4 = 0 this can be written
0
EFAZ—(dAd*A-i-d*AdA)FA:—AAFA, (3.17)
which we recognise as a heat equation. It also follows that
a|FA|2 = o (FaFa) = 2(5.Fa, Fa) = =2(da djyFa,Fa) = =2(d3 Fa, 3 Fa) = —2| 45 Fal?,
(3.18)
and thus 9
&SYM(A) = —2||d} Fa||? = —2Syp (A Fa). (3.19)

3.2 The Hermitian-Yang-Mills equation

We will now specialise to the case when the base space is a Kihler manifold (M,w). By the Kéhler
identities - - -
dZFA = (82 + 8:2)FA = Z([A,@A] - [A78A])FA = —i(aA — 8A)AFA. (3.20)

The Hermitian-Yang-Mills (HYM) connections are those with the mean curvature AF4 being con-
stant, that is satisfying the Einstein condition.

Definition 3.8. A connection A is Hermitian-FEinstein or Hermitian-Yang-Mills if the curvature

form satisfy
AFy =M1 (3.21)

for some scalar X\, where I is the identity operator on the bundle. This equation is known as the
Hermitian-FEinstein equation or the Hermitian- Yang-Mills equation.

By the definition of the trace operator A the Hermitian-Yang-Mills equation can also be ex-
pressed as

A
Fanw™ b= 20" (3.22)
n
One can also define a weak Hermitian-Einstein condition

AF = olp, (3.23)

for ¢ a differentiable scalar function.
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Proposition 3.9 (Proposition 4.2.4 in [28]). Given a weak Hermitian-Einstein connection there is
a conformal change giving an Hermitian-FEinstein connection.

Proof. Consider the conformal change of the metric
= fh, (3.24)
for f a real and positive function on M. The corresponding change in the mean curvature is
¢ =¢—Alog f. (3.25)
A suitable choice of f then makes ¢’ constant. O

The Yang-Mills flow equation is in this case

o _
;A= i(0a — 0a)AFA. (3.26)
Instead looking at the flow of the corresponding family of Hermitian metric H; we have
0H, .
aTt = —2iH(F; — Mg). (3.27)

3.3 The moment map perspective

Atiyah and Bott showed in [3] how the curvature can be viewed as a moment map, a result that
is also covered in [35]. This will provide us with a way of generalizing the HYM equation and also
find connections to stability in the GIT sense.

We begin by viewing the space of connections A as an infinite dimensional manifold modelled
as an affine space on Q'(M,ad(P)). As such the tangent space at every point is also Q! (M, ad(P)).
The natural inner product on Q*(M,ad(P)) is given by

(0, 3) — /M tr(a A +8). (3.28)

The Lie coalgebra g* can be associated to Q22"(M,ad(P)) and we have the natural pairing (—,—) :
g" x g — R given by

(,3) = /N (). (3.29)

Proposition 3.10. There is a canonical symplectic form on the space of connections A, given by

wala,B) = /M tr(a A B AW, (3.30)

Proof. By design we have that wy4 is alternating and thus a 2-form. Since the integrand is a top
form it is also closed an so is wy4. The map x — w4 (x,—) is one-to-one so it is an isomorphism.
Thus w4 is non-degenerative. O

An element ¢ € 4 = Q°(M,ad(P)) induces a vector field V, = d¢ € Q' (M, ad(P)) by exponen-
tiation

— —dag=dag™". (3.31)
t=0

o = S explt6)A
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Proposition 3.11 (Proposition 6.5.8 in [35]). The map m : A — Q?"(M,ad(P)) given by
A Fahw™ ! (3.32)

is a moment map for the G-action on A. That is the map Fy : A — R given by

A /M tr(pFa Aw"™h) (3.33)

18 a Hamiltonian function for the vector field — da¢.

Proof. Let § be the exterior derivative on A to distinguish it from d 4 on M. The exterior derivative
of m at the point A for v € g is given by

Sm(A)(p) = dap Aw™ L. (3.34)

Then by integration by parts

(dao A ) — / tr(¢dag Awl) = — / tr(dad Aw™ ) = wa(—dadh ). (3.35)
M M

Note that we do not have a term with d 4w™ ! since w is closed. Finally we note that m is equivariant

since under a gauge transformation g the curvature transforms as Fjy4 = gF’ gL O

The Yang-Mills functional can then be viewed as the L2-norm of the moment map. Furthermore
note that we are free to add a constant of integration to the moment map, in particular the HYM
equation can be expressed as the moment map m : A — Q2*(M, ad(P)) given by

m(A) = Fa Aw" ™t — %w". (3.36)

The zeroes of the moment map are then the HYM connections. The moment map perspective may
be seen as a first motivation to that the HYM equation should relate to some stability condition by
symplectic reduction.

3.3.1 The deformed Hermitian Yang-Mills equation

Our next step will be generalise the HYM equation by considering other moment maps on A.
We will consider functions f : Q?(M,ad(P)) — Q2*(M,ad(P)) and define deformed Hermitian
Yang-Mills equations by

f(F4)=0. (3.37)

To allow f to be a moment the symplectic form will be modified to be
wala,B) = / tr(a A B* A f'(Fa)). (3.38)
M
Note that the symplectic form previously introduced on A is recovered in the HYM case where
f(Fa) = Fa Aw™ ! since f/(Fa) = w™ 1. With this symplectic form the corresponding moment

map to f is
m:A— Q(M,ad(P)): A f(Fa). (3.39)
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A corresponding modified stability condition suggested by Thomas in [36] comes from modifying

the slope to

u(B) = DTS ()
rank(FE)

The above condition should be seen as more motivational than definite, currently only a few special
cases has been studied and the connection to stability in the GIT sense is far from clear. In fact
the cases we will review suggest more complex stability conditions. In particular we will devote
chapter 6 to the study of the MMMS [16] case and connections to Bridgeland stability.

(3.40)

Remark 3.12. Relating back to mirror symmetry, on the symplectic side Thomas in [36] similarly
proposes the moment map

ImQ|, =0 (3.41)
and the slope
fL ImQ 1
L) = = Im Q. .42
wL) J, ReQ vol(L)/L o (342)

As before we stress that this picture is motivational and for more details we refer the reader to
Thomas original article.
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Chapter 4

Stability of vector bundles

In this section we will introduce (semi)stable vector bundles and some of their important properties.
We then proceed to the study of Hermitian-Einstein bundles and give a proof of the first half of the
Donaldson-Uhlenbeck-Yau theorem, which is due to Liibke in [2]. The proof is also covered with
additional additional details by Kobayashi in [28].

4.1 Introduction to stability of vector bundles
We begin by introducing (slope)stability of holomorphic vectors bundles. To do this we first need
to define the slope of a holomorphic vector bundle and more generally over coherent sheafs.

Definition 4.1. Let & be a coherent sheaf over a compact Kihler manifold (M,w). The degree of
& is then defined as

deg(&) = / o1 (&) AW, (4.1)
M
where ¢1(&) is the first Chern class of &. The slope of & is then defined as
_ deg(&)
ue) = S (4.2)

Definition 4.2. A holomorphic vector bundle & over M is semistable if for each proper coherent
subsheaf S C &
W) < (@), (4.3)

If the inequality is strict we say that & is stable. If & is not semistable we say that & is unstable.

Remark 4.3. We have defined stability for a vector bundle since this will be our main interest.
However the definition is equally valid for coherent sheafs which we will use in the section on the
Harder-Narasimhan filtration.

This definition of stability of a vector bundle is commonly referred to as slope stability or u-
stability. However we will simply write stable and semistable up until chapter 6 when we introduce
other forms of stability. The definition comes from geometric invariant theory and corresponds to if
the bundle is a (semi)stable point in the moduli spaces of holomorphic vector bundles. In particular
the moduli space of semistable bundles over a projective curve form a (quasi)projective variety.
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Remark 4.4. FEvery line bundle is stable since it has no proper coherent subsheafs.

Remark 4.5. In the case of a bundle over a projective algebraic curve X it is sufficient to consider
subbundles since by proposition 2.1/ every subsheaf is a subbundle in this case.

To proceed with the analysis of (semi)stable bundles we will need some properties of the slope
73
Proposition 4.6. Let & and F be torsion-free coherent sheafs over M. Then
(1) p(& © F) = (&) + u(F),
(ii) pu(det &) = tk(&)u(&),
(iii) 1(67) = ().
Proof. We use the properties of ¢; and the rank to get

()

a(@®F) k(Flaé)+k(EalF) _al@)  alZ) (4.4)
k(6 ®@ F) k(&) 1k(F) k(&) 1k(F)’ '
(ii) Since ¢1(&) = c1(det &) and rk(det &) = 1 we have
ci(det&) c1(8)
(et d) ~ M nEy (45)
(iii) Finally rk(&*) = rk(&) and
(&) =c1(det &%) = c1((det &)%) = —cr1(det &) = —c1 (&), (4.6)
gives
Cl(tga*) - _Cl(g)
k(%) k(&) (47)
The desired equalities for the slope then follows by integrating. O

Remark 4.7. Note that that & being torsion-free is needed for (iii) in that it guarantees that there
is a canonical isomorphism det &* = (det &)*.

We will also need to know how the slope p behaves across short exact sequences.

Proposition 4.8. If the sequence
0>F —>&—-9—0 (4.8)

is a short exact sequence over coherent sheaves of positive rank then either u(F) > (&) > w(¥)
or u(F) < u(&) < u(¥) or the slopes are all equal. In particular if two of the sheaves have the
same slope then so does the third.

Proof. We have additivity of ¢; and rank under short exact sequences

(&) = c1(F) + e1(9), (4.9)
k(&) = k() + 1k(9). (4.10)
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Assume that u(&) < u(F). We start from the equality

rk. rk(F c1(& c1(F
a@) _ al@)-al®) _a@0-%53)+a@)5E —al®) _ ae) +rk(fi)—rk2g; it
k(4) k(&) —rk(F) k(&) — k(%) k(&) k(&) — rk(F)’
(4.11)
Our assumption that p(&) < p(.#) can be written
a(®) _ alF)
4.12
k(&) k(Z) (4.12)
which together with the above equality implies that
1(&) _ a(F)
ca(9) (&) k(&) ~ k(%)
— =rk _— 4.1
@) @) e ) < (4.13)

since rk(&) > rk(.%). Hence it follows that p(¥) < u(&) < u(F).

We note that if we instead had assumed u(#) < p(&) all the inequalities reverse, so this would
result in that (&) < p(¥¢). In addition the calculation instead starting with the inequalities
w(&) > (@) and p(&) < u(¥) are completely analogous, which completes the proof. O

Proposition 4.9 (Proposition 5.7.9 in [28]). Let % and ¢ be torsion-free coherent sheafs over the
Kihler manifold (Mw). Then F ® 9 is semistable if and only if F and & are semistable with

W F) = W),
Proof. Assume that .# and ¢ are semi-stable with slope u(%#) = u(¢). By proposition 4.8 the

exact sequence
0-F > F0Y—>9—0, (4.14)

implies that

p=u(F)=uw¥)=uF o9). (4.15)
Let . be a coherent subsheaf of % ® ¥ and denote the projections on .# and ¢4 by . and Y4
respectively. Then the additivity of the Chern class ¢; and rank under short exact sequences gives

_ deg(F7) +deg(Sy) _ prk(Fz) + prk(Sy) _

S = =4, 4.16
W) = (T 16 Ty) = h(Tp) + k() " (4.16)

where we also used the semistable conditions that
deg(SLz) < urk(FLz) and deg(Se) < prk(Hy). (4.17)

Hence .# @& ¢ is semistable.
For the other direction we first assume that % and ¥ have different slopes. Without loss of
generality let u(F#) < u(¢). Then by proposition 4.8 we have

WF) < (F oY) < ul9). (4.18)

Thus .# & ¥ is unstable since ¥ is a subsheaf of % & 9.

Lastly assume that p(.#) = (%) and let one of them be unstable, say without loss of generality
F is unstable. Then there is a coherent subsheaf . of .F with u(.) > u(F) = p(F & ¥¢) making
F @< unstable. O

Remark 4.10. Note that a bundle & = F &Y which is a direct sum of two stable bundles with the
same slope is semistable but not stable since F and ¢ are subbundles of &.
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4.1.1 The Harder-Narasimhan filtration

We have so far dealt with (semi)stable bundles and noted that in the case of algebraic curves they
form a projective variety. It remains the study and classification of unstable bundles. The filtration
known as the Harder-Narasimhan filtration provides us with a way to also classify unstable bundles
by viewing them as extensions of semistable ones.

Theorem 4.11 (Theorem 5.7.15 in [28]). Let & be a torsion-free coherent sheaf over a compact
Kdhler manifold (M,w). Then there is a unique filtration by coherent subsheaves

0=&Cc&s C---Cé,=6 (4.19)
such that F; = &;/&;—1 are semistable and have decreasing slopes,
w(F1) > (F2) > -+ > p(Fn-1) > W(Fy). (4.20)
We call this filtration a Harder-Narasimhan filtration of &.

To show the theorem we will rely on

Proposition 4.12 (Lemma 5.7.17 in [28]). Let & be a torsion-free coherent sheaf over (M,w). Then
there is a unique coherent subsheaf & C & with the quotient &/&) being torsion-free and

p(F) < &),

tk(F) < tk(&1) if u(F) = (&), (4.21)

for every coherent subsheaf F C &. Then & is semistable. We call & the mazimal
semistable/destabilizing subsheaf of & .

The uniqueness in the proposition will follow from

Proposition 4.13 (Proposition 5.7.11 in [28]). Let & and &' be semistable sheafs over a Kdhler
manifold (Mw) with u(&) = u(&'). Then any non-zero morphism f : & — &' is an isomorphism.
Proof. The sequence

0585 fE&) S e =0 (4.22)
is exact since f is surjective onto f(&) and the inclusion map 7 is injective. Thus rk(&) = rk(f(&)) =
rk(&’) which makes f : & — & an isomorphism. O

And the existence follows from

Lemma 4.14 (Lemma 5.7.16 in [28]). Let & be a torsion-free coherent sheaf over (Mw). Then
there exists an integer m such that
p(F) <m, (4.23)
for all coherent subsheafs F C &.
For a proof of this lemma we refer the reader to [28].
Using proposition 4.12 we can show the existence of a Harder-Narasimhan filtration by letting
F; = &;/&;—1 be the maximal semistable subsheafs of &/8;_1. First if & is semistable the filtration

1S

0=&CH=6. (4.24)
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If & is unstable we take &) to be the maximal semistable subsheaf of &. If &/, is semistable we

are done and have the filtration
OzgocglchZg. (425)

Otherwise take &5/&) to be the maximally semistable subsheaf of & /4.

Remark 4.15. Note that any subsheaf of a quotient & /&, is of the form & /& for some subsheaf
&y C &

We then proceed letting .#; = &;/8;—1 be the maximal semistable subsheaf of &/4&;_1 until we
reach an integer ¢ = n where &/&,,_1 is semistable thus giving us the filtration

0=6Cé& C---Cép1Cé,=6. (4.26)

Note that the sequence terminates since rk(&;) < rk(&;11). We shall now show that .%#; satisfies the
descending slope condition. By the third isomorphism theorem we have that

(ix1/6i1) o Gina

= , 4.27
&l6) | & (427
which tells us that the sequence
& Eit1 Siv1
TS T e T T e T (428)

is exact. Then since &;11/&;_1 is subsheaf of &/8;_1 and .%#; the maximal subsheaf we have that
W(Fi) > w(Ei1/Ei-1) > Figa. (4.29)

Thus the sequence of .%; is decreasing in slope verifying that we have constructed a Harder-
Narasimhan filtration.
It remains to show uniqueness. Let

0=& =& = =6 =6 =8 (4.30)
also be a filtration of & with quotients .#/ = &//&/_;. We have u(&) < pu(é1). Let i be the least
integer such that &1 C &/. We have a non-zero morphism

/

&
& = E - ——=F,
&l

(4.31)

~

meaning & = .#/. Thus .%] is maximal and since the slopes decrease with i we have that i = 1.
Hence & = &/. The result now follows by induction, %, and .%J are semistable subsheaves of &/&;
so the same argument show that %, = % etc.

4.2 Stability of Hermitian-Einstein vector bundles
In section 3.2 we introduced the concept of a Hermitian-Einstein connection. We will now see that

the bundles that admit such connections can be related to those that are stable. That is we will
show the first half of the Donaldson-Uhlenbeck theorem, namely
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Theorem 4.16 (Proposition 4 in [2] or Theorem 5.8.3 in [28]). Let E be an Hermitian-Einstein
bundle over a compact Kdihler manifold (M,w). Then E is semistable and a direct sum of stable
Hermitian-Finstein subbundles with the same slope as that of E.

Let us first note that in the case of line bundles we already have both directions of the Donaldson-
Uhlenbeck theorem as in theorem 1.1.

Proposition 4.17. Fvery Hermitian line bundle is stable and admits a Hermitian-FEinstein metric.

Proof. We know that every line bundle is stable since it has no proper subsheafs. Also the bundle
is Hermitian-Einstein since tracing over the U(1)-bundle does nothing and the curvature form can
be written F' = A = I for a suitable choice of (. O

Proposition 4.18 (Corollary 4.1.6 in [28]). Let E — M be a Hermitian-FEinstein bundle with factor
A. Then

WA E) = su(E), (4.32)
for s <tk(E).
Proof. By proposition 4.6 we know that the slope over tensor products is additive. Since F is
Hermitian-Einstein this implies that A® E is Hermitian-Einstein with factor sA. Since the Hermitian-

Einstein factor is proportional to the slope the proposition follows. To be more explicit the Einstein
factors expressed in terms of the slopes are

™

= (), (4.33)
and o
= SE). 4.34
sA = S HIN'E) (4.34)
O

We have seen in proposition 4.9 that the direct sum of two semistable bundles is semistable if
and only if they have share the same slope. With the correspondence between Hermitian-Einstein
bundles and semistable bundles, by the Donaldson-Uhlenbeck-Yau theorem as stated in theorem 1.1,
there should then be a corresponding statement for the direct sum of Hermitian-Einstein bundles.

Proposition 4.19 (Proposition 4.1.4 in [28]). The direct sum E = Ey @ E5 is Hermitian-Einstein
with constant X if and only if 1 and Ey is Hermitian-FEinstein with constant .

Proof. Let F; and F5 be the curvatures on F; and Fs respectively. By the definition of the trace
operator we have that

AR OR)W =FeR) A =R AT RAGT = (AR)W" ® (AF)W",  (4.35)
that is the trace on the curvature commutes with the direct sum
A(Fy ® Fy) = AFy @ AF,. (4.36)
The requirement for E1 @ Fs to be Hermitian-Einstein is that
ANFL® F) = Mg,op, = Mg, ® IE,, (4.37)

for some constant A. This is the case if and only if F; and E5 are Hermitian-Einstein with constant
A O
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4.2.1 Over Riemann surfaces

We will now proceed with the proof of theorem 4.16. Since the case with M being a Riemann
surface is simpler to show we begin working up to that case. However since the results will be also
needed for the general case, we will work over an arbitrary Kéhler manifold M on our way there.

First we will need to know how the curvature of a holomorphic vector bundle (E,h) is related to
that of subbundle (S,hg). Knowing this we will also know how the first Chern class ¢; are related.
Denote the quotient bundle @ = E/S. Then we have the exact sequence

0—-S—-FE—=Q—0. (4.38)

and we can write £ = S @ S*+. The bundle S+ is isomorphic to (Q,hg) as a complex vector
bundle, however they need not be biholomorphic so they may not be isomorphic viewed as holo-
morphic bundles. We will denote the curvatures by F,Fyg,Fp and the corresponding connection
forms D,Ds,DQ.

It will be useful of for us to work in a coordinate system. Thus set r = rank(FE) and s = rank(.5)
and let eq,...e,. be an local unitary frame for E such that ey, ... ,es is a local frame for S. Unitary
frame here means that it is orthonormal with respect to the Hermitian metric h.

Acting with the connection D on sections of respective bundle we have

D¢ = Dgé+ A¢, €€ Q°(S)

Dn = Dgn+ Bn, neQ’(5h), (439)
with A € QY°(Hom(S,5+) or equivalently by identifying S+ with @ we have A € QV°(Hom(S,Q)).
A is known as the second fundamental form of the submanifold (S,hs). When A = 0 we say that
the connection Dy is projectively flat. For a proof that this decomposition is valid see [28].

In particular we have for
Des = Dgeg + AGQ,

(4.40)
Deg = Dqgeg + Beg,

for basis elements eg and eq in the previous introduced frames. We can now conclude that B = —A*
since

0= Dh(esﬁQ) = h(Des,eQ) + h(es,DeQ) = h(DSes + AeQ,eQ) + h(es,DQeQ + Bes) = A+ B*,

(4.41)

which gives B € Q% (Hom(Q,S5)). In matrix notation eq. (4.39) can be stated as

_|Dg —A*
D= [A DQ:| , (4.42)
and the curvatures are then related by
D% - A*NA —DgA* Fs—A*NA —0gA*
_n2_ |¥s s _ |5 — - s

F=D —{ DoA D%-AAA*}—[ dA FQ—A/\A*]’ (4.43)

where we kept only (1,1)-forms since we know that F' is a (1,1)-form. Alternatively expressed in
terms of B = —A*,

F:[FS_BAB OsB ] (4.44)

~0B* Fo—B*AB
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Proposition 4.20 (Proposition 1.4.18 in [28]). Let E be a holomorphic bundle with Hermitian
connection D and S a C® subbundle of E. If S is invariant under D then S and S+ are both
holomorphic subbundles of E. In particular if S is projectively flat, S* is a holomorphic subbundle
of E.

Proof. Let s be alocal holomorphic section and s = s’+s” the decomposition into S®S=+. Invariance
under E means that Ds’ = Dgs’, which is the case when A = 0, and thus as a consequence
Ds" = Dg.s". Hence Ds’' and Ds" are both (1,0)-forms which is the requirement for S and S+ to
be holomorphic respectively. O

Proposition 4.21 (Proposition 1 in [2] or Proposition 5.2.3 in [28]). Let (E,h) be a Hermitian-
Einstein vector bundle over a compact Kdhler manifold, and let

0—-E —-E—E'"—0, (4.45)
be an exact sequence over Holomorphic vector bundles. Then
u(E') < u(E). (4.46)
Additionally if equality holds the sequence splits.

Proof. Set r =1k E, s =tk F', p=r — s and let A = (A,) be the (s,p)-dimensional matrix of the
second fundamental form of E’ with respect to the previously introduced unitary local frame. The
adjoint matrix is then the (p,s)-dimensional matrix A* = (A%,) = (Ap,). The curvature forms of
(E,h) and (E’,h') are then related in component form by

p p p
Féb:Fab"l‘ZAZ)\/\A)\b:Fab'i'ZAAa/\A)\b:Fab_ZA/\b/\A)\aa a,bSS. (447)
A=1 A=1 A=1

The Einstein condition gives that in our unitary frame F,, = « for some (1,1)-form «. The first
Chern classes are then

. T .
i i
= % ;F)\)\ = %TO( (448)
and
ﬁWbiiﬂzéZ LSS A A = fsa 23S A A (149
a=1 a=1 =1 a=1A=1

Dividing by the ranks r and s respectively and integrating we have

wE) = i /M aAw™! (4.50)

and

E :i A A . 4.51
w(E") 27r/Moz/\w 27rp/ ZZ aa N Axg AW (4.51)

a=1\=1

Since iAxg A Axg is positive and w positive definite we conclude that
u(E') < u(E), (4.52)

with equality only when A = 0 i.e. when the connection is projectively flat. In this case E'* = E”
by proposition 4.20 making the sequence split £ = E' @ E”. . O
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Remark 4.22. If we drop the requirement of compactness, we still have the inequality

c1(E') Awnt < c1(E)y Awnt
rk(E’) - rk(E)

(4.53)

with equality only when A = 0. The difference is thus only that the integration may not be finite,
which could be dealt with by defining the degree integral on a mazximal compact submanifold.

Corollary 4.23. Let E be a Hermitian-Einstein bundle over a projective algebraic curve X, i.e.
over a compact Riemann surface. Then E is semistable and a direct sum of stable Hermitian-
Finstein subbundles with the same slope as E.

Proof. Assume that E is not stable. Then there exists a proper subbundle E’ of E with u(E’) >
u(E). The short exact sequence

0—+F —-FE—E/E -0, (4.54)

implies by the previous proposition that pu(E’) < p(E) and hence u(E’) = u(E) and that the
sequence splits, E = E' @ E/E’. We also have by proposition 4.8 that E/E’ has the same slope as
E and FE'.

The statement now follows by induction and proposition 4.17. That is assume the corollary is
true for bundles of rank less than r, then the above shows it is true for a bundle & of rank ». [

4.2.2 Over Kihler manifolds

Having now shown that an irreducible Hermitian-Einstein bundle over a complex algebraic curve is
stable we can proceed with the general case of K&hler manifolds in higher dimension. The difference
from the case of a Riemann surface will be that the subsheafs are not necessarily locally free, i.e.
vector bundles, so we will have to deal with the presence of singularity sets.

Our proof will rely on

Proposition 4.24 ([4] Proposition 3b). If a holomorphic bundle & over X admits a Hermitian-
Einstein connection and (&) < 0 then & has no non-trivial global holomorphic sections. If (&) =
0, any holomorphic section is covariantly constant.

Proof. The Laplacians are related by

Ay = %(A ). (4.55)

For ;4(&) < 0 we have A < 0 making Ay into a strictly positive operator, that is Agzs > 0 for all
non-trivial sections s of &. Hence & does not admit any non-trivial global holomorphic sections
since a holomorphic section is one with Azs = 0. We also see that when p(&) = 0 we have for any
holomorphic section s that

As = Azs =0, (4.56)

i.e. s is covariantly constant. O

We are now ready to proceed with the proof of that Hermitian-Einstein bundles are semistable.
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Proof of theorem 4.16

We begin by showing that & is semistable. Let .# C & be a reflexive subsheaf of rank s such that
0 < s <r =rk(&). The inclusion map

jiF =& (4.57)
induces by proposition 2.15 a monomorphism
det(j) : det F = (A F)™ — (A°E)™ = N°E, (4.58)

where we used that .# and & are reflexive.

Reminding ourselves that det.# ® (det.#)* = Oy, since the determinant bundles are line
bundles over M, we take the tensor product of the above morphism with (det.%)*. We then obtain
a non-trivial global holomorphic section

F:OM = A6 @ (det F)", (4.59)

on the & ® (det .#)* bundle.
We have by proposition 4.6 that

H(AE & (det £)")) = (A €) — p(det F) = s(u() — u(F)). (4.60)
Since we have a section on A*& ® (det.%)* we have by proposition 4.24 that
WA’E @ (det F)*) > 0= pu(F) < pu(é), (4.61)

i.e. & is semistable.
For the second part of the theorem, stating that & decomposes into a direct sum of stable
bundles, assume that u(.%) = u(&). Set 4 = &/.%. We shall show that the exact sequence
07 5eh9 50 (4.62)

splits. 3
Denote the singularity set of 7 by S(.#) and set M = M — S(F). Consider the exact sequence
restricted to M ) )
0= Fly = Elg =9y — 0, (4.63)

making #|;; and ¢;; into vector bundles. Since this is a sequence over vector bundles with the
same slope we have that the sequence splits by proposition 4.21 i.e.

Ely=Fly ®9 5. (4.64)

By the splitting lemma there then exists a morphism ¢ : & — F 7 such that ¢oi = dz| . Since
M is analytic and codim S > 3 we have that the restriction map

F = Fly (4.65)
is an isomorphism. Hence the splitting morphism extends uniquely to a splitting morphism

¢ F = &, (4.66)
with ¢’ 04 = dg. Then again by the splitting lemma the sequence splits and

=Y. (4.67)

The decomposition of & into a finite direct sum of stable bundles now follows by induction and
proposition 4.17 the same way as in the proof of corollary 4.23.
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Chapter 5

The Donaldson-Uhlenbeck-Yau
theorem

In chapter 4 we showed that that the existence of a irreducible Hermitian-Einstein connection
implied stability. This section will be devoted to the converse statement, that a stable bundle
admits an Hermitian-Einstein connection. This will give us the full Donaldson-Uhlenbeck-Yau
theorem as stated in the introduction which we repeat here for the convenience of the reader.

Theorem 5.1 (The Donaldson-Uhlenbeck-Yau theorem). A holomorphic vector bundle E over a
compact Kdihler manifold M is stable if and only if E admits an irreducible Hermitian-Einstein
connection. This connection is then unique.

The implication is that there is a one-to-one correspondence between semistable bundles and
the space of Hermitian-Einstein connections since a semistable bundle is a direct sum of stable
bundles by corollary 4.23. A proof of theorem 1.1 is provided in [7] by Uhlenbeck and Yau and a
detailed discussion can also be found in [37]. Donaldson had previously shown the case when M
is an algebraic surface in [4]. The case when M is an algebraic curve, i.e. a Riemannian surface,
is known as the Narasimhan—Seshadri theorem and is discussed extensively in [3]. There is also an
alternative proof by Donaldson in [38] that is also covered in [39] which more closely resembles his
approach for algebraic surfaces. For the interested we would also like to direct the reader to the
survey article [40] by Jun Li.

We will now turn our attention to the case when M is an algebraic surface which is the version
we will prove in this section. To do this we will follow Donaldson’s heat equation approach to the
proof which is also covered by Kobayashi in [28] and by Siu in [39]. The approach to the proof is
to use the evolution equation

OH,

ot
which we introduced in section 3.2. The idea will be to start at some Hermitian metric Hy and
show convergence to an Hermitian-Einstein metric.

Our eventual goal is to show

= —H,(AF, — \I), (5.1)

Proposition 5.2 (Proposition 21 in [4]). Let & be a semi-stable bundle over an projective algebraic
surface X. Then there is a holomorphic bundle &' with the same rank and degree as & such that
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(i) & admits a Hermitian-Einstein connection
(ii) There is a non-zero holomorphic map o : & — &”.

This implies the theorem 5.1 in the case of an algebraic surface since by proposition 4.13 a
morphism between two semistable bundles is an isomorphism and by theorem 4.16 &” is semi-stable.
Thus & and &' are isomorphic which implies that & is Hermitian-Einstein.

5.1 Existence of a solution to the evolution equation

We will in section show that the evolution equation has a unique smooth solution H; for all time.
To do this we will follow Donaldson’s heat equation approach, which will allow us to make use of
the theory of parabolic PDEs. Equivalent to the evolution equation

OH,
=L — _H,(AF, — \I), (5.2)
ot
we have the Yang-Mills flow which we introduced in chapter 3 as
QA =—dyF (5.3)
6t == AL A .

We then showed that the curvature F4 for a path down Yang-Mills flow satisfies the heat equation,

0

We remind ourselves that the curvature of two Hermitian metrics H and K are related by
Fyx =Fyg + 5H(h_18Hh) =Fyg+ Bt (5H8Hh — (5Hh)h_1(8Hh)) s (55)

setting h = H~'K. Then using the above relation of the curvatures we can express the evolution
equation equivalently in terms of initial Hermitian metric Hy with h = Hj YH, as

h(0) = 1. '
Equivalently
Oh - =
= h (FO ~ A+ Ado(h; 1)(8oht)) . (5.7)

Since the evolution equation can equivalently be expressed as a heat equation it is known that
we have short time existence.

Proposition 5.3. For sufficient small € > 0 the evolution equation

OH R
aTt = —H(Fy, — \]), (5.8)

have a smooth solution Hy for time t in [0,€).
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For a proof that the heat equation on Riemannian manifolds have a smooth short time solution
we refer the reader to §11 in [41] by Hamilton.
To introduce a notion of distance between two metrics define

7(H,K) = tr(H'K),

o(H,K)=7(HK)+7(K,H)—2rkE. (5.9)

We have that o(H,K) > 0 with equality only when H = K since H and K are positive definite and
Hermitian implies
tr(H'K)™ '+ H'K) > 2tr(I) = 21k E, (5.10)

similar to how for any number A > 0, we have A + A~1 > 2.

Proposition 5.4 (Proposition 13 in [4]). Let H; and K; be two be solutions to the evolution
equation. Then for o = o(Hy,K;) we have the inequality

<<§t + A) o <0. (5.11)
Proof. We are done if we show that 7 satisfy the same inequality, that is
<8 + A) T <0. (5.12)
ot
We have or OH-! 0K OH 0K
i (mK + Hlat> = (Hlat K+ H18t> : (5.13)

Inserting the time evolution of H and K by eq. (5.1) gives

% = tr (H*H(FH “A)H'K — H'K(F — /\I)> — tr (h(ﬁH - FK) . (5.14)

setting h = H 'K and where we used the cyclicity of the trace. The curvatures are related by
Frx =Fyg + Bt (5H8Hh — (5Hh)h_1(8Hh)) s (515)

which gives

% =tr (hA (=h ™" (OwOuh + (Ough)h ' (9uh)))) = — tr(Onwduh) + Atr (Ogh)h ™" (Ouh)) .
(5.16)
Then since Ah = tr(0gdrh),
% 4+ A7 = Atr ((Oh)h " (9h)) < 0, (5.17)
O

We can now apply the maximum principle of the heat equation to show uniqueness and short
time convergence. We will use the version that is stated and proved in [28],
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Theorem 5.5 (Maximum principle for the parabolic PDE). Let M be a compact Riemannian
manifold and f : M x [0,T) a smooth function satisfying

)
<&+CA)f§o (5.18)

Then sup, ey f(,t) is decreasing.

Applying the maximum principle to proposition 5.4 we have that sup,, c(H,K) is decreasing
in time. However we also know that o(H,K) is positive and that if Hy = K¢ then o(Hg,Ky) = 0.
Thus starting at two metrics equal at ¢ = 0 we have that o(H,K;) = 0 which gives

Corollary 5.6 (Corollary 14 in [4]). Let H; and K; be smooth solutions to the evolution equation
defined for 0 < t < T with the same initial conditions Hy = Ky. Then H; and K, agree for all time
t in [0,1).

We can also show C convergence for any finite time 7.

Proposition 5.7 (Corollary 15 in [4]). Suppose H; is a smooth solution to the evolution equation
for 0 <t <T. Then H; converges in C° to some continuous metric Hy ast — T.

Proof. We show that H; is uniformly Cauchy, that is for all € > 0 there exists § > 0 such that

supo(Hy,Hy) < e for all t,t' > T — 6. (5.19)
M

By continuity at t = 0 there exists a § > 0 such that

supo(Hy,Hy ) < e for all t,t" < 4. (5.20)
M

But since we have shown that o(Hy,H¢1.) is a decreasing function of ¢ we know that

supo(Hy,Hy) <€, (5.21)
M

for the interval (T — §,T). C° convergence follows since we can identity the space of Hermitian
metrics with GL(k,C)/U (k) which is complete. O

Our next task is to show the existence of a unique smooth solution to the evolution equation
for any time. For convenience set

e=|Fal?>, é=|AFa]?, ep=|VhiFal% (5.22)

for k > 0 where V’jl is the k times iterated covariant derivative. We will show that these functions
are bounded under Yang-Mills flow using the maximum principle for parabolic PDE. To do this we
first need to find inequalities for these functions under the heat operator

)
5 A (5.23)

We have so far worked with the Hodge Laplacian A 4. One can also form the Bochner Laplacian
V*%V 4 from the connection. Note that V* here is the formal adjoint of V 4, that is with respect to
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the L? inner product and not the inner product on g. When acting on 0-forms, Q°(g) the Bochner
Laplacian coincide with the Hodge Laplacian whereas when acting on o € Q2(g) the Laplacians are
related by the Weitzenbock identity

Ao = VZVAOé + {FA,Oé} + {Rpx}. (5.24)

R here denotes the Riemann curvature of M and {F4,a} and {R,a} are some multilinear expres-
sions. The exact expression of these terms is not important to us since we are only interested in
finding a bound in terms of |a|. We begin by showing

Proposition 5.8 (Proposition 16 in [4]). Let A = A; be gauge-equivalent to a path satisfying
Yang-Mills flow. Then

ekgcke}cp Z 63/2(6;/2—"—1),

|
) (5.25)
|
|

itj=k
for some constants ¢ and ci. Note that (i) is a special case of (iv) with k = 0.

Proof. Taking the trace of eq. (5.4) we get the first identity. For the other inequalities we use that
for v € 2*(g) the Laplacian acts as

Alal® = 2(ViVaa,a) — 2|V aal’, (5.26)

In particular
—2(V4Vaa,a) < Alaf? (5.27)

By the evolution equation and he Weitzenbock identity then have

0 OF
a—j = 2<a—tA,FA> = —2{AAFAFp) = =2(N3VaFA,Fa) — 2({Fa,Fa},Fa) — 2({R,Fa},Fa) =

— 2(AAFA,Fa) + {Fa,Fa,Fa} + {R,Fa,Fa} < —A|Fa> + {Fa,Fa,Fa} + {R,Fa,Fa}, (5.28)
where again {Fa,Fa,Fa} and {R,F4,F4} are some multilinear expressions. Since they are multi-
linear they are bounded by ce®/? = ¢|F4|® and ce = ¢|F4|? respectively for some sufficient large

constant ¢. Thus we have shown (ii). .
For (iii) we use that the corresponding Yang-Mills flow for F4 is given by

0

EFA = —A Fy = —V4V A Ey, (5.29)
where the last identity follows from that £4 € Q°(g). Thus
9, OF - po f .- - .
aei E,F = —2(V4VaFa, Fa) = —A|F4|* —2|VaF4| < —Aé. (5.30)
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For (iv) we first need to know how the time derivative act on the covariant derivative V 4,

0 0 0A 0 0
EVA—VAat { at} VA +{dAFA} VA +{VAFA}, (5.31)
and thus 9 9
SVE=Vis+ YV {vAFA,VJAFA} . (5.32)

i+j=k—1

Acting on F4 and using the Weitzenbock identity then gives

d
5 (VAFa) = =V (VAVAFs + {FaFa}l + {R.Fa})+ > V4{VaFa,V,Fa} =
i+j=k—1
—VA(VAVAF) + > ({V'EVIF} +{V,RV,F}). (5.33)
i+j=k
To get a VA term we commute derivatives
VA(VAVAFA) = ViVa(VEFA) = Y {V4Fa, V) Fa}, (5.34)
i+j=k
which gives
d o
(at +VAVA) (VEF) = Z ({V'FV'F} +{V;RV;F}). (5.35)
itj=k
Thus
d )
— F,),VNF, )| =
otk (875 (VaF.). Vi A)
—2(VaVa(VHFa), VAFA) + ({v;FA,vQFA,v’j,FA}+{vf4R,ngA,v’;FA}) <
i+j=k
—Aep+ae)/* N P (e? + 1), (5.36)
i+j=k
for sufficient large choice of cy. O

We can now use the maximum principle to bound tr F4, e and eg. Since |tr F4| and é are
positive it then follows by the maximum principle that

Corollary 5.9 (Corollary 17(i) in [4]). Let H; be a smooth solution to the evolution equation. Then
sup,, |tr Fa| and sup,; é are decreasing and bounded for all t.

The inequality in (iv) is harder to apply since it is non-linear. We know that the linear equation

(5 +2)r=ctr+n. s (5.37)
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has a smooth solutions for all time ¢ > 0. To conclude that the evolution equation for e has a
smooth solution we need an at most linear inequality,

(aat + A) e < Clex +1). (5.38)

To be able to show this we will need another assumption on F4, that of uniform boundedness.

Corollary 5.10 (Corollary 17(ii) in [4]). Assume that Fu is uniformly bounded for 0 < t < T.
Then sup ey, is uniformly bounded for 0 <t < T.

Proof. By assumption |F4,| < B for all z € M and ¢ € [0,T). Then by (ii) we certainly have

(gt + A) e<Cle+1). (5.39)

Suppose that |V Fa| < B; for all i < k. It then follows by (iv) that

((f;)t + A) ex < Clep +1), (5.40)

and thus induction on k the inequality is true for all k provided that the inequality implies that ey,

is bounded. To show this is the case we apply the maximum principle to (e — f)e~ ¢,

(8 + A) ((ex = ™) =™ (8 + A) (ex = f) = Ce™ T er = f) =

ot ot
et (2 1A fHCOf)+e ¢t 9. A f—Cer) <0. (541)
ot ot
=—Ce—Ct SCB?Ct

We can then conclude by the maximum principle that e~“*(ey — f) is decreasing and hence that
er < f and in particular that ej is bounded. O

We can relax the uniformly bounded requirement of F4 to that of being bounded in LP. To do
this we will make use of the fundamental solution to the heat equation, the heat kernel which we

can locally write as
1 2
Hy(zy) = Wa ‘“, (5.42)
where n is the complex dimension of M and r = d(z,y) the distance function between two points
x and y. When we take the LP norm of the heat kernel it will be convenient to do a change of

variables, u = /£ r. Then the integrand is
2n—1 —np_—u? 4t " 2n—1
H;(xy)Pr dr = (4nt)~"Pe — ) u du. (5.43)
p

Lemma 5.11 (Lemma 18 in [4]). Let A = A; gauge-equivalent to a path satisfying Yang-Mills flow.
Suppose that F; is bounded in L for ¢ > 3n. Then F; is uniformly bounded fort < T.
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Proof. We have that that the LP norm of the heat kernel for each fixed x € M satisfies

1/p

—n(p—1)

| Hy (=) | poany < O 7 /u2"_1e_“2du <Ct v, (5.44)
0

_ (n—1)!
- 2

for some constants C' and C’. When the exponent is larger than —1 the integral

T
/Hmmammmm (5.45)
0

converges. This is true for all p when n = 1, while for n > 1 the requirement is

—n(p—1
M>—1 Sp< S (5.46)
P n—1
When the exponent is greater than —1, Thus for p < -5, we have
T
| s ae < (1), (5.47)
0

for some constant c,(T"). We can now apply the inequality (ii),

9 3/2
<8t+A>e§c(e +e>, (5.48)

to get
t
e; < Hypeg + c/ Ht,T(ei/2 +e;)dr. (5.49)
0

We know that Hyeq is bounded by sup,, ey while the second term is less
t
c/ HHt—T||LP||63/2 + el dr, (5.50)
0
by Hélder’s inequality for conjugated indices p and p/,
-+ —=1. (5.51)

We have that the integral is bounded for p < -2 and if €*/2 is uniformly bounded for p’ > n.

Equivalently that |F4| bounded in L9 for ¢ > 3n. O

To apply the lemma we need to show that F; is bounded in LP for all p. To do this we need
part of the Sobolev embedding theorem,
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Theorem 5.12 (Theorem 6.5.4 in [28]). Let M be a compact Riemannian manifold of real dimen-
sion m. Then for integers v, k, and p satisfying the inequality

2
0§7<k—%, (5.52)

the operator
LY (M % [0,T]) — CY(M x [0,T7]), (5.53)

18 compact.
We can now show

Lemma 5.13 (Lemma 19 in [4] or Lemma 6.5.22 in [28]). Let Hy for 0 <t < T be any family of
Hermitian metrics on a holomorphic bundle E such that

(i) Hy converges in C° to some continuous metric Hy ast — T

(i) supy | Er,| is uniformly bounded for t < T.

Then Hy is bounded in C* and Fy, is bounded in LP for any finite p, uniformly in t <T.

Proof. Since there is no natural C'' norm on the space of metrics we specify one by choosing a local
holomorphic trivialization of the vector bundle and take the supremum of the matrix representation
of the metrics H;. That is our C' norm of H; is given by

sup |V Hy|. (5.54)
M

Suppose in contradiction to the hypothesis that the H; metrics are not bounded in C'. That is
there exists a sequence of t; — T such that

m; = sup |VH;| — oo. (5.55)
M

Let x; be the points where the supremum is attained. By taking a subsequence converges to some
point € M. Thus we have a local problem and can choose local coordinates z = (21,...,2,) in
the polydisc

Dy ={z=(z1,...,2n) € C"| || <1 for all i}. (5.56)

By translating the coordinates we may suppose that supremum

m; = sup |VH,|, (5.57)
Dy
is achieved at z = 0.
Next set
~ z
H; =H;,|— |, 5.58
0= () (5.5

which gives by the chain rule that the supremum

sup |VH;| =1, (5.59)
D
is attained at z = 0.
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However by assumption (ii) and expressing AF 77, in terms of H;,
AFg | =|H "(AH; — iNOH;H; ' OH,)| (5.60)

is bounded in D'. Then since by (i) H; and VH; are bounded on D, it follows that |AH;] is
bounded independently of i in D1.

By estimates of the operator A on L? spaces it follows that H; is bounded on a slightly smaller
polydisc Dy1_s. For the details we refer to the proof in [28] and the general theory for elliptic
operators in [41].

By theorem 5.12 for p > 2n + 2 the operator L) — C! is compact. Thus choosing such a p

there is a subsequence of H; that converge in C' to some Hy. By (i) Hoo must have constant
components making VH,, = 0 which contradicts

|VH(0)oo| = lim |VH;(0)] = 1. (5.61)
11— 00

Thus we can conclucle that H; is bounded in C'. It then follows by the same LP estimate of the
Laplacian and that F'y, being uniformly bounded that H; is bounded in L} for all p and that Fj,
is bounded in LP. O

We can now show existence of a solution to the evolution equation for all time.

Proposition 5.14 (Proposition 20 in [4]). Let E be a holomorphic vector bundle over M with
inatial metric hg. Then the evolution equation

% = —H, (AFy — \), (5.62)

has a unique smooth solution for 0 <t < cc.

Proof. We know that we have a solution for short time by proposition 5.3 and that a solution to
the evolution equation is unique by corollary 5.6.

Suppose that H; is a solution to the evolution equation for finite time 0 < ¢ < T'. By proposi-
tion 5.7 and corollary 5.9 the conditions in lemma 5.13 are satisfied and thus F is bounded in LP
for any p < co. Then by lemma 5.11 F is bounded uniformly and by corollary 5.10 the k£ times
iterated derivative of the curvature is uniformly bounded for all ¢ and by lemma 5.13 H; is then
bounded in C* for all k. Thus we have convergence in C*> as t — T which allows us to extend the
solution by short time existence to [0, T + €). Proceeding this way we can extend the solution to
any time. O

5.2 The Donaldson functional

To show convergence the Hermitian metrics H; to an Hermitian metric H,, Donaldson introduced
a functional L(h) whose gradient flow correspond to the evolution equation. We will devote this
section to the introduction this functional.

We begin by introducing two second characteristic classes which we enable us to give an explicit
expression for the functional. Set

Ry (H,K) = log(det(K ' H)), (5.63)
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and .
Ro(H,K) =i / tr(H, " H, Fy) dt. (5.64)
0

Consider a family of metrics H; while the metric K is fixed. Reminding ourselves of the differen-
tiation rule for the determinant 9; det(A) = det(A)tr(A=19;A) for an invertible matrix A we get

H. .
OiR1(Hy,K) = 0; log(det(K ' H})) = 0; log(det(H,)) = azljte(t;)t) = tr(H; 'Hy). (5.65)
t
We also have that .
OiRo(H;,K) = itr(H, *H, Fy). (5.66)
With v, = H{lath we summarise this as
8tR1 (Ht,K) = tI‘(’Ut), (567)
8tR2(Ht,K) = itr(vtFt). (568)

The characteristic classes are associated to tr Fiy and — tr F'4 meaning that

i00R, (Hy,K) = tr(Fyr) — tr(Fk),

_ ) ) (5.69)
ZaaRg(Ht,K) = —tl“(FH) + tI‘(FK) .
This follows from that -
tr(Fp) = i00logdet H, (5.70)
i.e. ~
tr(Fy) — tr(Fg) = i00log det(K ' H). (5.71)

One can also show by direction computation that 0, Fp, = Hdv; which gives us the equation for R,.
In particular

i00 (& — 2R1> = — (U (Fy) — U(Fg)), (5.72)

where V¥ is defined by
A
U(Fg) =tr(F5) + - tr(Fy) A w. (5.73)

We now define the Donaldson functional as
wn—l

(n—1)V"

LM(H,K) = / (R2 — %le) A

M

(5.74)

where A is the Hermitian-Einstein constant. In particular over a projective algebraic curve C' the
functional becomes

Lc(H,K) = / (R2 — )\le), (575)
c
and over an algebraic surface X
A
Lx(H,K) = / (RQ - §R1w) A w. (576)
X
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Fixing the metric K gives a functional L(H) which shall be shown to have the desired property.
Again considering a family of Hermitian metrics H; and considering L(H;) = L(H:,K) for a
fixed Hermitian metric K we have that

Ot(Re — %le) = (tr(vtFt) - 2tr(vt)w> = tr(v (F} — %w)), (5.77)
and thus
dL(gft) = (n—l ol /M tr(vt(Ft/\w”_l—%w”)) = /M tr(vt(AFt—)\I))% = (AF,—MI,ve) 2. (5.78)

The variation is then zero only when
AF, = M, (5.79)

i.e. when H; is Hermitian-Einstein. We have shown

Proposition 5.15. A Hermitian metric Hy is a critical point of L(H) if and only if Hy is
Hermatian- Einstein.

As in the case of the Yang-Mills functional we will consider the associated gradient flow of the
functional. The L? gradient flow of the Donaldson functional is

d
aL(Ht) = —||AF; — \I||2.. (5.80)

Our goal is to show existence and convergence of this flow, thus allowing us to arrive at a Hermitian-
Einstein metric.
Taking the second derivative of the functional gives

d2L(H d 0
% =~ IAR=AI|[5e = —2(5 AR, AF,=AD) 12 = 2(AAFA AF=AT) 12 = 2/ [VAFA| 72 2 0.
(5.81)

That is the functional is convex and we have shown

Proposition 5.16 (Proposition 8 in [4]). If H is a critical point of L(H) then H is an absolute
minimum of the functional L(H).

And as a consequence

Corollary 5.17. If Hy and Hy are two critical points of L(Hy), then they define the same connec-
tion.

Next we will need to know how R; and Ry behave over an exact sequence of holomorphic bundles

0—->F —-FE—E"—0. (5.82)

A Hermitian metric H on E induces metrics H and H” on the bundles E’ and E” respectively.

Proposition 5.18 (Proposition 7 in [4] or Proposition 6.10.2 in [28]). For any pair of Hermitian
metrics H and K on E we have

(i) Ri(H,K) = Ry(H'.K') + Ry(H" K"),

(ii) Ry(H,K) = Ro(H' K') + Ro(H" K") — i (tr(By A BY,) — tr(Bk A Bj))

modulo 9001 4+ 9QM0.
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Proof. By the definition of R; as the second characteristic class associated to c;(E) we know that
that Ry is additive over short exact sequences. For (i7) we have splitting C°°-bundle homomorphisms
m and A,

a B
0 —— F ——FE—FE ——0. (5.83)
B A
That is
WOa:IE/,
ﬂO)\:IE/, (584)

aom+ Ao =1Ig.
Two different splitting morphisms are related by an element S € Hom(E" ,E’) as

{”2 =m =58 (5.85)

Ao = A +af.

Next we join the metrics H and K by a l-parameter family H; such that Hy = K and H; = H,
which induces morphisms ©m = 7m; and A = A;.
We also know from eq. (4.44) that the curvatures connected by an element B € Q%! (Hom(E",E’))

as
F/—BAB* OB

F = { 9B F_BAB| (5.86)

Note here that we denote the exterior covariant derivative by 0 = 0p, while we will use 0; to the

denote the time derivative %. Note also that B is given by

B=mo0do), (5.87)

and depends on the time t and the adjoint B* is taken with respect to the Hermitian metric H;.
We have that the time derivative of B is given by

We also need to know how v; = H; ‘9, Hy is related to v, = H, '0,H/ and v/ = H;'"'0,H/. To
do this we pick a local basis. Let e,...,e, and ep41, ..., e, be local unitary frames for the bundles

E’ and E” respectively. Then we have a local unitary frame for E given by
(afer),...,alep),Alep+1), ... Aler)). Using this basis we have

(O:H)(a(e) A(e)) = —H (a(ei),0:M(e)) = —H (a(ei),a(S)) = —H'(ei,(S)e;).- (5.89)

Thus in matrix form v; = are related to v; and v} by

v = [_Z’é)* ;ﬂ . (5.90)

Calculating the trace of v F}; we then have

tr(vsRy) — tr(viR)) — tr(v) RY) = —tr(vjB A B*) — tr(v) B* A B) + tr(SOB*) — tr((S)*dB). (5.91)
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We also have o o )
tr(S0B*) = 9(S0B*) — tr(B A B*),

tr((S)*0B) = 0((S)*0B) + tr(B A (B)*).
Then modulo 0% 4+ 9001

(5.92)

tr(S9B”) = —tr(B A BY), (5.93)
2(($)"9B) = tx(B A (B)"). |

Thus we can write eq. (5.91) as

tr(v,Ry) — tr(viR}) — tr(v) R)) = — tr(vjB A B*) + tr(B A v} B*) — tr(B A B*) — tr(B A (B)*)
—tr(BAB*) —tr (BA (B*v + (B)* —v/B")). (5.94)
Next we show that )
B*v, + (B)* —v!'B* = 9,(B"). (5.95)
By the identity H'(¢,Bn) = H"”(B*¢,n) we have
(0:H')(&,Bn) + H'(£,0:Bn) = (0, H")(B"¢n) + H"(9:(B")€, n). (5.96)
Rewriting this using
(3tHI)(f,B77) = H’(vgf, B77) = H”(B*Uéfﬂl),
H'(£,0,Bn) = H"((8:B)"n), (5.97)
(atH”)(B*n’ g) = HH(U!B*Thg)v
gives
H"(B*v&n) + H"((0:B)"n) = H" (v B*{n) + H"(0,(B")§,). (5.98)
Since ¢ and 7 are arbitrary, eq. (5.95) follows and thus

tr(veRy) — tr(viRy) — tr(vy RY) = —tr(0; B A B*) — tr(B A 9y(B*)) = =0, tr(B A B*).  (5.99)
From this (ii) follows by integrating from ¢t = 0 to t = 1. O

We can now establish two essential properties of the Donaldson functional, that the functional is
bounded from below and that we can relate the functional over manifold M to that of the functional
over a hypersurface M’ of M. Note that the following proposition assumes the Harder-Narasimhan
theorem so it will be only useful for showing the Donaldson-Uhlenbeck-Yau theorem for manifolds
with complex dimension n > 2.

Proposition 5.19 (Corollary 9 in [4]). Let E be a semi-stable vector bundle over an algebraic curve
C. Then the functional Lo(—,K) is bounded from below.

Proof. We know this is true if E is stable since by the Harder-Narasimhan theorem the bundle
then admits an Hermitian-Einstein connection giving a minimum of the functional. Thus assume
that E is semi-stable but not stable. We can then find a subbundle E' C FE that is stable with
w(E) = u(E). We also have that E” = E/E’ is semi-stable with pu(E”) = p(F) from the exact
sequence

0—-FE —-FE—E'—0. (5.100)
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Since AR; is proportional the slope p which is additive over exact sequences and we then only have
to consider Ry. Then integrating proposition 5.18 we have

L(HK) = L(H',K") + L(H" K" + || By | — || B, (5.101)

since "

—ite(BABY) Aw'! = |B2Y (5.102)
We know ||By|| > ||Bk||? and the hypothesis then follows by induction on the rank of the bundle,
that is L(H',K’) and L(H",K") are bounded below by constants depending only on K’ and K"

respectively. O

We will next consider a hypersurface M’ in the linear system |Ops(m)| of divisors on M. M’
is then defined by s = 0 for a section of the line bundle H®™. We will use the Poincaré-Lelong
formula for line bundles, which states that

M| -
w= M —i00f. (5.103)
m

for ]
f=—1log]ls|, (5.104)
™m

and with |M’| the current of integration of the divisor defined by s. We refer to [42] the background
and proof of the Poincaré-Lelong formula and [28] on how it applies to holomorphic line bundles.

Proposition 5.20 (Proposition 10 in [4]). Let M and M’ and f be as above. Then the respective
functionals Ly (H,K) and Ly (H,K) are related by

wn—Z

Ly(HK) = e

Lag (H.K) = [ f(¥(Fw) = 0(Fi)) A (5.105)

m(n—1)
Proof. Using eq. (5.103) gives

wn1 1

- A B by wn72 |M/| _ B
Ly = /M(RZ - ﬁRl(JJ)/\ (n_ 1)' I /M(RQ — ERl(U) A (’I’L—Q)! A ( m Zf)(?f) =

1 o‘)n72 1 wn72

r,n(n_l)/j\//(RQ_;\le)/\M—H/M(Rz—lew)/\m_z)!/\(iaaf):

1 A
— Ly — _
m(n — 1) M /JW(RQ anw) A

wn72

(n—1)!

A (i00f). (5.106)

Note here the constant A/n is the correct constant for M’ as well since

AM A
v 5.107
n n—1 ( )
and as a consequence of that
A 2T (B (5.108)
= Yol(a)" '

is proportional to n while the volume and slope do not change.
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Integrating the last term in eq. (5.106) by parts gives

o by wn72 o B wn72
/M 190 <32 _ nw) N e /M F(¥(Fl) ~ W(ER) A oy (5.109)
Thus ) I
Ly = mLM/ */Mf(\ll(FH)*\Ij(FK))/\ (n—l)!' (5110)
O

5.3 The choice of a good gauge

In the previous two sections we have studied the Yang-Mills flow with the goal of showing conver-
gence towards an Hermitian-Yang-Mills connection. For this to be possible the vector bundle needs
to be semistable so to finish the proof we will need to connect our previous work to the assumption
of stability. Let us also note that so far we have worked in all generality with M as a Kéhler man-
ifold. This will now change where we will let the base manifold be an projective algebraic surface
X. The reason for this is the usage of Uhlenbeck’s results from gauge theory which restrict the
proof strategy to the surface case.

We will use that it is possible to restrict the bundle over an algebraic surface X to a curve C
in such a way as preserve stability. This is by the Metha-Ramanathan theorem in [43], which they
later extended to arbitrary dimension in [44]. For surfaces we only need the version presented in
[4], which is

Theorem 5.21 (Theorem 6.10.14 in [28] or Theorem 6.1 in [43].). Let E be a semistable bundle
over a projective algebraic variety X with an ample line bundle H. Then for some integer m there
exists a curve C in |Ox(m)| such that the restriction E|c is semistable.

Using the theorem to restrict to a curve and preserve stability we can show that the Donaldson
functional over X is bounded below.

Proposition 5.22 (Lemma 24 in [4]). Let E be a semi-stable holomorphic vector bundle over a
projective algebraic surface X. Then the functional Lx (Hy,Hg) is bounded below.

Proof. By proposition 5.20 we have
Lx =L¢ —/ f(U(Fy) — Y(Fk)). (5.111)
X

By proposition 5.19 L¢ is bounded below since E|C is semi-stable. By corollary 5.9 tr(Fp) is
bounded for all time ¢. Decomposition in self-dual and anti-self dual parts we have

tr Ffy = (|[Fg|* = [Ful*) dvol. (5.112)

Since Fjy is also bounded by corollary 5.9 and since f € L*(X) it follows that — Jx [ (Fg) is
bounded below. O

Corollary 5.23 (Corollary 25 in [4]). Let E be a semi-stable holomorphic vector bundle over a
projective algebraic surface X. For a path H; down Yang-Mills flow Fy, converges to NI in C° as
t — o0.
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Proof. From the gradient flow of the functional

%LX(Ht,HO) = —||AF; — M||22, (5.113)
we know that Lx(H;,Hy) is a decreasing function of . We have also shown that Lx (Hy,Hyp) is
convex and bounded below which implies that d;Lx goes to 0 in L? as t — oco. Thus we have
convergence AF, — A in L? norm.

By corollary 5.9 supy AF is bounded and decreasing so it converges in C° by the monotone
convergence theorem. Thus the C° convergence to AI follows. O

To complete the proof of proposition 5.2 we will also need to know that the evolution equation
converges to a connection A,,. For this we will use Uhlenbeck’s result on the choice of a good
gauge. A good gauge for our context means that the connection A locally satisfy

d*A =0. (5.114)

This is known as the Coulomb gauge since in three dimensions it correspond to V- A = 0 in vector
notation which is commonly used in the study of electromagnetism.

The importance of this gauge becomes clear when we consider the condition for a connection to
be ASD, that its the self-dual part is zero

Fi=(dA)T+AANA)T =0. (5.115)

We also remind ourselves that we can equivalently express the ASD condition as AF4 = 0. Com-
bining the ASD condition with the gauge condition d*A = 0 yields an elliptic system, allowing us
to use existing theory in this area. In addition to the articles by Uhlenbeck [5] and [6] we would
highly encourage the interested reader to see the section on Uhlenbeck’s theorem in [35] for the
details on this.

Now let A be a SU (r) connection on a trivial bundle over the open unit sphere B%. Then
Uhlenbeck choice of Good gauge states

Theorem 5.24 (Theorem 1.3 in [5], Proposition 22 in [4], or Theorem 2.3.7 in [35]). There exists
an absolute constant K > 0 and constants C, such that if

1F4llee < K, (5.116)
then the connection A is a gauge-equivalent to a connection A satisfying

d*A =0, (5.117)
HA[lze < Cpl|Fallee = Cpl|F4llLr for p=>2. (5.118)

For the proof of the theorem we recommend the more accessible alternative proof in [35]. The
theorem will allow us to choose a gauge where the connection in terms of the curvature and satisfying
d*A=0

Using results from the theory of elliptic operators one can show
Corollary 5.25 (Corollary 23 in [4]). Let A; be a sequence of connections as in theorem 5.24.
Suppose that their self-dual parts Fj{, — 0 asi— oo in CO. Then there exists a constant Ky < K

such that if
[[Fz ]2 < Ko, (5.119)
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then there exists a subsequence of the sequence A;, as given by the proposition, that converges weakly
in LY, for all p on %B‘l to an ASD connection A.

For the proof we refer to [4] and [35].

To extend the convergence result from B* to X we can cover X by of a collection of open balls.
The local convergence result of corollary 5.25 can then be extended to the complement of a finite set
{z1,...,2;}. Thus we have a connection A, over M —{x1,...,x,}. To extend the connection to the
entirety of M, we can use Uhlenbeck’s theorem on the removability of singularities for Yang-Mills
connections.

Theorem 5.26 (Theorem 4.1 in [6]). Let A be a Yang-Mills connection in a bundle E over B*—{0}.
If the L? norm of the curvature F4 is finite, then there exists a gauge such that the bundle E extends
to a smooth bundle E' over B* and the connection A extends to a smooth Yang-Mills connection
A’ on FE'.

That is we have a Hermitian-Yang-Mills connection A, on E’. And by the integrability re-
quirement F22 = 0 E’ is a holomorphic bundle. We can also note that u(E) = u(E’) since we
have convergence of tr F; by corollary 5.9 making ¢;(E) = ¢;(E’). Lastly to complete the proof of
proposition 5.2 we need to show the existence of a non-zero holomorphic map E — E’ for which we
refer to [4] or [39]. As a consequence we have the Donaldson-Uhlenbeck-Yau theorem in the case of
bundles over an algebraic surface X.
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Chapter 6

The deformed
Hermitian-Yang-Mills equation &
Bridgeland stability

We are now ready to connect our earlier work on the Donaldson-Uhlenbeck-Yau theorem to mirror
symmetry. To do this we will begin by introducing derived categories and triangulated categories
in section 6.1. In section 6.2 we introduce Bridgeland stability on triangulated categories as a
generalisation of p-stability. Finally in section 6.3 we study properties of the deformed Hermitian-
Yang-Mills equation and how it connects to Bridgeland stability on the bounded derived category
of coherent sheafs D’(Coh(M)) over a Calabi-Yau manifold M.

6.1 Derived and triangulated categories

Our aim in this section is to understand the bounded category of coherent sheafs D’ Coh(M). From
a physics perspective the motivation for Db Coh(M) is they are the B-branes in the B-model. To
describe the complex geometry of the B-branes an initial approach would be view them as complex
vector bundles and later extend that to the category of coherent sheafs Coh(M). However not every
B-brane could be described by the objects in Coh(M), a "larger” category was needed. This would
be the category of bounded coherent sheafs Db Coh(M) whose objects are cochain complexes over
Coh(M). For our purposes we will choose to accept Db Coh(M) as the correct category, however
the reader interested in their connection to physics and B-branes we refer to [45], [46], [47] and the
overview in [9].

We will now proceed with introducing derived categories. We will keep our introduction motiva-
tional, aiming to make the construction plausible without getting bogged down in details of proofs.
Our coverage is heavily based on [48] and [49] to which we also refer the reader for a more in dept
coverage of the topic.
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6.1.1 The category of chain complexes

Instead of working with an abelian category A we will work with cochain complexes on A which
we will simply refer to as complexes. We remind the reader that a complex is a sequence of objects
in an abelian category connected by morphisms

41 . 4t . oqitl . qit2
e AT S A S s AT S (6.1)

such that d o d®~! = 0. Given an abelian category A we can form a new abelian category, the
category of complexes Kom(.A). The zero object in this category consists of the zero complex

e =>0=20—=20—..., (6.2)

and a morphism between complexes f : A* — B* is represented by the commutative diagram

di72 . d'ifl . dl . dl+1
LA AL A A, el A

) lfiildi,l lfi . lfuldi“ (6.3)

.2 Bt 2, pl P, pitt

i—

Note in particular that since the diagram commutes

fody =dyo (6.4)
resulting in that f induces maps
fi Im(dYy) — Im(d%) (6.5)
and _ _ _
f* i ker(dy) — ker(d’). (6.6)

The existence of kernels, direct sums and quotients in Kom A follow from their existence in A. The
kernel ker f is the complex of kernels

oo ker f S ker ff s ker fOT L (6.7)
and we have direct sums A* @ B* and quotients A*/B* given by the complexes of
o= AT BT 5 Ao B 5 AT e BT o L (6.8)

and
s ATY/BT 5 AT/BY o AT B (6.9)

respectively.
With the category Kom(A) we have the shift functor 7' : Kom(A) — Kom(A) defined by
TA" = A7 and di.,. = —d'.'. That is the sequence is shifted as

di+1

A7 qi-1 AT 40 4D il

lT | lT lT - (6.10)

_qi—t? Pt _qi it _qit? i+? _qit2

65



where the sign is added by convention which simplifies the notation when we later work with cones
and triangles. We usually write the shift as A*[1] = T'A* or more generally for an integer n we have
the shift A*[n] = T"A*.

Next we will need the concept of quasi-isomorphisms (qis) between complexes. Denote the i:th

cohomology group by
, ker d’
H'(A") = —. 6.11
( ) Im d1'71 ( )
Definition 6.1. We say that a morphism f : A* — B* is a quasi-isomorphism if the induced maps
Hi(f): H'(A*) — HY(B*) is are isomorphisms.

Definition 6.2. We say that the complexes A* and B* are quasi-isomorphic if there exists a third

complex C* and morphisms
C*
% X (6.12)
A* B*

such that H*(f) and H*(g) are isomorphisms, that is f and g are quasi-isomorphism.

R_emark 6.3. We note that quasi-isomorphic complexes must have isomorphic cohomology groups
HY(A*) = HY(B*). However the converse is not true in general.

The derived category D(.A) is the category where the quasi-isomorphisms in Kom(.A4) are isomor-
phisms. The process of making a collection of morphisms into isomorphisms is known as localization
of the category. Thus stated in these terms D(A) is the category formed by the localization of the
quasi-isomorphisms in Kom(.A).

A motivation for wanting to consider quasi-isomorphic objects to be equal comes when consid-
ering resolution of sheafs. Given a coherent sheaf .% over a projective variety X there is exists an

exact sequence
gt 00 4° o1 d! "t on
0=>F 56 —&E —...— " =0, (6.13)
where & are locally free sheafs i.e. vector bundles. This is known as a resolution of #. We can
then study % in terms of its resolution of locally free sheafs and wish to not make a distinction
between the complexes
0—.% =0, (6.14)

and
05608 56— ... =& 0. (6.15)

There is a quasi-isomorphism between these complexes given by the map f. To see this, let us write
up the diagram for the morphisms

0 Vi 0 0 - 0 0 .
| I | | | | (6.16)
0 g0 4 p1 & ep o dMT o 0 .

Let us first note that since the sequence was exact we know that H?(&) = 0 for p > 1 so the zero
maps induces isomorphisms on the cohomology groups. We then only have to check the morphisms
f. We have that the cohomology groups are

HY(F)=9F (6.17)
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and
H°(&) = kerd® = Im f. (6.18)

Since .
0.2 L0 L et (6.19)

is exact it follows that f is one-to-one, or equivalently ker f = 0 . Then by the first isomorphism
theorem

~J 9 ~J
Inf = 2r =7 (6.20)

Thus the map HO(f) : HY(F) — H°(&) is an isomorphism and f a quasi-isomorphism.

6.1.2 Chain homotopy

Instead of directly going to the derived category we first introduce the homotopy category of chain
complex K(A) and then construct D(A) by localization of K(A). There are two reasons for this,
first it makes it easier to see how the morphisms in D(.A) looks like and secondly K(.A) is a more
intuitive category to both understand and work with in practice. Ultimately we will introduce
functors between the categories such that the diagram

Kom

)

(A) D(A
\ / (6.21)
K(A)

commutes. Let us first note that the objects in both K(A) and D(A) as well as in Kom(A) are
chain complexes and the difference between them will be in the morphisms between the objects.
While Kom(A) is an abelian category K(A) and D(A) are not. However we will show that K(A)
and D(A) have unlike Kom(.A) another important property, that of having a triangulated structure
making them triangulated categories. We now proceed with introducing K(A).

Definition 6.4. Let A* and B* be chain complexes and f : A* — B* and g : A* — B* chain
morphisms. A chain homotopy between f and g is then a collection of maps h* : A* — B*~1 such
that , , , , . '
fi—g'=htlody +d5 o bl (6.22)
In diagram form chain homotopy then takes the shape
it

Ai-1 A di AitL

fingi i g leHgi*l/ (623)
Bi-1 di ! B dis

Bi+1

Let f ~ g denote the homotopy equivalence of f and g. The morphisms in K(A) are then
defined as
HOIHK:(A) (A,B) = Hom(A,B)/ ~, (624)
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that is quotienting out chain homotopy.

A homotopy equivalence is a morphism f : A* — B* that is an isomorphism in K(A), that is
there exists a morphism g : B* — A* such that fog = idg and go f = ids. Note that f and g
are quasi-isomorphisms, thus all homotopy equivalences are quasi-isomorphisms. As a consequence
homotopy equivalent complexes are quasi-isomorphic by the maps

!
A== B (6.25)

6.1.3 The triangulated structure
Let us begin by the definition of a triangle.

Definition 6.5. A triangle consists of three objects (A,B,C') in some category with translation with
morphisms A — B — C — A[l]. We represent this by the diagram

A—— B

r\\ / (6.26)

C

Next consider a morphism f € Homy4)(A*,B*). We introduce the mapping cone C(f) as the
complex

. X i . . i+1 . .
C(f) =A@ B = —» Ao B~ %8 gl g pi Yo, givz g pitt (6.27)
with _ -
. [diyy O —ditt o
P R I
o= [ )= 74 &) (629

Note that d, differ from the natural morphisms for direct sums. We have that d is a boundary
operator since

Qi qi, — df4+2 dfiH, 0 -0 (6.29)
c o= [ope it vagte dta T |
where
—f A A AT S BT (6.30)

is the zero morphism by the commutative diagram of a morphism between complexes as seen in
eq. (6.3). Thus A*[1] @ B* is a complex. For any morphisms We can now form the triangle

A LB 5 o) 5 AT, (6.31)

Wlielre the morphism ¢ is the inclusion map b* — (0,b%) and 7 the surjective morphisms (a‘*!,b%)
’ ’fhese triangles formed from a morphisms f : A* — B* and the mapping cone and any triangle
A" — B* = C" — A*[]] (6.32)

isomorphic to such a triangle are known as distinguished. The class of distinguished triangles makes

K(A) and D(A) into triangulated categories. Triangulated categories are categories with translator
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function T and with a class of distinguished triangles that satisfy four axioms which we will get to
shortly.

In particular we have that the mapping cone C'(id) of the identity map id : A* — A* is homotopy
equivalent to the zero complex by the map

0 1]
h= [0 0] (6.33)
since

i ooty |0 1] [=dYTt o —dy 0 Jfo 1] _[1 dy 0 —d4] [1 0
hdc+d0h_{0 OH 1oy T ar oo Tlo o]l 17T o1
(6.34

So C(id) is isomorphic to the zero complex in K(A). It follows that the triangle
A2 A 50— AT (6.35)

is distinguished. In fact what we have shown is that K(A) and D(A) satisfy the first axiom of
triangulated categories, TR1.

Axiom 6.6 (TR1). i) Any triangle

A A0 AN (6.36)

1s distinguished.
it) Any triangle that is isomorphic to a distinguished triangle is distinguished.
i11) Any morphisms f : A — B can be completed to form a distinguished triangle

AL B oA (6.37)

Another property of triangulated categories that we will need is shift invariance, meaning we
stay in the class of distinguishing triangles shifting the triangle.

Axiom 6.7 (TR2). The triangle
AL BL oA (6.38)
1s distinguished if and only if the triangle
——— BJ[1] (6.39)
is distinguished.
Before showing that our distinguished triangles satisfy this property, let us list one more axiom.

Axiom 6.8 (TR3). Given a commutative diagram of two distinguished triangles

A B o) A1)
l l l (6.40)
A, B, Cs As1]
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there exists a morphisms Cy — Cs such that the diagram

A B c Aq1]
l l l l (6.41)
A, B, Cy As[1]

commutes.

Note that by using the shift property of TR2 on the property of TR3 we get having any two of
the three morphisms says that a third must exist. There is also a quite complicated forth axiom
TRA4 that we will not need but the interested reader can find stated in [50] along with a proof that
derived categories satisfy this axiom.

Let us now show that the triangles formed by the mapping cone in K(.A) satisfy the axioms.

Proposition 6.9. The distinguished triangles in the derived category D(A) satisfy the axioms TRI,
TR2, and TR3 of a triangulated category, making D(A) a triangulated category.

Proof. We have already shown that TRI is satisfied. Next we continue by showing TR3 where the

relevant diagram is

Ay I By —— o) —— A1)

l l l l (6.42)

Ay L By —— O(f) — 4301

We take the morphism A;[1] & By = C(f1) — C(f2) = C(f2) = As][l] to be the one induced by
the maps Alﬁl — Aé“ and B! — Bi, which makes the diagram commute. Note that the map
C(f1) — C(f2) is indeed a chain morphism since the boundary operator of the cones is defined
identically.

Next we look at TR2. Given the distinguished triangle

A LB b o) — A (6.43)
we consider the mapping cone
C(t)=B*[1]® C(f) = B*[1]® A*[1] & B* (6.44)
which has the boundary operator
, _ i+l
dic(g) = [_ dLZB—H dio } = %B — c?fjl 8 . (6.45)
()

id fi+1 diB
We form the distinguished triangle

B* 4 o) 5 o) = gy (6.46)
Our goal is to show that this triangle is isomorphic to the triangle

—f1]

B* 45 O(f) — A*[1] B*[1]. (6.47)
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That is we need to show that the diagram

B —— O(f) = a7[1] =5 B[]

b 649

B* —— C(f) —/— C(1) —/—— B*[1]

commutes in IC(A) with s is an isomorphisms in K(A) with inverse ¢. Let us first note that without
the morphisms s and ¢ the diagram commutes in Kom(.A).
Define the morphism

which makes the diagram

A1) = g

ls lid (6.50)

’

O(r) —— B*[1]

commute in Kom A.
We define the inverse morphism t as the

to (B a T b s (6.51)
We have to check that s are an isomorphism with inverse ¢ in KC(A). Let us first note that
tos=1idg (6.52)
so t is a right inverse in Kom(A). For the composition in the reverse order we have
sot: (bt ph) s (= fiTlaiT! ot ) (6.53)

which we need to show is homotopy equivalent to idg ;). We first note that

1 fl] o
id—sot=|0 0 0. (6.54)
0 0 1
We see that with chain homotopy
0 01
h=10 0 0 (6.55)
0 0 0
we have i _
1 fl1] dy 0 0 —dj 1 f[1] o
; i—1
hd’C(T) + dC(T)h =1(0 0 0O+ (0 O 0 =10 0 O0f. (6.56)
0 0 0 0 0 1 0 0 1

Thus f o g is homotopy equivalent to the identity map.
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Finally we need to show that
C(f) —— A*[1]
lid l (6.57)
C(f) —— C(7)

commutes in K(A). This follows from that

C(f) —— A*1]

lid } (6.58)

C(f) —— C(7)

commutes in Kom(.A) and since s is an isomorphism with inverse ¢ in KC(A). O

One particular useful aspect of the triangles are that they induce long exact sequences of coho-
mology

LCHTHC(f) = HI(AY) RBEIN HY(B*) — H'(C(f)) — H*(A) — ... (6.59)

Compare this to how short exact sequences in an abelian category generate long exact sequence of

cohomology by the zig-zag/snake lemma. Thus distinguished triangles in triangulated categories

have the same role as short exact sequences in abelian categories. In particular if C(f) is exact we
have

0 Hi(A) ZY) gy o (6.60)

making f a quasi-isomorphism.

6.1.4 The derived category

Our next step is to pass to the derived category D(A) by localizing the quasi-isomorphisms. As
already stated the objects in Kom(A), K(A), and D(A) are the same, chain complexes. That is

Ob(Kom(A)) = Ob(K(A)) = Ob(D(A)). (6.61)

Our purpose is then to explicitly describe the morphisms in D(A). Consider a quasi-isomorphism
C* — A* and a morphism C* — B*. Since the quasi-isomorphisms are isomorphisms in D(A), we
have an induced map A* — B*. In fact the map C* — B* is equal to the map A* — B* in D(A).
The morphisms in Homp4)(A*, B*) are then represented by roofs

o
qis (6.62)
A* / \ B*

Two different roofs may be equivalent in that they represent the same morphism. Thus we need to
know when two such roofs are considered equal and also how to compose two morphisms in D(A).
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We begin by defining when two roofs are equivalent. Two roofs

Ct Cs
‘y \ and ‘V \ (6.63)
are equivalent if they are dominated by a third roof, i.e. there exists a commutative diagram in

K(A),

(6.64)

where the composition map C* — C} — A* is a quasi-isomorphism. Note that this implies that
the map C* — C7F is a quasi-isomorphism. We can understand why this defines an equivalence of
roofs by thinking of it as that there is a third roof

C*
V \ (6.65)
A* B*

consistent with the two others.

We can now also begin to understand why we passed to the homotopy category of chain com-
plexes K(A) as an intermediate step. Let us denote the composition maps C* — C7 — A* and
C* — C3 — A* by f and g respectively. We can see that f and g are chain homotopic by the
commutative diagram

C* ——— C5

I A

C;p ———— A

and since f is a quasi-isomorphism so is g.
Next we consider the composition of the morphisms in eq. (6.63). The composition is represented
by the commutative diagram

/\
/\/\

(6.67)
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in IC(A).

We have so far allowed us to have infinite chains in Kom(A). If we restrict ourselves to only
consider bounded chains, meaning they begin and end in an infinite sequence of zeroes, we get
the bounded category of chain complexes Komb(A). We then have the corresponding bounded
categories K’(A) and D°(A). We now have a sufficient knowledge of derived categories to proceed
with introducing stability conditions on them. Let us end by emphasising three main points of this
section.

e Consider the category of chain complexes Kom(.A) instead of A.
e Quasi-isomorphisms in Kom(A) becomes isomorphisms in D(A).
e The derived category have distinguished triangles.

In particular we have seen that working with chain complexes of an abelian category is a powerful
tool that among other things tell gives us the chain cohomology.

6.2 Bridgeland stability

We will now introduce Bridgeland stability on triangulated categories. In particular we will look at
Bridgeland stability on the bounded derived category of coherent sheafs D’(Coh(M)) over a Calabi-
Yau manifold M. We will begin by reformulating p-stability in a form that makes the transition to
Bridgeland stability natural. Our introduction is based on lecture notes by Huybrecht in [51] and
the original article by Bridgeland [22]. The reader may also find the lectures notes in [52] that also
cover the material useful. [53]

6.2.1 Reformulation of p-stability

We will now reformulate slope stability in slightly different terms leading up to Bridgeland stability.
Consider a holomorphic vector bundle E or more generally a coherent sheaf over a compact Kéhler
manifold M.

Define the central charge of the bundle

Z(E) = irk(E) — deg(F) = itk(E) — c1(F), (6.68)

and the phase by

O(E) = % Arg Z(E) = %Im log Z(E) = —* arccot 18 E) (6.69)

7r tk(E) ’

where the factor of 7 is added to make ¢(E) take values in (0,1). Note that here arccot is defined to
take values in (0,7) and is thus a strictly decreasing function. This allows the slope (semi)stability
condition on F to be restated as the inequality

P(E') < ¢(E), (6.70)

for each coherent subsheaf £/ C E. We illustrate the stability condition in fig. 6.1. Note that the
central charge can be written

Z(E) = m(E)e™F) = (1k(E)? + deg(E)?) '™ *#), (6.71)
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Figure 6.1: The bundle E is stable if and only if any coherent subsheaf E’ have central charge
Z(E’) in the dashed region.

making the mass m(E) € Rs¢ positive and Z(F) located in the upper half plane. We also have
that the central charge is additive over short exact sequences, i.e.

0O--F—->FE—>G—=0 (6.72)
implies
g Z(E)=Z(F)+ Z(G). (6.73)

Thus this relation on any short exact sequence generate the Grothendieck group K (Coh(M)).

Consider the case when the base manifold is a projective algebraic curve C. Let us now see
how slope stability can be stated in terms of the bounded derived category of coherent sheafs
D(Coh(C)). We begin by looking at sheafs E € Coh(C). In D’(Coh(C)) such sheaf is represented
by sequences with E at the zeroth degree

0— E — 0. (6.74)
As shown in chapter 4 we have a Harder-Narasimhan filtration of E
0O=Fy—F, —-Fy,—--—FE, 11— E,=F, (6.75)
with the quotients .%; = E;/E;_; satisfying
O(F1) > §(F2) > - > O(Fn). (6.76)

If we instead view the filtration in terms of complexes the mapping cones of the morphisms in the
filtration gives us the triangles

Er S B, D () 5 BN (6.77)
The Harder-Narasimhan property can then be formulated as the diagram

0 1 n—1

0=FE L Eq L FEy — - — E,4 L FE,
‘<

N LN ¥
~ ~ S
~ ~ ~
~ ~ ~
N ~ ~
~ So S
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with
?(C(fo)) < O(C(f1)) <--- < O(C(fa))- (6.79)

At this point the above relation tells us nothing since we have yet to define what the phase of
mapping cones are. To rectify this we begin by explicitly writing up the triangles in sequence form

0 E;

(6.80)

We have not lost the quotient sheafs .%;, in fact reminding ourselves of why we introduced quasi-
isomorphisms in the first place we have that the mapping cone C(¢*) is isomorphic to %#; since we
have a quasi-isomorphism

0*>Ei*>Ei+14>0

l l (6.81)

0 Fi 0

Next let us look at an arbitrary E* € D’(Coh(C)). The Harder-Narasimhan filtration on
the individual sheafs then induce a Harder-Narasimhan filtration on the sequence. Explicitly the
triangles formed by the mapping cone of the filtration is

| [ | - (6.82)

E? E! E?

Note that these sequences begin and end with 0 since we work in the bounded category. We may
now ask ourselves how the slope is defined for general sequences. To do this we will define concepts
of hearts and slicings.

We define the heart DO(COh(M )) as sequences with an element E € Coh(M) at the zero degree
of the sequence with all other degrees zero, i.e. sequences

0 E—0. (6.83)
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Thus we have the identification

DY = Coh(M). (6.84)
This definition agrees with the heart of the standard choice t-structure given by
D20 = (E* | HY(E*) = 0 for i > 0} (6.85)
and .
D= = {E* | H(E*) = 0 for i < 0}. (6.86)
That is the heart is
DY =p2'ND=", (6.87)

which agrees with our earlier definition of heart since any sequence with H? = 0 for some degree i
is quasi-isomorphic, and hence isomorphic in Db(Coh(C )), to a sequence with zero in position .
Next we define the slicing of the heart as

P(¢) = {E* € D (Coh(M)) | E* is semistable of phase ¢}. (6.88)
To deal with shifted sequences we set
P(@)[1] =P(o+1) (6.89)

and thus get the slicing defined for ¢ € R. The heart can then be recovered as DY (Coh(M)) =
P((0,1]), where the choice of where to put the soft bracket is a matter of convention.
Let us also note that

Proposition 6.10. If ¢1 > ¢2 and E € P(¢1) and F € P(¢p3) then
Homp(E,F) = 0. (6.90)
This is a direct consequence of

Lemma 6.11. If E, F € Coh(M) are semistable with phases satisfying ¢(E) > ¢(F), then
Hom(E, F) = 0. (6.91)

In particular the lemma tells us that there is no isomorphism between objects in the slicing with
different phases.

Bridgeland stability conditions are in general hard to construct. We have seen an example in
terms of p-stability on sheafs over a projective algebraic curve, however even going up to surfaces the
theory quickly becomes very complicated. Some progress have been made in this area, specifically
for K3 surfaces see [54] and [55]. The most interesting case to physicists are that of three dimensional
Calabi-Yau manifolds, in which case no Bridgeland stability condition has yet been found.

6.2.2 Definition of Bridgeland stability

These definitions and reformulation of p-stability may at this point seem arbitrary. However they
are exactly the reformulation that agreeing with the definition of stability given by Bridgeland in
[22].
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Definition 6.12. A Bridgeland stability condition (Z,P) on a triangulated category D consists of
a group homomorphism known as the central charge Z : K(D) — C and a full additive subcategory
P(p) C D for all p € R, satisfying

(i) if E € P(¢) then Z(E) = m(E)e'™ for some m(E) € Rxq,

(ii) P(&)[1] = P(6 + 1),

(113) if 1 > ¢p2 and A € P(¢1), B € P(¢p2) then Homp(A,B) =0,

(iv) For every E € D there is an n-tuple

P1> Q2> > ¢y, (6.92)
and a collection of triangles
0=FEy Ey F——F, | —F FE,=F,
1<\\\ / F\\ / F\\ /
S A Ay 4,
(6.93)

with E; € D and A; € P(¢;). We denote by Stab(D) the space of Bridgeland stability conditions
on D.

Note in particular that (iv) is the Harder-Narasimhan property. The properties (i7), (¢it), (iv)
is the definition of a slicing. Thus one can also formulate the definition as

Definition 6.13. A Bridgeland stability condition (Z,P) on a triangulated category D consists of
a central charge Z : K(D) — C and slicing P on D such that if E C P(¢) then

Z(E) = m(E)e™, (6.94)
for some m(E) € Rxo.

Identically to before the (semi)stability of objects in D are formulated as an inequality of the
phases.

Definition 6.14. We say that E € D is semistable in respect to Z if for every mnonzero proper
subset 0 £ ACFE

P(A) < o(E). (6.95)
If the inequality is strict we say that E is stable.

6.3 The deformed-Hermitian-Yang-Mills equation

In chapter 3 we discussed how the Hermitian-Yang-Mills equation can be formulated as the zeroes
of a moment map and how this led to deformed-Hermitian-Yang-Mills ({HYM) equations. Of par-
ticular interest from a physics perspective is the MMMS equation, named after Marino. Minasian,
Moore, and Strominger who derived the equation in [16]. By convention the MMMS equation is
referred to as the deformed-Hermitian-Yang-Mills equation since it is the main such equation that is
studied. We will follow this convention and henceforth refer of the MMMS equation as the deformed
Hermitian-Yang-Mills (dAHYM) equation.

Let (M, J,w, ) be a Calabi-Yau threefold and let X C M be a complex submanifold of complex
dimension n. Note that this implies that (X, w) is Kahler.
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Definition 6.15. The deformed Hermitian-Yang-Mills equation is defined as
Im (e *(w+ F)") =0, (6.96)
where 0 is a real number and F' the curvature two-form.

As when we introduced ordinary Yang-Mills theory the curvature form will be defined in terms
of a connection on a principal bundle, however with one significant difference. In addition to a
U(1) connection one-form A € Q*(X,u(1)) we will have a connection two-form B € Q2(X,u(1)). A
connection is then considered to be the pair (A4, B) with the curvature defined as

F=Fy—B=dA+AAA-B. (6.97)

Note that we have written out the general form of the curvature, while in our case of an abelian
gauge group the A A A term vanishes. We also have the integrability condition

F92 =, (6.98)
which implies that A € Q%!(X,u(1)) and B € QY1 (X, u(1)).

The gauge theory we have introduced where we admit higher differential forms in the connection
have a natural description in terms of higher gauge theory, see [56] and [57]. However for our case
where we have U(1) connections the only change is the introduction of the two-form B.

In the context of string theory the B-field is known as the Kalb-Ramond field and comes as
a generalisation of the electromagnetic potential when moving up in dimension from particles to
higher dimensional objects such as strings. In this context the curvature is known as the modified
field string and also include the constant o’ known as the Regge slope or simply as the string

constant,
F =2md/(Fa — B). (6.99)

The importance for us is that the dHYM equation can be expanded in terms of o/ and also that
the curvature, which we shall continue to denote as F', may also depend on a B-field.

Remark 6.16. Physically the deformed-Hermitian- Yang-Mills equation correspond to B-branes in
the B-model D(—1), D1, D3, and D5-branes which wrap manifolds C of real dimension 0,2,4,6
respectively. The supersymmetric cycles are then represented by line bundles L — C' giving us U(1)
connections. See [9] for details.

We can restate the dHYM equation as
Im(w+ F)" = tanf Re(w + F)". (6.100)
by using the relation
Im (e*ie (w+ F)") = cosIm(w + F)" — sinf Re(w + F). (6.101)

Expressed in the form in eq. (6.100) the existence of solution to the dHYM equation can be expressed
as if there exists a imaginary valued (1,1)-form F' such that

(w+ F)" (6.102)

has constant argument at all points on the compact Kihler manifold (X, w).
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Since the Ké#hler form w is real and the curvature F' is imaginary the left side will involve
only even odd terms of F' while the right side even terms when expanding the parenthesis. In one
dimension the dHYM equation becomes

F =tanf w. (6.103)

which is the Hermitian-Yang-Mills equation.
Lets remind ourselves of our aim, the stability conjecture conjecture 1.2 discussed in the intro-
duction. For the convenience of the reader we restate it here.

Conjecture 6.17 (Conjecture 1.1 in [24]). There is a Bridgeland stability condition on D® Coh(M)
so that the holomorphic vector bundle E is stable if and only if it admits a deformed Hermitian-
Yang-Mills metric.

In section 6.2 we showed that slope stability can be formulated as a Bridgeland stability condition
in the case of one dimensional manifolds. Thus the conjecture is shown in the case of dimension one
by slope stability and the Donaldson-Uhlenbeck-Yau theorem. The two and three dimensional cases
are much more complicated, in fact we noted in section 6.2 the existence of Bridgeland stability
conditions in dimension are not yet known. Our approach and the approach taken by Collins and
Yau in [24] is to begin by studying when dHYM equation admits a solution. Specifically since
we wish to connect the dHYM equation to a Bridgeland stability condition we are after algebraic
conditions for when the dHYM equation admit a solution as opposed to analytic conditions, since
Bridgeland stability is formulated in the language of algebra.

Writing out the dHYM equation in two and three dimensions explicitly gives

2F Aw = tan O(F? + w?), (6.104)

and
3F AW+ F? =tan6 (3F? Aw + w?), (6.105)

respectively. We can truncate the dHYM equation to the lowest order F' or equivalently in o’
resulting in the equation
nF Aw"™ ! =tanf w", (6.106)

which we recognise as the Hermitian Yang-Mills equation. That is in the limit of the small curvature
the Hermitian Yang-Mills equation is recovered. Thus we already know that solutions to the dHYM
equation should have a limit that solves the HYM equation and if conjecture 1.2 is true we would
expect that the Bridgeland stability condition should reduce to slope stability in an appropriate
limit.

We can now begin analysing when the dHYM equation admits a solution. Let (X,w) be a
Kiihler manifold and consider a real cohomology class [a] € HY(X,R). As pointed out if the
dHYM equation has a solution the argument is constant. Set

0= Arg /X (w+ia)". (6.107)

If particular if the dHYM equation has a solution we have that

0 = Arg(w +ia)". (6.108)
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In general we can write 4
(W + i)™ = 7y (@)@~ (D, (6.109)

where 7, () and 6, («) are real valued smooth functions on X. The dHYM equation can then be
expressed as .
Oy () =10, mod 2. (6.110)

Introducing local holomorphic coordinates at a point x € X

i o _ i _
= i;dzk/\dzk, o= §ZAkdzk/\dzk, (6111)

we get

(W + ia)" = (; 3+ ide) dzg A dzk> =

k=1

(;)” (ﬁ(l + i/\k)) dzy Adzy A - Adzy AdZ, = (ﬁ(l + Mk)) “

k=1 k=1

(6.112)

Writing this in polar form in accordance with eq. (6.109) we get

n n
o 7.@ () H 1 +z)\k — H /1 _i_Aieiarctan)\k —
k=1 k=1

which gives

n
Tt +azeli s metande) - (.113)

H (1+X2) and O, Zarctan (M) (6.114)

As a consequence if « is a solution to the dHYM equation the angle 6 is constant and since 7, () > 0
we have

/ (w+ia)" = / ro(a)e?w’ € Ruge®. (6.115)
X X
That is the integral is non-zero, which we formulate as

Proposition 6.18 (Lemma 2.1 in [23]). If there exists solution « to the dHYM equation, then

/ (W + i)™ € C*. (6.116)
X

In dimension n = 3 this give rise to a non-trivial cohomological obstruction on a. Explicitly we
have that

/ (w3—3w/\oz2)—|—i/ (Bw? Aa —a®) #0. (6.117)
X X
which tells us that either
w3 — 3w A a? 0 or 3wl Aa—a 0. 6.118
( ) ¢ (0], (
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Let us look at how this can be connected to Bridgeland stability. Since Bridgeland stability is
formulated in terms of algebra we want to find algebraic conditions to the solution to of the dHYM
equation and formulate finding an algebraic definition of the lifted angle.

Let us assume that [o] = ¢;(L) for some holomorphic line bundle. In this case we can write

/ (wH+ic (L))" = z”/ (—iw+ e (L))" = n!i"/ ewtea(l) — n!i"/ e~ “ch(L), (6.119)
X X X X
since only top forms contribute to the integration. Note also that we used e“T® = e¥e® as a conse-
quence of that w and a commute, whereas otherwise we would have needed the Baker—Campbell-Hausdorff
formula. This leads to the central charge on D°(Coh(L)) considered in [23],
Lw Z,(L) = 7/ e ™ ch(L). (6.120)
b'e

We note that this agrees with the central charge found in the B-model of string theory. Since
multiplying by ¢ correspond to a 7/2 rotation we have that

Arg/ (wHic (L))" = Arg (—i"Z,(L)) = Arg Z,(L) + @ (6.121)
b's
Next consider a path y(t) : [1,00) — C defined by
v(t) = Zo (L) = —/ e " ch(L). (6.122)
X

Writing this out in dimension n = 3 we get

() = —/Xe’m“ch(L) _ _/X (1—itw— t222 LB 3) (1 el (2L)2 . cl(é:)?’) _

; +
/){(—01%)3“2 > Z/X<t t3w63>. (6.123)

Similarly for n =1 and n = 2 we have

~(t) = —/X(l —itw)(1+ 1 (L)) = — /X(cl(L) —ftw) = — /X c1(L) +i/X tw (6.124)

and

A(t) = —/X (cl(QL)g—itwcl(L)— tQ;"2> :/X (—CI(QLV +t2w22> +i/Xtcl(L)/\w (6.125)

respectively.

If v(t) € C*, Collins-Xie-Yau defines the algebraic lifted angle 6 as the winding angle of ~(¢)
when ¢ goes from co to 1. Note that the requirement that v(t) € C* ensures that the lifted angle
is well defined, thus we need to check that this requirement is satisfied.

Let us start by analysing n = 1. In this case we have that v(t) € C*. Next looking at n = 2 we
still have v(t) € C*. This follows from that if

/ er(L) Aw =0, (6.126)
X



the Hodge index theorem tells us that

/ tw? — 1 (L)* < 0. (6.127)
X

For a statement and proof of this see [58].

In dimension n = 3, we are no longer guaranteed that (t) € C*. However Collins-Xie-Yau
showed that if we further assume the existence of a solution to the dHYM equation we can avoid
this problem.

Proposition 6.19 (Proposition 3.3 in [23] or Proposition 8.2 in [24]). Let L — X be a holomorphic
line bundle over the Kdhler threefold (X,w). If L admits a solution to the dHYM equation with a
lifted angle 6 € (m,2F), then we have the Chern inequality

(/x WS> </X CI(GL)S> <3 (/X CI(L);AW> (/X c1(L) A w2> : (6.128)

which implies that y(t) € C* for all t € [1,00). Furthermore the algebraic lifted angle equals the
lifted angle.

We will end our discussion here, however we should note that the results towards Bridgeland
stability we have reviewed here is further developed in by Collins-Yau in [24]. However even so
finding a Bridgeland stability condition corresponding to the dHYM equation would still require
a lot of further work. We have also only looked at dimensions n < 3 in our discussion. In higher
dimensions even further complication arise as Collins-Yau notes in [24].
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