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Abstract

The search for a particle candidate explaining the origin of dark matter is one of the central
goals in modern astro-particle physics. Many experiments based on different measurement
strategies are being built in an effort to detect such a candidate. In the event that a dark
matter signal is seen, it is crucial to verify the signal with other experiments. In this thesis
we explore the possibility of using a direct detection experiment to validate a hypothetical
dark matter signal seen at the Light Dark Matter eXperiment (LDMX). We consider a rep-
resentative light dark matter model with masses ranging between ~ 1 — 1000 MeV, which
are assumed to be mediated by a massive dark photon. Hypothetical dark matter signals
are simulated, both for an LDMX-type experiment and for a semiconductor based direct
detection experiment. These signals are generated for varying values of the “true" dark
matter mass m, true and dark photon kinetic mixing e¢,ye parameters, which are chosen
under thermal relic abundance constraints. Validation is achieved by using the MultiNest
Monte Carlo algorithm to estimate the marginal posterior of the m, and e parameters
given the hypothetical direct detection signal. The parameter estimate is input into the
LDMX-type simulation software and compared with that of the hypothetical LDMX re-
sult. The chi-square hypothesis test is used to conclude whether the two distributions are
consistent with a single distribution function. A conclusion is drawn regarding the amount
of exposure required for a direct detection experiment to validate a hypothetical LDMX
signal for some choices of m, true. For instance, when m, yrue = 10 MeV the threshold
exposure for validation was determined to be 0.05 kg-year.

Keywords: dark matter, light dark matter, LDMX, direct detection, exclusion limit,
experiment validation, Bayesian inference, Madgraph, DarkELF, MultiNest
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1

Introduction

Since the dawn of human inquiry, we have pondered the very nature of existence. What
are the underlying structures and laws of nature that govern our world? Perhaps the
greatest achievement of modern science on the subatomic level is the Standard Model of
particle physics (SM), which is the best experimentally verified theory for what constitutes
the smallest building blocks of the Universe. As recently as 2012, one of the final missing
pieces of the SM, the Higgs boson, was discovered at the Large Hadron Collider (LHC)
at CERN [1]. Every particle of the standard model is categorized and shown in figure

1.1.
down
c «. s
charm strange
bottom
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! electron | electron neutrino,

Figure 1.1: Categorization of all the particles in the Standard Model of particle
physics. From these subatomic particles all ordinary matter and forces, except
gravity, can be explained. We work under the conjecture that DM consists of
particles beyond the SM, and look for interactions between DM and SM particles.

The accuracy with which we can describe the subatomic world with this theory cannot
be overstated, but that is not to say that it is perfect or complete. For one thing, the
Standard Model fails completely to describe gravity, which instead is accurately predicted
by Einstein’s theory of general relativity. The mismatch between these two theories is
partly because gravity is immeasurably weak on subatomic scales and partly because
the classical theory of general relativity fails to reconcile with the theory of quantum
mechanics, which lies as bedrock to the Standard Model. Furthermore, the persistence of
experimental and theoretical anomalies, such as the hierarchy problem or the strong CP
problem, motivates a search beyond the standard model [2]. It is natural to conjecture
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that the Standard Model is the low-energy limit of a more fundamental theory' and so
we expect the existence of other types of particles that have not yet been discovered [2].
One prominent experimental anomaly that reinforces this conjecture is the unexplained
phenomenon of so-called Dark Matter (DM).

The mystery of dark matter has emerged as one of the greatest unsolved problems in
physics today. Dark matter is hypothesised as a type of matter that has only been seen
to interact with SM matter through gravitation, and so is practically invisible to all other
forces. Despite this, there is ample evidence for DM based on extensive astronomical
observations. The cosmological A-CDM model has been used with data collected during
the Planck mission to predict that dark matter makes up 5 times more of the energy-
matter density of the universe compared to regular baryonic matter [4]. The largely
unknown nature of DM phenomenology has given rise to a plethora of theories aiming to
explain the nature of this elusive type of matter. The hope is that the next particle(s) we
discover beyond the standard model will explain the dark matter anomaly.

An extensive effort is being put into experiments that aim to detect some faint non-
gravitational interaction that could be attributed to dark matter. One promising exper-
iment type are particle collider experiments built upon the beam dump setup. In these
experiments, high energy accelerated particles, usually electrons or muons, are shot at a
fixed target in the hopes of detecting DM production events. One such experiment that
is in its construction phase is the Light Dark Matter eXperiment (LDMX) being built
in the SLAC laboratory at Stanford, which has been designed by collaborators at Lund
University [5]. As the name suggests, the experiment aims to primarily probe for light
dark matter candidates, which encompasses DM masses in the range 1 MeV < m, < 1GeV
2 similarly to that of the proton and electron [6]. Up until recently, this region of dark
matter candidates has mostly been overlooked experimentally.

Experiments other than LDMX are actively being pursued with distinct measurement
strategies. Whereas LDMX is aiming to produce DM in a laboratory, direct detection
experiments look for interactions between a material and the local DM present in our
galaxy. As both of these approaches are being used for the same ultimate aim of detecting
dark matter, it is interesting to study the complementary reaches of these approaches
and how a detection signal from one experiment type could be validated with a signal
from the other. In this thesis, we will do just that by simulating hypothetical signals
for the respective detection methods and comparing them using statistical methods. We
ultimately want to use these simulations to estimate the exposure required for a direct
detection experiment to validate a hypothetical dark matter signal at LDMX.

We begin this thesis with a historical overview of dark matter, where we outline the
experimental evidence for the existence of dark matter, the most common DM particle
candidates and the methods used to search for these particles. The aim and outline
of this thesis are given in detail in Section 1.2. In Chapter 2 the theory behind the
LDMX signal is discussed and a hypothetical signal is simulated. In Chapter 3 direct
detection DM-material interaction rates are derived and used to simulate hypothetical
signals. Furthermore, a nested sampling algorithm is used to estimate the underlying
model parameters of such a signal. In Chapter 4 the direct detection parameter estimation
is projected onto an LDMX-type simulation, which is then used to validate the hypothetical
LDMX signal with a statistical hypothesis test. The thesis concludes with future outlook

!We refer that the interested reader to Ref. [3]
2Note that ¢ = 1 in natural units, so mass an energy are given in the same units
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and a summary in Chapter 5.

1.1 Overview of Dark Matter

The modern concept of dark matter is rooted in experimental anomalies that were first
observed by astronomers centuries ago. Understanding the historical unfolding of the dark
matter hypothesis is instructive in introducing the motivation behind and details of the
modern research field. In this section, we present an overview of dark matter, beginning
with the experimental evidence for its existence, then followed by a discussion of some
theoretically appealing candidates, and concluding with the methods used to search for
these candidates in the universe.

1.1.1 Evidence for Dark Matter

The concept of unseen dark objects in the sky has been a longstanding challenge for
astronomers. Perhaps the earliest known person to postulate the existence of such objects
is the German astronomer and mathematician Friedrich Bessel, who in 1844 postulated
the existence of faint unseen stars upon the gravitational behavior of Sirius and Procyon
[7]. A few years later, new planets were being proposed to explain the anomalous motion
of the known planets in the solar system. Uranus was discovered in this way. Another
proposed candidate was the dark planet named Vulcan, which would have explained the
anomalous perihelia of Mercury [7]. As we know today, Vulcan would never be found. The
gravitational behavior of Mercury has instead been explained by the arrival of a new theory
of gravity: Einsteins theory of relativity. This historically interesting fact exemplifies the
two contemporary theoretical approaches used to explain anomalous gravitational behavior
in the Universe today. One approach is to keep the gravitational theory and introduce
the existence of an unseen mass, which has led to the modern concept of dark matter.
Alternatively, one could claim that no additional matter is needed if we instead alter our
gravitational theory, which has led to the modern theory of modified Newtonian dynamics
(MOND) first proposed by Milgrom in 1983 [8]. Many astronomical observations have
been analysed to determine which of these opposing theories is most promising. Most
physicists agree that DM serves as the best explanation for these observations overall,
although the debate continues to this day [9].

Arguably the most well-known pioneer of the modern field of dark matter is the Swiss-
American astronomer Fritz Zwicky [7]. In 1933, he studied the redshifts of faraway galaxy
clusters that exhibited large variations in the apparent velocities of the constituent galax-
ies. He was the first to apply the virial theorem to these velocities to get an approximation
of the galaxy cluster mass. This calculation unveiled a significant discrepancy of roughly
one order of magnitude compared to the sum of the visible star-masses within the cluster.
A natural explanation for this discrepancy was the proposed existence of some unseen
matter, which Zwicky called “dunkle Materie": dark matter. These first calculations were
heavily limited by the inaccurate estimates of visible mass and observed parameters such
as the Hubble constant, then estimated at Hy = 558 km/s/Mpc [7], which is ~ 10 times
larger than the modern estimate of around Hy = 67 km/s/Mpc [4]. Yet, as experimental
research has progressed, galaxy cluster observations have become one of the cornerstones
of proof for the existence of dark matter.

Another way to study immensely massive astronomical objects like galaxy clusters is to
measure the gravitational lensing they give rise to. That is to say, the gravitational pull
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that an astronomical clump of mass exerts on light, as explained by general relativity,
provides an estimate of the present mass. This estimate can be compared to the visible
mass to show a similar discrepancy [7]. One noteworthy gravitational lensing experiment
is the Bullet Cluster (1E 0657-56) observation [10]. It observed the collision of two galaxy
clusters, which has provided valuable evidence of large scale structure dynamics in the
Universe. The visible intracluster plasma, unlike the invisible dark matter, is slowed down
in the collision. This can be concluded from the observation, as the visible center of mass
gets offset towards the middle of the collision, whereas the mostly dark matter based
gravitational lensing center of mass is unaffected. Modified gravitational theories (like
MOND) have been particularly poor at explaining this observation [7]. The hypothesis
that we solely need to alter our gravitational laws to explain the bullet cluster data has
been discarded with a statistical significance of 8¢ [11].

Another key part of the experimental evidence for dark matter is galaxy rotation curves.
The mass distribution of spiral galaxies can be inferred since the velocity of the stars in a
galaxy cannot be higher than the gravitational pull of the galaxy, or else the stars would
be flung away into space and the galaxy would dissipate. We expect that this behavior
should be well-described by Kepler’s third law as

/ r v(r)?r
v(r) = G]\f() < M(r) = (Cz (1.1)

where v(r) is the circular velocity of the stars, G is the gravitational constant and M (r) is
the mass of the disc galaxy at radius r. However, what measurements show is that Kepler’s
third law does not hold in this case if we only account for the visible mass in the galaxy; see
Figure 1.2. Tt is observed that the circular velocity mostly stays constant as r increases,
instead of falling as % as Keplerian motion would predict. If we accept the dark matter
hypothesis, the claim is that these galaxies are surrounded by a cloud of dark matter
that provides the gravitational force needed to hold the galaxies together, which explains
the observations well. It is important to note that the mass discrepancy observed here is
the same as for galaxy clusters and gravitational lensing. The fact that multiple physical
phenomena all point toward the same explanation provides strong scientific evidence for
the existence of dark matter.

Observations

.from starlight Obseérvations from

21 cm hydrogen

Velocity
. (km s-1)

. Expected from
the visible disk

10,000 = 20,000 ~ 30,000 40,000

Distance (light years)

Figure 1.2: A galaxy rotation curve, where the curve expected from the visible
light in the galaxy is compared with the one that is observed. Credit: Mario De
Leo, CC BY-SA 4.0 https://creativecommons.org/licenses/by-sa/4.0, via Wikime-
dia Commons.
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The last major puzzle piece used to experimentally support the existence of dark matter
is the cosmic microwave background (CMB). The CMB consists of photons emitted right
after the universe became transparent, and hence the fluctuations in its temperature give
insight into the state of the early universe. The temperature anisotropies of the CMB
have been measured with great accuracy by the Wilkinson Microwave Anisotropy Probe
(WMAP) [12]. By solving the Boltzmann equation for DM present in the early universe,
we can use these measurements to predict the evolution of the abundance of dark matter
in the universe [13]. Comparing these calculations with the thermal relic observed in
the CMB today imposes constraints on the parameter space of dark matter for a given
model. Note that these constraints heavily depend upon how DM is presumed to behave.
The commonly assumed thermal freeze-out mechanism allows dark matter to be in thermal
equilibrium with the SM in the early universe. To reconcile with contemporary abundance
observations, it is assumed that the DM decouples from the SM to a stable value of Y = n/s
where n is the number of particles and s is the entropy, which happens when the interaction
rate drops below the expansion rate of the Universe. The freeze-out hypothesis is used
to explain many popular DM candidates, such as Weakly Interacting Massive Particles
(WIMPs) and Light Dark Matter (LDM).

1.1.2 Dark Matter Candidates

During the early historical context described in Section 1.1.1 the term “dark matter”
originally referred to regular matter that was too faint for the best telescopes to see [7].
The first proposed DM candidates were astronomical objects like brown dwarfs, exoplanets,
interstellar gas and so on. As time went on and observational techniques advanced, it was
concluded that no ordinary matter could account for the DM anomaly, and so the search
had to be redirected towards some yet unidentified type of particle. This is difficult since
the only evidence that exists for dark matter is gravitational, which is immeasurably weak
at and below atomic scales. Furthermore, the theoretical bounds for the mass of a dark
matter particle are immense, ranging from less than a zeV (~ 10722¢V) to hundreds of
solar masses (~ 1098 eV) [14]. This has given rise to an abundance of theories trying to
explain the nature of DM as wavelike fields, weakly interacting particles, primordial black
holes and so on.

Standard model neutrinos were proposed as dark matter candidates since they do not
interact via the strong or electromagnetic force but instead mainly via the weak force.
This would make them a worthy contender, were it not for the fact that neutrinos are very
light particles that travel at relativistic velocities. DM candidates traveling at relativistic
speeds in the early universe are referred to as Hot Dark Matter (HDM) and candidates with
non-relativistic speeds are referred to as Cold Dark Matter (CDM). These two categories
result in vastly different formation of large scale structures in the Universe. Simulations of
structure formation show that HDM candidates are not reconcilable with observations of
current galaxy-sized structures [15]. Note that near relativistic candidates, so called Warm
Dark Matter (WDM) candidates, are still explored as a viable option [16]. Even though
the standard model neutrino does not constitute dark matter, one can still hypothesize an
unseen particle similar to the SM neutrino. These candidates are commonly referred to
as sterile neutrinos, which possibly could be the missing right-handed neutrino in the SM
[7]. The sterile neutrino would be much heavier than its non-sterile counterpart, making
it a valid CDM candidate.

Another popular dark matter candidate has its origins in the strong-CP problem. This
is an unsolved issue within the theory of quantum chromodynamics (QCD), which asks
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why the Charge and Parity (CP) violating term in the QCD Lagrangian is measured to
be very close to zero when there is no theoretical reason for that to be the case. One
promising way that this was solved is by introducing a new global U(1) symmetry, which
has a corresponding particle called the axion [17]. It was later seen that the axion also
fits as a possible DM candidate, hypothetically solving two anomalies with one theory [7].
The axion is a very light (<1eV) dark matter candidate with possible wave-like behavior.
The axion exemplifies a common trope for new DM candidates, namely that they often
arise as simultaneous solutions to multiple unexplained phenomena. Another well-known
example where this is the case are the supersymmetric neutralinos, which would solve
many problems in particle physics if proven to exist [12].

While the list of dark matter candidates goes on, the popular scenario where dark matter
originates from thermal contact with familiar matter in the early universe puts constraints
on DM mass. Weakly Interacting Massive Particles (WIMPS) is a general term for DM
particles roughly in the ~ 1 GeV to ~ 100 TeV scale, which interact via the electroweak
force [5]. WIMPs constitute a type of CDM whose self-annihilation cross section matches
that of the thermal relic targets very well if the freeze-out mechanism is assumed. Because
of theoretical motivations like this and the fact that they lie in the convenient energy range
where modern particle colliders like the LHC could probe for them, this has been one of the
most studied dark matter types. However, a WIMP has not yet been found. Theoretical
and experimental advances in recent years have allowed for a broadening of the search to
include DM candidates in other mass ranges [6]. More specifically, an extensive search is
now being made for so called light dark matter, which are CDM candidates in the mass
range between ~ 10keV to ~ 1 GeV. The mass range of interest is summarized in Figure
1.3.

Thermal DM Window

zeV GeV v v v v - My
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Figure 1.3: The possible mass scale of dark matter candidates, where the light
dark matter (LDM) and weakly interacting massive particle (WIMP) mass regimes
are highlighted. The thermal window refers to theories that assume the thermal
freeze-out scenario, which includes the LDM region considered in this thesis.

When trying to search for dark matter candidates like WIMPs or LDM, assumptions of
how the particles could interact with the SM have to be made. This is often referred
to in the literature as “portals" to DM, and the options regarding the nature of such a
portal are quite extensive [6]. One could assume that DM interacts with the SM directly
via a known mediator such as the weak force, which is a relatively simple and predictive
scenario. To get a detectable LDM model, it is often necessary to assume that there exists
some new mediator particle that interacts both with the SM and with other types of dark
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matter. These mediators can be assumed to be massive, and so they could provide part
of the mass for all dark matter. Working in these more involved scenarios has introduced
the terminology of a “dark sector" as referring to all massive or massless particles that
interact with and/or constitute dark matter®.

In this project, we use a representative model for scalar light dark matter, which is assumed
to be mediated by a heavy vector particle referred to as the dark photon, A’ [19]. This
particle would arise from a U(1) field, analogous to the SM photon, although in the dark
sector. This allows for interactions between A’ and charged particles in the SM, which are
coupled with a newly introduced kinetic mixing parameter €. We explain this model in
more detail in Section 2.1.1.

1.1.3 The Search for Dark Matter

A great deal of theoretical and experimental effort has been put into observing the particle
nature of dark matter. Although there is no guarantee that dark matter can be identified in
this way, the possibility of detection from such an experiment would provide a monumental
leap in our understanding of the Universe.

A multitude of different experiments have been and are being built to monitor certain types
of interactions with dark matter. These experiments broadly fall into three categories:
direct detection, indirect detection and production at particle accelerators. Each detection
type looks for a conceptually different interaction channel between DM and the SM, as
is shown in Figure 1.4, and so the experiments are all complementary to each other in
exploring DM model parameter space [12].

Indirect Detection

DM SM

Direct Detection

DM SM

Production at particle accelerator

Figure 1.4: An illustration of a generic particle interaction for the three dark
matter experiment methods. The four constituent particle types are the same in
each case, but the input and output of the observed interactions differ (DM=Dark
Matter particle, SM=Standard Model particle).

We discuss each experiment type in more detail below.

3See [18] for a review
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1.1.3.1 Direct Detection

If we accept the hypothesis that dark matter particles make up a halo around all known
galaxies, then they are abundant in the Milky Way. It is expected that a continual barrage
of dark matter passes through the Earth as it trails its path through the Milky Way. Direct
detection experiments try to monitor faint interactions between this shower of dark matter
particles from our local galaxy and the SM matter on Earth. The principle of a direct
detection experiment is to gather a large block of some material that is believed to have a
high interaction rate with DM, and then try to detect spontaneous reactions like scattering
events or lattice excitations in this material. Note that a natural consequence of this setup
is that astrophysical parameters like the local density of dark matter in our galaxy are
important in these experiments and contribute to uncertainties [20].

The primary interaction being considered in direct detection experiments during the ex-
tensive search for WIMPs is the scattering of a DM particle with a nucleon. This approach
is unfitting when searching for LDM with sub-GeV mass, as the energy deposited in a nu-
cleus scattering event rapidly drops below detectable limits when the DM mass is lighter
than the nucleus mass (=~ a few GeV). Instead, one has to consider other DM-material
interactions such as electron scattering, the Migdal effect, DM-phonon scattering and dark
photon absorption [21].

The experimental methodology of direct detection in the sub-GeV regime was pioneered
by Essig et. al [22]. The methods proposed to find LDM were were both additions to
existing experiments based on scintillation’s in a noble liquid, and as new experiments
based on semiconductor crystal targets. Today, examples of these experiments include
XenonlT [23] [24], LUX-ZEPLIN [25] and Darkside50 [26] that use noble liquid targets
(Xe or Ar); or DAMIC [27], SENSEI [28] and CDEX [29] that use semiconductor targets
(Si or Ge). This project uses the python package DarkELF [21] to simulate scattering
rates for semiconductor crystal type experiments.

1.1.3.2 Detection at particle accelerators

The collision of high-energy particles at accelerators produces a particle shower with the
rare chance of containing new exotic particles. Analysis of these experiments has provided
experimental verification for many particles of the standard model, and, in theory, dark
matter could be detected in the same way [12]. Dark matter would not be seen directly
in any of the detectors, similarly to the standard model neutrino, but could still be in-
ferred by accounting for the missing energy or gained transverse momentum of the known
particles.

LDMX is a fixed-target collider experiment being built at SLAC national accelerator
laboratory [5]. The proposed setup consists of a beam of 4 GeV electrons that are scattered
off of a tungsten target and then detected by electronic and hadronic calorimeters. In this
setup, the signature of dark matter production is given by incoming beam-energy electrons
that are unequivocally associated with low energy, moderate transverse-momentum recoil
and the absence of a forward going photon.

1.1.3.3 Indirect Detection

Since our study considers LDM, for which there currently is no method to search for using
indirect detection, we do not consider this detection type further in this project. Despite
its omission, indirect detection plays a key role in the search for WIMPs and so we briefly
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explain it here for the sake of completeness.

The premise of indirect experiments is that dark matter particles could decay or annihilate
with each other into detectable SM particles [12]. DM is generally assumed to be stable,
making decay exceedingly rare, and so the main process considered is DM-DM annihila-
tion. With the observed abundance of dark matter in far-away galaxies, DM annihilation
could presumably produce a flux of excess SM particles that we are able to detect. Indirect
detection involves using telescopes to search for a flux of gamma rays, neutrinos, or cosmic
rays emanating from galaxies and galaxy clusters that could be attributed to dark matter
annihilation. Examples of instruments used to this end include H.E.S.S [30], VERITAS
[31], LAT [32] and HAWC [33]. Indirect detection is uniquely useful since dark-matter
annihilation scales with the square of its density, making it more sensitive to cosmological
and astrophysical processes [12].

1.2 Thesis Outline

My, €

{ Underlying true values of }

(1) (4)
DarkELF MultiNest MadGraphb

Electron scattering
dR/dQ

Specify exposure

Missing E, | Pr|
distributions
Compare (3) and (4)

(2) | Bayesian Monte Carlo

parameter estimation

(5)
1): Hypothetical direct detection signal \L
Validation conclusion

Figure 1.5: An outline of how the three simulation tools that are being utilized in
this thesis are used in conjunction. The end goal is to reach a conclusion regarding
the validation of an LDMX signal using the parameter estimate from a direct
detection signal. The input and output of each simulation tool is briefly explained.

The central question that this thesis aims to answer is the following:

e Given that a dark matter signal is detected at LDMX, how can this signal be vali-
dated with direct detection experiments? Specifically, how much exposure is required
for a hypothetical direct detection experiment to validate or invalidate a hypothetical
LDMX signal at a 95% statistical significance?

This study involves simulating hypothetical experiment data, both for LDMX type exper-
iments using the program MadGraph5_aMCQ@QNLO [34] and for direct detection experi-
ments using the python software package DarkELF [21]. Given the hypothetical direct
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detection data, Bayesian parameter estimation will be performed with the MultiNest al-
gorithm [35-37]. In particular, a program adapted to python called PyMultiNest [38] will
be used.

In this project, MadGraph5_ aMC@NLO will be used to generate plots of the number of
signal events as a function of missing energy/transverse momentum. We will primarily
explore these distributions’ dependence on the DM mass, m,, and kinetic mixing, e,
parameters, which are chosen under thermal relic target constraints. These types of figures
will then be produced from simulated particle events in the LDMX setup, and will be
treated as the result of a hypothetical discovery signal seen at LDMX. Note that this
assumption neglects the strenuous challenge of filtering out the SM background from the
experiment signal.

DarkELF will be used to simulate direct detection LDM-material interactions. Each sim-
ulated signal is an estimate of dR/d(Q, which is the scattering rate R binned as a function
of the number of ionization electrons @ for a given parameter choice of m, and €. A hypo-
thetical experiment exposure will then be picked and used to obtain the number of events
per ionization electron bin: dN/dQ = dR/dQ) - exposure. These simulations will be used
to produce hypothetical signal data are assumed to follow Poisson distributions.

The hypothetical signal generated from DarkELF will be fitted to a likelihood that is used
as input to Multinest. MultiNest is a Bayesian Monte Carlo simulation tool that will
be used to sample the posterior distribution of the model parameters, m, and e. These
posterior samples will then be used as input to MadGraph to obtain the distribution of
missing energy and transverse momentum that we believe LDMX should see given the
DD signal. An overview is illustrated in Figure 1.5. Finally, we will apply a chi-square
hypothesis test to conclude whether the predicted direct detection distribution and the
hypothetical LDMX signal distribution can be consistent. Since the likelihood, and in turn
the posterior, depends on the exposure, we will be able to draw a conclusion about the
amount of exposure required to make a statistically significant validation of a hypothetical
LDMX signal.

10
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Simulating a Hypothetical LDMX
Signal

The goal of this chapter is to simulate a hypothetical dark matter detection signal at
LDMX. To this end, the MadGraph5_aMCQ@QNLO software (henceforth referred to as
MadGraph) is used [34].

We start by specifying a representative dark matter model that LDMX has the potential to
detect. We consider the interaction channel through which this candidate model would be
detected at LDMX and describe how these interactions can be simulated with MadGraph.
Finally, different aspects of the MadGraph implementation are discussed and the resulting
hypothetical LDMX signals are simulated and shown.

2.1 Light Dark Matter Vector Portal

We outline a representative LDM model and how an LDMX detection signal behaves for
this model.

2.1.1 A Representative Dark Sector Model

Throughout this thesis, we work with a simple dark matter model used widely in the
community for ease of comparison [14]. The considered model consists of scalar dark
matter particles x with unit charge under an abelian gauge group U(1)p. This abelian
group has a corresponding massive vector boson referred to as the dark photon A’, which
has the coupling gp = v/4map to scalar DM currents. Note that y does not couple to the
SM directly in this model. Instead, the portal between the dark sector and the standard
model is given by the kinetic mixing term o ee that arises between the dark photon A’
and the conventional photon ~.

The Lagrangian for the considered model, with currents given in the mass eigenstate basis,
can be written as

L= Lon— 2P, T
where F’ uv s the field strength tensor of A’,, analogously to in QED, and Jp,, =
> Qrfy*f [6]. We consider the case of scalar elastic dark matter, where .J B o=i(x*o"x —
xO*x*). This is the simplest way of formulating the dark sector we have discussed, where
we notably get a DS portal from the kinetic mixing term eeA’, 2 QM

AL A — A (e Tty + gpTh) (2.1)

We assume specific benchmarking values for two of the model parameters. Firstly, the x —

2
A’ coupling, represented as ap = % in analogy with electromagnetism, is set to ap = 0.5.

11
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Secondly, the mass ratio between A’ and  is set to % = % These values are conservative
choices for benchmarking [14]. Setting ap larger corresponds to stronger experimental
sensitivities, i.e. a less constraining exclusion limit, and setting either ap or % smaller
similarly overstates the exclusion of thermal relic DM [39]. If these parameters are set too
high, it violates unitarity and breaks the consistency of our model !. Furthermore, these
conservative benchmark choices have been used in previous studies of LDMX [5, 6], which
we want to stay consistent with.

It is important to consider the extent to which the model choice limits the general appli-
cability of our conclusions. The benefit of using this model is that it represents a large
group of detectable LDM models [6]. Even in the case of a vastly more elaborate dark
sector, the kinetic mixing portal, or something resembling it, would often still be present.
This simple scenario is also a self-contained, renormalizable theory of dark matter [41].
Note that for the considered model with a vector mediator, the model parameter space has
mostly been ruled out for visible dark photon decay [6]. Contemporary DM experiments,
including this LDMX study, instead consider the mostly uncharted scenario of invisible
dark photon decay.

For an experimental study of LDM, the candidate model needs to be detectable in an
LDMX-type experiment and at the same time be consistent with constraints from the
CMB. As was previously discussed in Section 1.1.2, the scenario that is commonly proposed
to resolve this is the hypothesis of a freeze-out. Here, it is proposed that DM is in thermal
equilibrium with the SM in the early universe and later, when the interaction rate drops
below the expansion rate of the Universe, the equilibrium cannot be maintained and the
particles decouple. This implies that the model parameters, m, and ¢, are constrained to
points in parameter space where the thermal relic abundance in the freeze-out scenario
matches that of experimental CMB data. The derivation and simulation of such thermal
relic targets is omitted from this study 2. We instead use previous thermal relic results
adapted from Figure 5 in Ref. [5]. The constraint from these thermal relics simplifies our
study as every value of m,, is required to have a single appurtenant value of €.

Every detail of the model we have specified here will be incorporated into the LDMX simu-
lations in the following sections. We will also implement the same model when simulating
a hypothetical direct detection signal in Chapter 3 to remain consistent.

2.1.2 Dark Bremsstrahlung at LDMX

LDMX is a proposed fixed target accelerator experiment that, in its first phase, collides a
4 GeV electron beam with a tungsten target [5]. To infer the production of dark matter,
the energy and transverse momentum of recoiling electrons are detected via calorimeters.
The main process of interest is the dark bremsstrahlung process, e Z — e Z A’, where
the production of a dark photon, A’, has a noticeable impact upon the recoil electron.
Following this, an analytical formula is presented for the differential electron scattering rate
of this process. Note that this result is not what the MadGraph software uses, as it instead
relies on involved calculations and Monte Carlo event generation to estimate integrals
for the particles and vertices of the process. Nonetheless, it is useful to derive these
approximate analytical relations to get a physical intuition for the process at hand.

Dark photons may be generated in electron-nucleus scattering events analogous to the

!See Ref. [40] for details on this unitarity violation
For details, see Refs. [13, 42]
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conventional bremsstrahlung process. The Feynman diagram for this process is shown in
Figure 2.1. The differences compared to conventional bremsstrahlung are that the dark
photon, A’, is coupled to the electron as e and that A’ is massive. Note that the scalar
DM particle, x, only interacts with A’ and itself, and that we assume that A’ annihilates
into an invisible pair of .

A/

A 4

Z A

»
|

Figure 2.1: The Feynman diagram for dark bremsstrahlung. An incoming elec-
tron, e, is scattered of a nucleus, Z, (tungsten in the case of LDMX) and a dark
photon, A’, is created in the process.

This process can be accurately estimated in the Weizséacker-Williams (WW) approxima-
tion, as we show in Appendix A. In essence, the WW approximation treats the nucleus as
a cloud of electrons that the incoming electron scatters off of. Under this approximation,
an incoming electron with energy Ej has the following differential cross section to produce
an A’ [43]

do 8720 *Ejx 22 (1 —x)m? (Egx0a)

R L 1-— —) -
dxdcos(64r) U? 0g > |(1—w+ 2) U?

(2.2)

where E4 = xzFEy, Z is the atomic number (74 for tungsten), and 6 4/ is the angle between
A’ and the incoming electron in the lab frame. Log ~ 5 — 10 (not to be confused with
the logarithm operator) depends on the dark matter mass, kinematics, atomic screening
and nucleus size 3. The virtuality of the intermediate electron, U, is given by U(z,04/) =

E3x60%, +m?, L + mla.

A significant consequence of Equation (2.2) is that
Z203¢?
N x 0 x 5 (2.3)

mA/

where N is the number of events produced in the experiment [43]. This notably implies
that N o €2, which will be of crucial importance in Section 2.2.3.

2.2 Running MadGraph

MadGraph5_aMC@NLO is a thoroughly developed meta code that automatically gener-
ates matrix elements for high-energy physics processes [34]. In MadGraph5_aMC@NLO
(MadGraph), the MadGraph5 software [44] is used in tandem with the MadEvent package
(among others), which uses Monte Carlo techniques to achieve event generation and calcu-
lation of cross section for the specified process. The user specifies a certain particle collision

3See Ref. [43]

13



2. Simulating a Hypothetical LDMX Signal

process. MadGraph then generates all Feynman diagrams for the process and outputs the
code necessary to evaluate the matrix element at a given phase space point. These matrix
elements are evaluated by utilizing helicity wavefunctions and amplitudes.

In the first part of this section, the previously described DM model is incorporated into
the MadGraph program. MadGraph is then run to produce histograms that constitute
a hypothetical LDMX signal. Next, we outline a method that is implemented to rescale
the simulated MadGraph distributions to a physically meaningful total number of events
corresponding to the LDMX setup. Finally, we discuss the role of uncertainties in the
simulated histograms.

2.2.1 Incorporating the Dark Matter Model into MadGraph

The MadGraph software contains the particles of the SM by default. We also need to add
the dark matter particles of interest, namely the dark photon and the scalar dark matter
particle. Additionally, the scattering process in LDMX includes a tungsten core, which
is made up of SM constituents that are held together by non-trivial QCD interactions.
These are theoretically and computationally very difficult to model and implement, so we
further introduce a new particle to serve as a simplified approximation of the tungsten
nucleus in the LDMX setting.

MadGraph has a framework intended for adding new models beyond the SM, which is done
through compatibility with so-called UFO files [45]. These can be generated by the user
and include the vertices, new particles, parameters and couplings required to calculate
the Feynman rules for the given model. An approximate tungsten core particle is added,
which is modeled as a fermion with spin 1/2, an energy equal to the tungsten mass of
171 GeV and an elementary charge of A = 74. The dark photon, A’; is added as a spin 1
particle with variable mass. A scalar dark matter particle corresponding to y is added as
the invisible product of dark photon decay.

New vertices are explicitly added to model the interactions arising from our DM model.
To simulate the bremsstrahlung process of interest, as displayed in Figure 2.1, we need
the vertices for tungsten-photon, A’-SM fermion and A’-DM. These vertices include new
parameters of relevance, like the A’-SM fermion portal vertex, eefy* f A’, which introduces
the kinetic mixing parameter e. The A’-DM vertex is also straight-forward to add and has
the coupling ap = 0.5. A form factor is also implemented to model the tungsten-photon
vertex accurately. The form factor essentially describes how the behavior of the nucleus
differs from that of a point-like particle. We describe this as the sum of an elastic and an
inelastic component, Gg ¢(t) + G2in(t), which are given by [43]

Goalt) = ot 2( ! )222 (2.4)
2T\ T+a2t ) \1+t/d '
2
g \? (1 D
Cain(t) = ( ) z Z (2.5)
1+a”t (1 + grrgev)*

where d = 0.164 GeV2A~2/3 4 = 111273 /m,, o' = 773Z272/3 /m,, my, is the proton mass
and p, = 2.79GeV. t = —q? where ¢ is the difference between the initial and final four-
momentum of the nucleus, ¢ = P; — Py 4. The elastic form factor, G'2,61(t), dominates for
most m 4 we consider, although it is suppressed for larger masses where the inelastic form

4See Appendix A for more details
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factor, G in(t), dominates instead [43]. The inelastic term holds to a good approximation
when t/m% is small, which is the case here.

2.2.2 Recreating LDMX results

MadGraph is used to generate events for the dark bremsstrahlung process, e Z — e Z A'.
The detection of this dark photon process is inferred from studying the outgoing recoil
electron. We primarily consider the missing energy, F., and transverse momentum, |Pp|,
of recoil electrons in alignment with the LDMX setup. The resulting number of gener-
ated events is displayed as histograms in terms of the observable recoil electron variables,
N(E.), N(|Pr|); see Figure 2.2. These distributions are used to represent the hypotheti-
cal dark matter detection signal at LDMX. To produce these figures, we have generated
Nyrg = 10* dark bremsstrahlung events for the collision of a 4 GeV electron beam with
a fixed tungsten target. The dark photon mass dependency of these distributions is also
explored, as they are produced for m 4 = 10, 100, 200, 500, 1000 and 1500 MeV.

Electron |P7| Distributions
Electron Recoil Energy Distribution 10 £ Ma=10 Mev

£ Ma=100 Mev
1 Ma=200 MeV
10~ 1 Ma=500 MeV
£=1 Mx=1000 Mev
=1 Ma=1500 MeV

10 b ...,

00 01 02 03 04 05 06 07 08

00 05 10 15 20 25 30 35 40 |Pr| [GeV]
E. [GeV]

[ Ms=10MeVv

[ Ma=100 MeV
[0 Ma=200 MeV
[0 M4=500 MeV
[0 Ma=1000 MeV
[0 Ma=1500 MeV

Event Fraction
5
Event Fraction
IS

(b) Recoil electron transverse momentum distri-
(a) Recoil electron missing energy distributions. butions.

Figure 2.2: Distributions of the missing energy and transverse momentum of the
recoil electrons in an LDMX-type experiment. These plots are generated from a
MadGraph simulation and are intended to reproduce the result of Figure 10 in Ref.
[5]. The electron beam is simulated with an energy of 4 GeV and a tungsten target,
which corresponds to phase 1 of LDMX.

Notice that the y-axis in Figure 2.2 is normalized to the fraction of events rather than
the full event count. This is because the scale of these plots is not of interest yet and
simply follows the arbitrary choice of Ny = 10* that has been made. Each distribution
needs to be rescaled to correspond to that of the physical process, which is done in Section
2.2.3.

2.2.3 Imposing Kinetic Mixing upon MadGraph Simulations

The resulting distributions of MadGraph simulations, as is seen in Figure 2.2, are tailored
to the number of events that the user picked. Recall that we use Ny = 10%. This is useful
to guarantee a satisfactory number of events for the intended accuracy, but problems arise
with physical interpretation. The kinetic mixing also gets fixed to some unknown value,
because N is fixed in this distribution. In the later comparison of Chapter 4 it is imperative
that we have the ability to impose a certain kinetic mixing upon the distribution. It is
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therefore relevant to discuss how the resulting MadGraph distributions can be rescaled to
impose a certain kinetic mixing.

2.2.3.1 Total Number of Events in LDMX

For a generic particle accelerator counting experiment with signal and background events,
the number of final states produced in the experiment, Nx, is given by [46]

NX _ Ncandidate - Nbackground7 (26)
n

where 77 = Nge1/Ngen is the experiment efficiency. Note that our simulations assume that
the background has already been dealt with, and so we only consider Ny, = Neandidate —

Nbackground .

The cross section of the process, ox, is defined such that
NX = ¢0-X7 (27)

where the flux, ¢, is the number of collisions per unit time and surface. To determine the

cross section we rewrite Equation (2.7) as ox = NTj(, and we also integrate these over time

to get the relation
NX Nexp

ox = = .
Jodt  n [ dt
For collider experiments, [ ¢dt = [ Ldt, which is known as the integrated luminosity. The

integrated luminosity is conventionally referred to only as the luminosity and is denoted
L for convenience. Using this notation, we rewrite Equation (2.8) as

(2.8)

Nexp =oln. (29)

Studies of the LDMX setup use benchmark values for the integrated luminosity and ex-
periment efficiency, namely L = 4 x 1014 EOT (for phase 1) and = 0.5 [5]. Note that
these are approximate estimates that do not fully incorporate background processes and
dependencies on parameters.

The Electrons On Target (EOT) unit of the integrated luminosity is related to cm™2 as L =
EOT x T x N, where T is the target thickness assumed to be 0.1% Xg = 0.035cm and N is
the number density that for tungsten is given by N = p(W)/m(W) = (19.3g/cm™?) /(3 x
10*22 g) = 6.4 x 10*2cm 3. So the integrated luminosity is L = 4 x 10"EOT = 4 x 10 x
2.24 x 10*! cm™2 = 8.96 x 10%cm 2.

2.2.3.2 Rescaling MadGraph Generated Distributions

We want to rescale the arbitrarily chosen total number of events, Nj;g, to impose a kinetic
mixing parameter corresponding to that of the thermal relic target constraints. This is
applied manually to the generated MadGraph distributions by using Equation (2.9). This
formula can be used to calculate what the total number of events should be for the imposed
kinetic mixing, which can then be used as a reference to rescale the distributions. The
number of events in bin 7 is related to the number of events that MadGraph has generated
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in the same bin as

Nimposed o; aLi d"i d

pose imposed/imposed!limpose

N’i,imposed(E) - NZ,MG<E)7 - i,MG(E) -
Ny Ny

2
€ sed
OMG—F °;e LipymxnrLpmx
Tre

— N, E
z,MG( ) NMG
In practice, a MadGraph run is first performed to calculate opg for a reference kinetic
mixing epof. For the MadGraph simulation of interest, the rescaling factor, r, is then given
by
_ Nref 612m2pose (210)
NMG Eref

r
where Nyof = omeLipMmxiLpmx, Nag is the amount of samples specified by the user in

the MadGraph run of interest and eimpose is the kinetic mixing we wish to impose upon
this run.
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Simulating a Hypothetical Direct
Detection Signal and Estimating
its Parameters

In the initial sections of this chapter, we simulate a hypothetical dark matter signal from
a direct detection experiment using a semiconductor target. First, we formulate the scat-
tering rates of direct detection processes for the considered model. The DarkELF [21] is
then used to simulate these interaction rates, and hypothetical signals are generated for
different experiment exposures.

In the later sections of this chapter, we discuss statistical Bayesian inference methods with
the end goal of estimating the model parameters of the generated hypothetical DD exper-
iments. The MultiNest algorithm [36] is used to perform this parameter estimation.

3.1 Light Dark Matter Interactions in a Dielectric Mate-
rial

The DarkELF package provides a calculation tool for the interaction rates of light dark
matter in dielectric materials. This includes several interaction processes such as electron
scattering, the Migdal effect, dark matter-phonon scattering and dark photon absorption
[21]. In this section we discuss the first two extensively, as both play a role in the mpy; ~
1 — 1000 MeV range that LDMX is interested in. The latter two processes are shown to
be relevant at the vastly different DM mass scale of ~ 0.1 — 10 eV, and so these processes
are not considered further in this project.

These processes are applicable to many different models, including the dark photon me-
diated scalar dark matter model presented in Section 2.1.1, which is used throughout this
thesis.

3.1.1 Electron Scattering

One of the underlying formulas used by DarkELF is one that expresses the electron scat-
tering rate in terms of the Energy Loss Function (ELF) and other well-known parameters.
This is a useful relation since the scattering rate is one of the main observables of the
scattering process and since the ELF can be evaluated as

ELF = Im [ (3.1)

@B
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where e(w, k)! is the longitudinal dielectric function that depends on the energy, w, and
momentum, k of the incoming DM particle. The dielectric function is an extensively stud-
ied material property that has been measured for various materials [47]. This approach is
computationally inexpensive as the bulk of heavy calculations are either precomputed us-
ing time-dependent density functional theory (TDDFT) or avoided by fitting experimental
data to a Mermin oscillator model.

For the vector dark photon model being considered here, the Hamiltonian of a direct
detection electron scattering event is given by

H = g, A'xx + geA'n. (3.2)

In this case, the scattering of dark matter can also be written using the so-called dynamic
structure factor, S(w,k). This is useful since it treats the incoming dark photon as a
perturbation in the electron number density, n(r,t), which allows for the use of linear
response theory to formulate the susceptibility, y(w,k)?. Furthermore, the susceptibility
is directly related to the dielectric function and can also be related to the structure factor
by using the fluctuation-dissipation theorem. Taking all of this together, we obtain the
relation )

_ k 1_ T -1 )

2l — e P N e(w, k)

S(w, k) (3.3)
where 5 = 1/T is the inverse temperature and « is the fine-structure constant. Equation
(3.3) is a well-known result in condensed matter physics [47].

To extract the DM-electron scattering rate, we consider dark matter coupling to the
electron density perturbation through the mediator A’. Applying Fermi’s golden rule
in this context and then using Equation (3.3) yields the final DM scattering rate in units
of the number of counts per unit of exposure as

1 py Oem d*k dw 1
R=—2=5 e—/d?’ / K\ Fpy (k)2 | =~
prmy 2o ] C) | ok Epm BRI [ o

x 1 { -1 }5 + K k
m|——— w+——k-v
€(w,k) 2my,

n:l’f:?;e, pr is the target density, m, is the dark matter mass, p, is the local

DM density taken to be =~ 0.4 GeV/cm? and f,(v) is the DM velocity distribution in
the galaxy that is taken to correspond to the Standard Halo Model with vese = 500 km/s,
velocity dispersion vy = 220km/s, and Earth velocity v, = 240 km/s. Note that these
astronomical parameters have measurement uncertainties that we neglect.

(3.4)

where fiye =

The effective scattering cross section, o, is defined as [48]

5 — Mooy _ 16mpeactap (3.5)
raZm? + 2?2, + aZml)?

where ap = 0.5, ¢ is the kinetic mixing and m s is the dark photon mediator mass, set
to mas = 3m,, in this project. Equation (3.5) can be used to relate o, and e, which are

'The dielectric function, ¢(w, k), is not to be confused with ¢ that denotes the kinetic mixing.
2This is not to be confused with the scalar DM particle also denoted by . Unfortunately, it is difficult to
use clearer notation for a project that branches over multiple research field
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often used interchangeably in the literature?.

Fpyi(k) is the dark photon form factor given by

a2mg + ma/

Fpm(k) =
k2 + m124/

: (3.6)

which describes how much the nucleus in the material differs from a point particle. In the
massive mediator regime, where a?m? << m124, and k% << mj%‘,, the form factor simplifies
to Fpm(k) = 1. In the massless mediator regime the form factor instead simplifies to
Fpoum(k) = o®m?/k?. This project will predominantly work under the massive mediator
regime.

The simulations we perform with DarkELF evaluate Equation (3.4) by estimating the ELF
and computing the integrals. The most important takeaway from this equation is how the
scattering rate R depends on the dark matter mass, m,, and kinetic mixing, ¢, since these
are the main parameters of interest in this study. A full proof of Equation (3.4) is given
in Appendix B and was also formerly derived in [47].

3.1.2 The Migdal Effect

A commonly considered DM interaction process in a material is that a DM particle scatters
off of a nucleus. For DM in the WIMP mass range, the dominant process is DM-nucleus
scattering, but the likelihood of this process plummets when m, is below the mass of the
nucleus ~ 1GeV. At these LDM mass scales another effect is significantly more probable to
occur, namely the so-called Migdal effect. The Migdal effect describes how a DM particle
can interact with a nucleus, whereby the nucleus is excited enough for one or more of
its electrons to “shake off" [49]. This process can be detected through the emission of an
electron, just like electron scattering. Thus, both of these processes contribute to the same
type of detection signal.

The scattering rate of LDM via the Migdal effect in a dielectric material is given by the
following formula [49]

8272, aA%p, o dBay [ Pk 1 1 1
—_ on n d3 /d / / - -
i MNT 2, / ofx(v) [ de 2m)? ) 2r)3k? |w— % w

2

(3.7)

x Im { } \Fpam(pi — py) 2| F(pi — Py —an — k)|?0 (E; — By — Ex — w)

-1
e(w,k)
where A is the mass number of the element, my is the total mass of the nucleus and ji,, is
the DM-nucleon reduced mass. o, is the DM-nucleon reference cross section that is used

to parametrize the reach. The form factor |Fpas(p; — py)|? is here given by
2 2
g5 +my
F =0 3.8
DM(Q) q2 + m124l ( )

where qo = m,vp.

3Notice that the conversion from &. to e requires a peculiar change of variables, since &, is given in units
of cm? and m is given in units of éV. Heuristically, we know for a photon that E = hv = hck where F
is the energy in eV and k is the wavenumber given in cm?. Using hc in the appropriate units (in natural
units ¢ = 1 and h = 2n/i = 27), we get the conversion factor 1eV = 8065.54 cm?.
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Employing a full quantum treatment to derive Equation (3.7) is lengthy and technical,
so we refer the reader to [49] for these details. The importance of Equation (3.7) in
this project is that it is the primary formula that the DarkELF package uses to study
the Migdal effect [21]. As with electron scattering, DarkELF estimates the ELF with a
specified method and then evaluates the integrals to get the rate.

We only consider the Migdal effect in a range of m, values between ~ 30 MeV and ~ 1 GeV.
Above m, ~ 1GeV nuclear recoil dominates as we enter the WIMP regime. The impulse
approximation that is used to derive Equation (3.7) breaks down below ~ 30 — 50 MeV
as the wavefunction of the ion in the crystal must be accounted for in this regime. This
occurs because the DM-nucleus collision at these energy scales is of the same order of
magnitude as that of phonon excitations in the crystal [21]. One would need to consider
multiphonon processes to account for this, which lies beyond the scope and focus of this
project.

The resulting cross section of a Migdal interaction scales proportionally to the reduced
mass squared. Additionally, if we recall Section 2.1.1, the vector dark photon has a
coupling x ee with the SM photon and by extension all charged particles. As such, the
dark photon scattering off a nucleus with Z protons has an additional factor Z? in the cross
section. Thus, for the model considered here with scalar LDM and a vector A’ mediator,
we have the relation [50]

Hn
e
Putting this equation together with Equation (3.5) is useful as it lets us relate the cross
section to the kinetic mixing, £, which is an important parameter of study in this the-
sis.

on =Z%0,, on=o0 (3.9)

The Migdal scattering rate is highest for semiconductor-based experiments such as SEN-
SEI [28] or DAMIC [27], which is the case considered here. The primary alternative where
the Migdal effect occurs is via scintillation and ionization in noble liquid experiments such
as XENONI1T, which are useful for studying the WIMP regime but are poorly favoured
in an LDM comparison [51]. This is primarily the case since the band gap of a semi-
conductor is roughly 10 to 20 times lower than the ionization threshold in liquid Xenon
[48]. Furthermore, semiconductors allow for electronic excitation processes rather than
just atomic ionization, which gives more potential for LDM detection [49]. We will see
from our simulations in Section 3.2.1 for which ranges of m, the Migdal effect dominates
over electron scattering and vice versa.

3.2 Running DarkELF

The DarkELF package is used to compute the integrals in Equations (3.4) and (3.7). We
also compare the exclusion limits in Section 3.2.1 to conclude which processes and materials
are most relevant for the validation of LDMX. This yields the hypothetical direct detection
signal that is shown in Section 3.2.2.

A prerequisite to these simulations is acquiring the ELF that Equations (3.4) and (3.7)
rely on. The DarkELF package provides several options for this. These are the Lindhard
and Mermin methods, which are simplified material models fitted to experimental data,
and the GPAW method that uses precomputed results from TDDFT calculations [21]. We
found that the most accurate and reliable method for extracting the ELF in the context
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of this thesis was the GPAW method, and so this is what is used in the simulations below.
The data used for the GPAW ELF is acquired from [52] and [53].

3.2.1 Exclusion Limits

We construct an exclusion limit under the assumption that neither DM nor background
events have been observed in an experiment with a certain amount of exposure. Assuming
that the sampling follows Poisson statistics, we can construct a 90% certain exclusion
limit using nevents = 2.3 samples. The rate of the process, R(0), is determined for a given
reference cross section, o,.¢. Concretely the exclusion limit is thus given by

Oref X 2.3

exclusion limit = (3.10)

R x exposure

We construct exclusion limits for a range of dark matter masses, where we use o as the
y-axis and m,, as the x-axis. These exclusion plots should be interpreted as us being 90%
sure that, given the lack of detection in a given process with a given exposure, the DM
parameters do not lie above the estimated exclusion limit line.

In Figure 3.1 exclusion limits of our DarkELF simulations are displayed alongside the
projected exclusion limit for LDMX. The thermal relic abundance target for our model is
shown, on which the true DM parameters must lie if the model is assumed to be correct.
We have also included the current exclusion limits set by various experiments such as
DAMIC [27], XenonlT [23] [24], SENSEI [28] and DarkSide50 [26]. This comparison is
made for scalar dark matter with a vector (kinetic mixing dark photon) mediator. Note
that we use my = 3m, and ap = 0.5 to match the assumptions of the MadGraph
simulations, which is motivated in Section 2.1.1. Every direct detection experiment is
taken in the massive mediator regime.
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Figure 3.1: Various exclusion limit curves for scalar dark matter with a massive
vector mediator. The results from DarkELF calculations using electron scattering
(blue lines) and the Migdal effect rates (red lines) are shown and compared using
a hypothetical exposure of 1kg-year. Various experimental exclusion limits are
included here for reference. These are the currently available experiment limits of
DAMIC [27], XenonlT [23] [24], SENSEI [28] and DarkSide50 [26]. Note that these
direct detection experiments all have different exposures, most only with some tens
of g-days.

The point of Figure 3.1 is to compare the exclusion limit of electron scattering and the
Migdal effect with that of LDMX. This allows for a discussion of which process is most
relevant for validating LDMX for relevant regions of parameter space. Recall that the
Migdal effect is expected to dominate for higher masses, whereas electron scattering is
dominant for lower masses. This agrees with the DarkELF simulations in Figure 3.1 where
the Migdal effect starts dominating over electron scattering at roughly ~ 30 — 100 MeV.
The various experiments in the figure also agree with this principle. Note that in the light
mediator regime, which is not relevant for the model we consider, DM-electron scattering
dominates for the entire mass range [54]. We conclude from Figure 3.1 that electron
scattering is the most relevant process to consider for validation of the LDMX signal. As
such we do not consider the Migdal effect when generating the hypothetical signals in
Section 3.2.2.

Let us remark why our Migdal simulations are cutoff in Figure 3.1 for masses below 50 MeV.
The DarkELF simulation of the Migdal effect relies on the impulse approximation, which
treats the recoiling ion wavefunction as a plane wave. This approximation is valid as long
as Ex >> wpp, where @y, is the average acoustic phonon frequency in the crystal [21].
Roughly this lies at several tens of MeV for most materials. This makes it necessary to
cutoff simulations below ~ 50MeV, as the simulation accuracy deteriorates significantly
below that point. Note that it is possible to estimate the rate more accurately below this
point by considering multiphonon processes.
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3.2.2 Differential Scattering Rate

Proceeding from the electron scattering rate given in Equation (3.4), we can evaluate the
differential scattering rate, dR/dw, by simply moving dw to the left-hand side. It is also
useful to bin w in terms of the number of ionized electrons, ), and evaluate the differential
scattering rate as dR/d@. This yields a discrete distribution where each detected event
is binned according to the number of e"e™ pairs it created. This function is available in
DarkELF for Si and Ge, which are the target materials that are considered in this project
[21]. Note that in-medium screening effects automatically are included in the DarkELF
calculations (using withscreening=True).

Figure 3.2 shows representative results of the differential electron scattering rate dR/dQ
binned as a function of the number of ionized electrons @) for DM masses m, = 10, 50, 100,
and 500 MeV. Excitations are limited to a maximum of 10 @ bins in order to avoid the
computational costs associated with the higher-order excitations that have a negligible
contribution. This may contribute to approximation errors, which are notably more rele-
vant for higher m,.

10% 4

[

m,, = 10 MeV

dR/dQ [counts/ke-year]

W8] T M= 50 MeV
— m, =100 MeV
— m, =500 MeV
1 2 3 4 5 6 7 8

Figure 3.2: Differential electron scattering rate, dR/dQ, of dark photons inter-
acting with a silicon material. The rate is binned in terms of the number of ionized
electrons, @, and the first 10 bins are calculated. It is apparent that the form of
this distribution depends on the dark matter mass.

Simulations of the kind shown in Figure 3.2 are used as the basis for the hypothetical
direct detection signal. The rate is converted to count as dN/dQ = exposure X dR/dQ
where we sweep over many values of exposure for comparison. Furthermore, we introduce
artificial experimental errors, since we want to treat % as a hypothetical direct detection
signal. These errors are assumed to follow Poisson statistics, as is known to be the case
for counting experiments. For each bin, IV;, we take the hypothetical result as a random
sample from the distribution Poi(N;). The theoretical mean of this Poisson distribution
is IV; and the standard deviation is v/N;. This means that the relative errors of the
signal samples decrease as N; gets larger, which is the case for a smaller DM mass* and
for higher experiment exposure. The fact that these statistical errors decrease as the

experiment exposure increases will be crucial for the analysis in Chapter 4.

4This is true up to the point of ~ 4 MeV, as is seen in Figure 3.1
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3.3 Parameter Estimation with Bayesian Inference

The goal in many fields of research is to produce experimental data that can be used
to refute or confirm the current models of the underlying physics. Most particle physics
experiments count interaction events at an accelerator, which requires a fundamentally
stochastic treatment. The otherwise very useful frequentist methods, such as null hypoth-
esis testing, can often be insufficient in these contexts as the statistical uncertainties are
hard to incorporate with frequentist metrics [46]. The methodology of Bayesian statistics
provides a natural way of performing a statistical analysis while also including uncertainties
independently of their nature [55]. Numerical Monte Carlo methods have become popular
for addressing the general problems of parameter estimation and model comparison.

In this section, we switch focus from generating the hypothetical DD signal to analyzing
it using Bayesian statistics. We begin with providing a focused introduction to Bayesian
inference and the associated methods that will be used in this thesis®. Thereafter, we
discuss our implementation of the MultiNest algorithm, with the end goal of estimating
the underlying DM model parameters, m, and €, of the DD signal.

3.3.1 Bayes Theorem

The two most widely used approaches in the statistics field today are frequentist and
Bayesian statistics. These two disagree on a fundamental level: frequentist statistics
defines probabilities in terms of frequencies of outcomes, whereas Bayesian statistics defines
probabilities as a degree of belief. For instance, the frequentist approach describes model
parameters as fixed true values that become apparent in the limit of infinite samples,
whereas the Bayesian framework views model parameters as random variables that are
described by some probability density function (PDF).

The core of what makes the Bayesian approach useful is Bayes theorem. Bayes theorem
follows from the standard axioms of probability theory and states that
P(B|A)
P(A|B) = P(A)———= 3.11
(AIB) = P(A) 5 (3.11)
where P(A) and P(B) are unconditional probabilities of events A and B occurring, while
P(A|B) is the probability of A occurring given that B already has occurred [57].

The common procedure is to consider a model, M, with independent model parameters,
0, and a newly collected set of data, D. In this very general scenario, we can formulate
Bayes theorem as

P(D|0,M)P (6| M)

P(DIM)

where P(0|D,M) = P(0) is the posterior, P(D|0,M) = L(0) is the likelihood, = 7(0) is
the prior and P(D|M) = Z is the Bayesian evidence [57]. The likelihood incorporates
how the theoretical model describes the data, whereas the prior incorporates our previous
knowledge of the model parameters.

P(6|D,M) = (3.12)

The choice of a prior is often ambiguous as it depends on the information the user has
and deems relevant. This subjectivity is usually used as a critique of Bayesian methods,
although it can also be found in the assumptions of frequentist methods [58]. For instance,
the maximum likelihood estimator implicitly assumes a uniform prior, which in many

5See Refs. [56, 57] for extensive reviews
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cases contains less information than what is available. In contrast, the Bayesian approach
provides a natural way of incorporating assumptions and previous knowledge in a rigorous
way. The frequentist approach is much more restricted in this sense, yet it has its own
virtues in terms of ease of use and computationally inexpensive metrics.

3.3.2 Parameter Estimation

The posterior Probability Density Function (PDF), P(6|D,M), as defined in Equation
(3.12), encapsulates an estimate of the degree of belief for the parameters, 6, of a certain
model, M, given our prior knowledge about the model and the information contained in
the data, D. In other words, [, P(0|D,M)df yields the probability that the true values
of 0 lie within the region R. Explicitly, the following formula based on Bayes theorem is
used to evaluate the posterior:

P(D,M|0)P(6)

POIDM) = 5500 Moy Po)ao

(3.13)

We are often not interested in all the parameters of our complex model but want to focus
on a few key parameters. The uninteresting nuisance parameters, 1;, can be integrated
out, which is a process called marginalization [57]

Poarg (01, - - 00| DM) o /dqpl e dbm P(1, . .. bu| DM). (3.14)

The marginal posterior allows for more comprehensible representations as the number of
dimensions can be reduced to np = 1,2,3 where visual representation is possible.

3.3.3 Model Comparison

The role of the evidence, Z, can vary drastically depending on the problem. In parameter
estimation, since Z does not depend on the model parameters, it only amounts to a
constant factor that can easily be incorporated by normalizing the posterior. In model
comparison, where one aims to select between a set of competing models, the evidence
plays a crucial role. In fact, the evidence is the main component that needs to be computed
in these cases [57], since two model hypotheses are compared using the ratio

P(H3|D)  P(D|Hy)P(Hy) — Z,P(Hs,)

= = . 3.15
(D) ~ P(D|HP(H) ~ Z:P(H) (3.19)

The evidence can be evaluated using the formula
zZ- /E(d|9,M)7r(9|M)d0. (3.16)

One of the strengths of Equation 3.16 is that it naturally incorporates Occam’s Razor:
a model that has unnecessary extra parameters is disfavoured due to its larger evidence
compared to a simpler model with a more compact parameter space [59].

3.3.4 Monte Carlo Simulation

The difficulty with employing Bayesian methods in practice is the evaluation of multidi-
mensional integrals over the parameter space of a model, which is needed for the Bayesian
evidence (Equation (3.16)) and the posterior (Equation (3.13)). Many numerical methods
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have been employed to approximately sample these posteriors efficiently, and chief among
them are computational algorithms based on Monte Carlo sampling.

In essence, Monte Carlo methods exploit the fact that the statistical behavior of a moving
point will eventually pass through every possible location in an ergodic system [56]. This
means that a computer that can simulate enough functional computations from a point
moving in parameter space will yield a good approximation to the underlying function. If
the points of parameter space are sampled in a systematic way and computed using the
integral result in each step, then the entire posterior landscape can be evaluated to a good
approximation after a sufficient number of samples.

There are many ways of realizing this fundamental Monte Carlo behavior in a practi-
cal sampling algorithm. The most popular choice today is Markov Chain Monte Carlo
(MCMC), which uses “walkers" that explore points in parameter space by proposing a
stochastic step in each iteration and accepting the new point as a sample with a proba-
bility proportional to the likelihood [60]. In this thesis, we will use a more recent Monte
Carlo method based on nested sampling, which is discussed further in the following sec-
tion.

3.3.5 Nested Sampling

Nested sampling algorithms are a type of Monte Carlo method that were first proposed
by John Skilling in 2004 [61]. The appeal of these algorithms lies in their potential to
provide a more accurate and computationally feasible alternative compared to conventional
MCMC sampling. In practice, the MultiNest algorithm [36] has successfully been applied
to numerous inference problems in astrophysics to perform Bayesian parameter estimation
and model comparison [37]. We use the Multinest algorithm by implementing and running
the simulation tool bearing the same name. The Python package implementation of
this algorithm called PyMultiNest [38] is used. We provide a concentrated review of
the MultiNest algorithm below, and refer the reader to the original papers [35, 36, 61] for
the full details.

Nested sampling exploits the relation between the likelihood, £, and prior volume to
transform the multidimensional evidence into a one-dimensional integral as

Z = /01 L(X)dX (3.17)

where X is the prior volume defined as dX = m(0)d”6. Since £(X) is a monotonically
decreasing function of X one can evaluate £(X;) by sampling a decreasing sequence of Xj.
The evidence can then be approximated numerically using standard quadrature methods
as a weighted sum

M
Z=) Lw; (3.18)
=1

where w; is the weight of each sample.

The algorithm evaluates Equation (3.18) by initially choosing Nactive active points that
are drawn from the prior 7(0) so that the initial prior volume is Xy = 1. The samples
are sorted based on their corresponding likelihood values, and the smallest sample, with
likelihood L, is removed from the active set and replaced by a new point that satisfies
the constraint Lyew > L. This process is repeated at each iteration, requiring the new
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sample to satisfy Lpew > L£;, until the entire prior volume has been traversed. Termination
of the algorithm is determined at some specified precision of the evidence.

The evidence gets determined in nested sampling from Equation (3.18). At the same
time, all resulting samples (active and inactive) can be used to reconstruct the posterior
by assigning each point, j, a weight, w;, according to

Ljw,

py =L (3.19)

This makes it possible to perform both parameter estimation and model comparison with
this algorithm.

The hardest part of implementing this nested sampling algorithm is drawing samples from
the prior within the hard constraint £ > £; at each iteration ¢. This is problematic since
it implies that the sample acceptance rate rapidly decreases, vastly increasing the compu-
tational cost at later iterations. To remedy this inefficiency, ellipsoidal nested sampling
methods approximate the iso-likelihood contour £ = £; by a D-dimensional ellipsoid that
is determined from the covariance matrix of the current set of active points. New points
are then selected from the prior within this ellipsoidal bound until one is obtained that has
a likelihood exceeding that of the removed lowest likelihood point. This means that the
prior range shrinks in accordance with the increase of £;, maintaining a feasible sample
acceptance rate.

The MultiNest algorithm builds upon ellipsoidal nested sampling by partitioning the full
set of IV active points and constructing ellipsoidal bounds at each iteration i. Such an
efficient nested sampling algorithm using multiple ellipsoids is useful as it is more proficient
at identifying multi-modal posteriors. Realizing this algorithm is quite involved. For
instance, the overlap of the multiple sampling ellipsoids has to be properly accounted for.
We refer the reader to the original paper [36] for a full explanation of how MultiNest
achieves this.

3.4 Running the MultiNest Algorithm

The MultiNest simulation tool [36] is used to perform parameter estimation of the hy-
pothetical direct detection signals (recall Figure 3.2) to extract a marginalized posterior
PDF over m, and €. In this section, we elaborate on the methodology required to for-
malise and run the Multinest package in practice. We begin by formulating the prior
and likelihood for our task, followed by a discussion regarding the choice of appropriate
hyperparameter values. Thereafter, we outline how splining methods can be used to speed
up our computations and conclude with presenting and discussing the sampled marginal
posterior.

3.4.1 Prior and Likelihood

The necessary input to the MultiNest algorithm is the definition of a Bayesian prior, 7, and
likelihood, £. We begin by specifying our previous knowledge of the model parameters of
interest, m, and o, in the prior. This consists of deciding upon appropriate prior ranges
for the parameters and then mapping the initially uniform prior distributions of MultiNest
to these priors. The most straight-forward prior choice that reflects our ignorance of the
parameter order of magnitude is to use log-uniform priors for both parameters. The range
of our priors is constrained by the specific methods of our comparison, as DD electron
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scattering is expected to predominantly probe the region of ~ 1 MeV to ~ 100 MeV with
a sensitivity that is similar to LDMX. Recall Figure 3.1. For the DM mass we choose the
log-uniform prior range

m(my) ~ 10408y (3.20)
The 7(o.) prior follows from the m(m, ) choice according to the thermal relic target re-
striction, so we set (o) ~ 104(=45=3%)cm?,

We next define an appropriate likelihood that statistically models our signal. Considering
the nature of N we would like to treat the likelihood as a Poisson distribution that is
centred around the true values given by the (hypothetical) experiment. We can break N
up into its individual bins N; (in dN/dQ) and treat each of these separately. With this in
mind, we define the likelihood of a certain bin as

e*Ni(mX:GE)

Ni_|

exp*

E(i)(Néxp‘mX>Je> = Ni(mX,O'e)NéXp (321)

where Ngxp is given from the hypothetical DD experiment and N;(m,,o.) is calculated

using DarkELF. The total likelihood is thus given by
E({Neixp}‘mx7ae) - HE(Z) (Néxp’mxp—e)? (322)

where []; is the product over all ng = 10 bins.

It is convenient to work in terms of the log-likelihood due to ease of computation, which
for each bin is given as

log(LY (Nesplmy.0¢)) = =Ni(my,0¢) + Nig, log(Ni(my, oc)), (3.23)

where the constant term Ngxp! has been disregarded as it only amounts to a normalization®.
The total log-likelihood is analogously given by

log(L({Néxp Himy.0e)) = 3 log(£1 (N ma.0c)). (3.24)

3.4.2 Choosing Hyperparameters

The nested sampling algorithm that is utilized MultiNest has hyperparameters that adjust
how the sampling is performed. Among the most important of these are the number
of active points, Nactive, and the maximum efficiency, e [36]. Nactive determines how
many “active" candidate points are considered in the sampling algorithm at each iteration,
whereas e determines the fraction of the prior volume that is being sampled. In the
MultiNest article, Ref. [36], these parameters are explained in more detail and rough
guidelines are given for setting their values.

For parameter estimation it is recommended to use a minimum of Ny.tive = 50 and e = 1.
These values can be increased to get a more accurate convergence or lowered to get a quick
heuristic look at the posterior landscape. For our purposes, we deem that the conservative
choices of Nyctive = 400 and e = 1.3 are appropriate, which will be used throughout
this study. It is necessary to confirm that the assigned values of these hyperparameters
actually lead to adequate convergence of the MultiNest algorithm. We find, when using
these hyperparameter choices, that the true parameter values are estimated well in the
posteriors (see e.g. Figure 3.5). Thus, we deem these choices to be satisfactory for our
purposes, although it could be warranted in a future study to thoroughly investigate what
the optimal choices of these parameters are in this context.

5The normalization is unimportant in parameter estimation, but central to model comparison
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3.4.3 Reducing the Amount of Likelihood Evaluations

A useful relation specific to this problem is that IV; has a linear dependence on o, (recall
Equation (3.4) and that N = exposure x R). This allows us to make a simplification in
that N,;(mx, awef) only has to be fully calculated for a single reference cross section, o ref,
as it then for any other cross section is given by

Oc

Ni(m)o 06) = Ni(mxa Ue,ref)77
e,ref

(3.25)

where we set o¢ ref = 10738 as this lies square in the middle of our prior range. Notice that
m, must be kept constant for Equation (3.25) to hold. This relation could lead to a signif-
icant computational speedup, although it is not trivial to utilize the information directly
in the MultiNest algorithm. As the algorithm picks new m, and o. points according to
the underlying sampling rules, each sample has a slightly different m,; the simplification
is invalidated.

The key insight here is that a new DarkELF simulation does not have to be run every time
the likelihood function is called, if instead the mass behavior is precomputed on a grid
and then fitted to get an approximate function for N;(m,,o.). Using this approach for
the likelihood is computationally inexpensive as we only need to compute IV; on a single
parameter grid for varying m, for one choice of o¢ yef. In this way, the number of N;(m,, o¢)
computations can be lowered from a couple of thousands (the number of likelihood calls
during a MultiNest simulation), to around a hundred (the number of grid points required
to get an accurate fit). We should note that this introduces some approximation errors,
although these are negligible if an appropriate fitting method and grid size are used.

There is a vast literature of different functional fitting and interpolation methods to choose
from. It should be noted that, since we are able to compute N;(m,, o.) for any arbitrary
point, although at a relatively high computational expense, this is strictly speaking a
functional approximation problem rather than an interpolation one [56]. Interpolation
methods can nonetheless be used to similar effect in dealing with this problem and do not
require any consideration of the specific shape of N;(m,,o.). We deem it satisfactory in
this case to use a simple interpolation method that has sufficient accuracy.

Cubic splining is a convenient and well-defined interpolation method that we will use
throughout this thesis. The benefit of cubic splining is that the interpolation formula is
smooth in the first derivative and continuous in the second derivative, both within a given
interval and at its boundaries [56]. This ensures a sufficiently accurate interpolation form
for most problems, and at the same time that the interpolation is inexpensive to compute
as it is proven to always find a solution in O(IV) operations.

In Figure 3.3, we show the result of applying cubic splining to N;(m,, o.) for a grid of 100
my points between 1 MeV and 100 MeV. Notice that the number of bins that are relevant
to consider increases as the mass increases. We have calculated the first six bins in this
case, which is sufficient when m, true = 10 MeV. The number of bins considered for a given
true DM mass is determined by N;(m,,oc) > 5.
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Figure 3.3: The differential number of events dN/d(Q for six @ bins of a DD signal
is evaluated as a function of m, for a log-uniform range of 100 values between 1
and 100 MeV. The values are simulated using DarkELF as previously outlined in
Section 3.2.2. Here we have used an exposure of 1kg-year to get the number of

events from the interaction rate.

3.4.4 Posterior Results

The output of the MultiNest algorithm is twofold: The Bayesian evidence Z is calculated,
which can be used for model comparison, and the full collection of sampled points can
be used to reconstruct the marginal parameter posteriors. We only need to consider the

posterior samples in this thesis.
The sampled points are each assigned a weight during sampling according to p; = Eijj ,
which corresponds to how likely the parameter point is estimated to be, as evaluated by the
specified likelihood. The full set of samples can be used to visualize the marginal posterior
by plotting the sampled m,, € points in a 2D histogram, although the assigned weight of
each sample has to be accounted for. A simple way to do this is to randomly pick a subset
of the samples, where each sample has a probability of being accepted proportional to its
assigned weight. The resulting subset is referred to as unweighted samples. Concretely,
each sample is accepted with a probability of w;nsumpies, Where w; is the weight of sample
i and Nggmpiles is the total number of samples. Note that the probability has been scaled
by a factor of nsgmpies as to avoid throwing away too many samples’. The unweighted

samples of a resulting marginal posterior are displayed in Figure 3.4.

"Since Zl w; = 1 we would otherwise only keep a handful of our many thousands of samples

31



3. Simulating a Hypothetical Direct Detection Signal and Estimating its Parameters

1.0 1.0

0.8 0.8

o
o
o
o

Probability
Probability

©
~
©
~

0.2 0.2

— =
0.0 0.0
0.96 0.98 1.00 1.02 1.04 4.60 4.65 4.70 4.75 4.80 4.85
my 1e7 Oe 1e-38
1e-38

4800 —H 9.97e+06+- 1.026+05 4.72e-38+- 2.67e-40

4.775
4.750

4.725

o

g

4.700

4.675
4.650

4.625

0.98 1.00 1.02
my 1e7

Figure 3.4: Two- and one-dimensional histograms of the marginal unweighted pos-
terior samples from the MultiNest algorithm. This PDF provides an estimate of
the model parameters m, and o, €2, which is summarized in terms of the distri-
bution mean and standard deviation. To generate the hypothetical DD experiment
signal, we have used m, ;e = 10 MeV, implying that o¢ true = 4.67 X 10738 ¢cm?
from thermal relic constraints, and exposure= 1 kg-year.

The resulting posterior can also be represented in terms of an elliptical confidence region
wherein a certain fraction (say 95%) of the samples are located. This ellipse is determined
from the covariance matrix of the posterior samples. In Figure 3.5 such confidence regions
are shown for three different posteriors that are all based on separate hypothetical experi-
ments with m, rue = 10 MeV but with three different exposures of 0.1,1,10 kg-year.
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Figure 3.5: 95% confidence region of the posterior probability distribution from
MultiNest. We have set m, true = 10 MeV for the hypothetical DD signal. In-
creasing the exposure of the hypothetical direct detection experiment makes the
parameter estimation more certain, and so the confidence region shrinks.

Several comments are in order. Firstly, the posterior PDF exhibits a covariant behavior
between m, and e. This is to be expected if we recall Equations (3.4) and (3.6). When
m s gets high enough, in the massive mediator regime we are working with (recall that
my = 10 Mev in Figure 3.5 and that m 4, = 3m,), the form factor, F', approaches 1. This
means that the my4, dependence in the integral over momentum space k gets suppressed,
and so the relation simplifies to R o % Since o, gr, and m s = 3m,, this results in a

A
covariant behavior between m, and ¢ in the scattering rate. This behavior is exhibited in
the rate simulations and picked up by the likelihood, which results in the strong covariance
observed in Figure 3.5.

Secondly, we note that the mean of each distribution always differs slightly from the
true underlying value. This is in part due to the inherent stochastic errors of the finite
sampling method, although we assume these to be mostly negligible. A more significant
source of this effect is the experimental Poisson uncertainty that is introduced to the
hypothetical signals. These will be less impactful for larger N as the relative error of a
Poisson distribution scales as v N /N. This matches what is observed in Figure 3.5 as a
larger exposure, implying a larger amount of samples (N = exposure - R), results in a
distribution mean that lies closer to the true underlying value.

Lastly, it is also apparent from Figure 3.5 that a larger exposure results in a smaller
confidence region. More collected data N (which increases with exposure) results in less
relative error (given by v/N /N for a Poisson distribution), which in turn results in a more
certain PDF sampling from the Bayesian algorithm. In effect, these last two behaviors
imply that a higher exposure results in a more certain prediction in the final posterior.
This is central to the analysis in Section 4.3.2.
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Validating the LDMX Signal

In chapter 2 we simulated a hypothetical LDMX signal, and in chapter 3 we simulated
a hypothetical direct detection signal and estimated the underlying model parameters,
m, and ¢, from that signal. In the following chapter we tie these simulations together
by using the estimated model parameters as input to MadGraph. This gives predicted
N(E), N(|Pr|) distributions that represent the signal we believe that LDMX should see
given the observed DD signal. Subsequently, this is compared to the hypothetical LDMX
result that is generated using the underlying parameter values of m,y true; Etrue- A chi-
squared hypothesis test is used on these two distributions to conclude if the direct detection
signal validates the LDMX signal at 95% statistical significance. By varying the exposure
of the direct detection experiment, a conclusion is also drawn regarding the amount of
exposure required to validate the LDMX signal. Lastly, we explore how these chi-squared
results change if the DD and LDMX signals have been generated for intentionally different
underlying parameter values.

4.1 Simulating Direct Detection Predictions in MadGraph

In this section we discuss some aspects that are important when incorporating the param-
eter estimation into an LDMX prediction with the MadGraph simulation tool.

4.1.1 Incorporating Posterior Samples

It is unfeasible to run an individual MadGraph simulation for each unweighted posterior
sample, as the computational cost of simulating thousands of accurate MadGraph runs is
far beyond the scope of this project. Cubic spline interpolation, as previously outlined in
Section 3.4.3, can also be used here to save on these computational costs significantly. Each
bin of the energy and momentum distributions of interest can be interpolated by running
MadGraph on a grid of mass points (1 MeV < m, < 100 MeV). This spline function is
then evaluated for each unweighted posterior sample parameter point at an insignificant
computational expense. The contribution of all posterior samples can be summarized as
the average and standard deviation of the evaluated spline function in each bin, which
gives a single distribution, Npp;, that efficiently incorporates the posterior prediction.
Note that this is done for both the recoil energy, E., and transverse momentum, |Pr|,
distributions.

The accuracy of this splining depends on the accuracy of each MadGraph run. To ensure
that these errors do not have too large of an impact on the result, we generate 5 x 10%
samples for each MadGraph run in the mass sweep. This mass sweep was performed for
20 parameter points log-uniformly distributed between 1 MeV and 100 MeV.
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Note that, similarly to what was argued in Section 3.4.3, this splining method is partic-
ularly useful here since we only need to compute a one-dimensional grid over m, for a
single reference kinetic mixing et = 0.01. Since N o €2, any other kinetic mixing can be
obtained as N(my,e) = N(my,eret) X Recall the treatment of € that was derived in
Section 2.2.3.

Eref

4.1.2 Arbitrary Parameter Choices

With the use of three different simulation tools throughout this thesis, many choices have
been made regarding parameter choices that determine the quality, speed or accuracy of
the computations. All of these parameter choices are summarized in Table 4.1.

Table 4.1: In each software used in this thesis there are free parameters that have
to be specified. We present all of the chosen values here.

Software | Parameter Value
MadGraph Nevents 10000
MadGraph Tbins 30
MadGraph Nspline 20
MadGraph | npealizations 10
MadGraph | 7ghreshold 5
MadGraph Eref 0.01
DarkELF Qmax 10
DarkELF et 107% em®
MultiNest e 1.3
MultiNest Nactive 400
MultiNest Ngpline 100
MultiNest Tthreshold o
MultiNest | (1) 1 < 'my <100 MeV
MultiNest m(oe) 10°" < g, <10 cm?

4.1.3 Managing Uncertainties

The simulated results from MadGraph have unavoidable errors that primarily arise due
to statistical fluctuations from the Monte Carlo and integration methods used [34]. These
errors are less impactful if a sufficient amount of samples, Nj;q, are generated in each
simulation. Determining what constitutes sufficient is subjective, since it is a trade-off
between computational cost and accuracy. The issue is further complicated due to the
errors having a dependence on the model parameters. We have deemed Nj;q = 10 to
be a sufficient baseline value that we will use consistently throughout this project. Note
that, since Ny is kept the same, the computational errors in each simulation is slightly
different depending on the m 4 and e used.

To identify uncertainties, we employ the straight-forward approach of performing the same
experiment multiple times and taking the average and standard deviation of all results.
Instead of treating the result from one large run directly, we treat it as the average result of
10 runs, each with 1/10 of the total computations. This effectively means that the average
numbers we input to our x? test have accuracy and computational cost corresponding to
that of Niotal = Numa X Nrealizations = 10% x 10 = 10° samples. The main virtue of this
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method is its ease of implementation and comprehension. We expect that other methods
could be used to estimate uncertainty more elaborately, although we deem this to be
superfluous in this exploratory study.

In the direct detection prediction, we have one standard deviation from the posterior
samples and one from the numerical error in MadGraph. In the error bar figures shown
later we add these errors together as

_ 2 2
Otot = \/UMG + O posterior (41)

Note that this does not fully represent all uncertainties that would be present in actual ex-
periment data, such as background events, astrophysical and model parameters, etc.

An aspect of the resulting MG distributions is that bins with the lowest event count have
vastly higher relative uncertainty, which arises naturally for Poisson-distributed events.
This is highly problematic for the x? test that is outlined in the next section, as it is based
on the relative difference between the distributions, which means that these errors have a
significant impact on the test results. In short, x? is an asymptotic test that requires a
large enough sample size. We impose that neyents < 5 for this reason, and so the first bin
that falls below 5, and all bins succeeding it, are cut off from the histograms.

It is important to note that the bins must be equivalent in the two distributions when
applying a test metric. As such, the cut-off is chosen based on the full LDMX distribution
(for a given DM mass) and then applied consistently to all distributions in the comparison.
This implies that the minimum number of counts requirement, Neyents < 5, does not

necessarily hold for the direct detection distribution, although it is not expected to deviate
significantly.

Note that a histogram cut-off results in a small subset of the collected data being disre-
garded. This removes information from the statistical test, and so one should be careful
not to set the cut-off too high. For the number of events and parameter ranges used here
we find this effect to be insignificant.

4.2 Hypothesis Testing

Hypothesis testing has a broad range of applications within statistical data analysis. In the
general procedure one formulates and computes some statistic that describes a hypothesis
about the data. If the statistic falls within a unlikely range, above a large p-value, the null
hypothesis is rejected at some statistical significance, concluding that the hypothesis likely
is incorrect [56]. One must be careful to note that if the null hypothesis is not rejected,
that does not prove that the hypothesis is true. only that it is still consistent with the
data present.

When analyzing multiple data sets from a counting experiment, a commonly posited null
hypothesis is to posit that the two data sets are drawn from the same distribution func-
tion. We are interested in using such a hypothesis test to determine whether the two
distributions we generate, Nypayx,; and Npp;, are sampled from the same underlying
function. This is the basis for validation in this project.

4.2.1 The Chi-squared Metric

The chi-squared test is a hypothesis test applicable to discrete distributions, such as binned
functions or contingency tables [56]. It considers the null hypothesis that the sampled
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distribution follows an expected sampling function. Suppose that O; is the number of
events observed in the ¢ th bin and that E; is the expected number of events in bin 7. Note
that O; is always an integer, while E; might not be. The chi-squared statistic is then given
by
0. — E:)?
X2 = 27( i~ B (4.2)
i B

A larger x? metric indicates that the null hypothesis is less likely, and one could reject
that the distribution is sampled from the expected function.

We want to apply the y2-test to a fair and consistent representation of the distribution.
In this setup we have the freedom to bin our distribution in a way that satisfies this re-
quirement. One of the freedoms is the number of bins (degrees of freedom) we choose
to represent each distribution by. If the number of bins is chosen too low, the computa-
tion becomes slightly faster but the resolution of the distribution is poor. On the other
hand, a high bin count leads to a smoother high resolution histogram, at the expense of
increased computational time. With this trade-off in mind we determine that 30 bins give
a satisfactory accuracy for our purposes.

The expected number of events, E;, is most often derived from some theoretical model.
This is useful for many applications, but in our case, the expected number of events is
given by another observed distribution. This requires a slight alteration of Equation (4.2),
as is discussed in the next section.

4.2.2 Are Two Distributions Different?

Consider the case where we have two binned data sets. Let Npparx; be the number of
events in bin ¢ for the first data set and Npp; the number of events in bin ¢ or the second
data set. We can formulate the chi-squared statistic as [56]

N . — Npp.i)?
=3 (NLpmx.i DD.i) ‘ (4.3)
Nrpmx,i+ Nppi

Note that we have assumed that two data sets are normalized to the same number of
total events. The two data sets in this project are the hypothetical LDMX signal and
the predicted experiment signal generated from the parameter estimation of the direct
detection data. Calculating this chi-squared test is relatively straightforward, although
interpreting its meaning is less so and merits further discussion.

The computed test statistic follows a x? distribution, with a number of degrees of freedom,
k, corresponding to the number of bins used. This has an analytically well-defined form
that can be integrated. As such, a table of upper and lower tail thresholds can be found in
most statistical handbooks (See Ref. [62]). We primarily use the 5% lower critical value for
60 bins, which has a value of 43.188. Henceforth, this will be referred to as the validation
threshold for a 95% statistical significance, the meaning of which we clarify below.

The used null hypothesis is the statement that there is no difference between the underlying
function of the two distributions. A chi-squared value above the tabulated tail value allows
for the rejection of the null hypothesis at that statistical significance. On the contrary, a
chi-squared value below this threshold does not prove that the null hypothesis is true; it
only shows that the sampled distributions can still be consistent with the same distribution
function. This formulation is inconvenient for our purposes, since we want to validate that
the two data sets are sampled from the same underlying distribution. The best we can
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do is claim that they are consistent, and argue that this provides an important initial
conclusion regarding the validation of the LDMX signal by using the DD signal.

To further explore the validity of this statistical formulation, we also consider the case
where the underlying m, and e values of the two data sets are different. This is done
in Section 4.3.3. This represents the scenario where either LDMX or the DD experiment
has given a slightly incorrect signal due to systemic errors in the observation setup. The
same chi-squared test can be applied, and now with the clear interpretation that the null
hypothesis is rejected at a chosen statistical significance.

4.2.3 Rescaled Number of Samples in a Chi-Squared Test

We must consider how the rescaling of the LDMX-generated histograms that was discussed
in Section 2.2.3 impacts the x? metric. This rescaling is necessary to impose the kinetic
mixing of the posterior samples, and thus it cannot be avoided in our implementation.
The DD predicted- and LDMX distributions are rescaled with an overall factor of rpp
and 71 parx, respectively, as is given by Equation (2.10). The LDMX distribution has the
underlying kinetic mixing e,ye imposed, whereas the DD distribution has the average of
each posterior sample kinetic mixing & imposed. The overall sample sizes are rescaled as

Nipyvxy =7rLomxNrpmx and Npp, = rppNpp.

The rescaling should be cause for concern since it introduces a normalization shift on the
distributions that has a significant impact on the y? metric. We would ideally like to
redo the simulation with Ny;gnew = IN» to get the correct statistical behavior, but this
is not computationally feasible for this project. Even with our choice Nypyx = Npp =
104, the number of samples do match for the two distributions due to different kinetic
mixing. Therefore, we need to use a x? formula, similar to Equation (4.3), that works for
distributions that have been arbitrarily rescaled. We present a heuristic derivation of this
below.

Consider the rescaled distributions R; = rgrR; and S; = rgS; where R;, S; are the non-
rescaled statistical distributions and rg,rg are the rescaling factors. In the null hypothesis
that R; and S; are drawn from the same distribution, we estimate the associated proba-
bility for bin 7 as o

. Ri+ S

PERYS
where R = > R; and S = > S;. We choose to set S = R = Ny = 10% (this is done
in the MadGraph simulations for simplicity’s sake, although an analogous formula could
also be derived for the S # R case). This means that p; = (R; + S;)/(2Nuq)-

(4.4)

The expected number of counts for the rescaled distributions is given by
Ri = Rﬁz = T‘RRﬁi and S’Z = Sﬁz = ngﬁi (4.5)

and the chi-squared statistic summing over all rescaled observations is [56]
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We can evaluate the first term in the chi-squared statistic as follows:

(Ri — R;)*>  (R; — reNuapi)?

R, rrRNumchi
- 2Nyva R — reN Rz—i-gi 2
reNue(Ri+S) \ " M 9N g
) _ _
= ——— (rpR;i/2 —rrS;/2)?
TR(Ri+Si)(R /2 —TRSi/2)
TR = a\2
=——(Ri— 5
2(R; + S;) ( :
and the second term in a completely analogous way as
Sl - S’L 2 TS — —
( _ ) — — _ _ ( - Rz)z
SZ Q(Ri + Sz)
Putting these results together, we get that
2 "R > G2 rs G 52 (51 - Ri)z
= —(R; — S; i — R = + = — 4.7

We recognize the sum in Equation (4.7) as the conventional y? metric we are after (recall

Equation (4.3)), and so
2

Xe = X2(rg + ). (4.8)
In practice, this means that the chi-squared metric applied to the rescaled distributions,

2 1 . . .
Xg, has to be scaled by a factor of TionxToD) to obtain the statistically meaningful

X~

4.3 Results

In the following section we provide the final result plots of the validation procedure.

4.3.1 Distribution Histograms

In each plot in Figure 4.1 we show two simulated distributions. The first is the hypo-
thetical LDMX signal resulting from a MadGraph simulation with the parameter values
My true a0d €¢rye. The second is the DD posterior prediction, where each sample m,, is in-
corporated with the splining method described in Section 4.1.1!, and the ¢ of each sample
is incorporated with the rescaling method described in Section 2.2.3. The DD predicted
distribution essentially reflects what we believe that the LDMX signal should be, given
the hypothetical DD signal that has been seen. By comparing these distributions with
the hypothesis test outlined in Section 4.2, we can draw a conclusion regarding if the DD
experiment has validated the LDMX signal.

In Figure 4.1 we show both the distribution of the energy, F., and transverse momentum,
| Pr|, of the recoil electron. The upper plots show a DD predicted signal generated for 1 kg-
year exposure, and the lower plots show another signal generated for 0.01 kg-year exposure.
These distributions are displayed as error-bar plots, which are constructed from the mean

'The splining is performed on a previous MadGraph run over multiple DM masses
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and standard deviation of 10 realizations of the distribution. The error bars shown for the
DD prediction are the square sum of the posterior sample standard deviation and the 10
MG realizations standard deviation. Both distributions exhibit errors that stem from the
MadGraph uncertainty, and for high enough direct detection experiment exposures (1 kg-
years in this case), these are primarily the errors we observe. When the DD exposure
is low (0.1kg-years in this case), the posterior uncertainties become significant and make
up the main part of the error bars of the direct detection prediction. We apply the x?
test outlined in Section 4.2 to the mean of these distributions. These results are what
provide the basis for the validation of this thesis. When the exposure is lower, the errors
are higher, and so the x? validation result is more uncertain.

mpy = 10 MeV, exposure = 1 kg-year mpy = 10 MeV, exposure = 1 kg-year
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Figure 4.1: In each figure, two MadGraph generated distributions are compared.
One uses the underlying true parameter values (LDMX result) and the other uses
the parameter values obtained from the MultiNest posterior distribution (Direct
detection prediction). In both cases, m, rue = 10 MeV, which from thermal relic
constraints implies that etrue = 4.7 x 1072, The plots to the left show electron
recoil energy distributions, whereas the plots to the right show the corresponding
transverse momentum distributions. The top figures are for 1kg-year of exposure
in the direct detection experiment, whereas the bottom figures are for 0.01 kg-year
exposure. The error bars show the standard deviation of 10 different realizations
of these distributions.

Evaluating the y? metric for these distributions and keeping the rescaling factors in mind,
we get Y% = 4.64, 43.2 and X|2PT| = 5.07, 48.9 for the 1,0.01 kg-year distributions respec-

tively. The sum of these tests is x> = 9.71 for 1kg-year and x? = 92.1 for 0.01 kg-year,
which can be compared to the 95% confidence validation of 43.19 for 60 degrees of free-
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dom. We see that the break point exposure for validation lies somewhere in between 0.01
and 1kg-year.

4.3.2 Exposure for the Critical Point

The distributions from Figure 4.1 each give a single x? result for the used mass and
exposure. As discussed in previous sections (Section 3.4.4 for example), increased exposure
decreases the experiment uncertainty and, in turn, gives a more certain x? validation.
We would like to determine when the exposure is high enough to give a x? value that
consistently validates the LDMX signal with a significance of 95%. In the case that
LDMX observes a DM signal, this exposure estimate would provide a rough target for
validation with potential future experiments. The break-point exposure depends on the
true underlying dark matter mass, if we recall Equation (3.4), and so we explore this
exposure sweep for multiple choices of my true, Etrue-

We start by performing a heuristic sweep over some orders of magnitude of ¢ for the,
My trues Etrue; Choices of interest. This is done to provide a rough guideline for which
exposure ranges are relevant to calculate on a dense grid for the different DM mass choices.
Thereafter, we can perform a more dense sweep in the exposure range of interest, which
for my true = 10MeV and e¢rye = 4.7 X 10~ roughly lies between 0.01 and 1kg-year of
exposure.

In Figure 4.2a the x? metric is calculated for both the missing energy and transverse
momentum distributions for 10 different exposures that are log-uniformly distributed be-
tween 0.01 and 1kg-year. We can also incorporate all the information available by simply
summing the two x? results, as is shown in Figure 4.2b. Throughout this project, we have
used 30 bins for the E and |Pr| histograms, which means that the total x? result is treated
as having 60 bins and the 95% confidence level is shown accordingly.

mpm = 10.0 MeV mpm = 10.0 MeV

100 200
—— 95% validation confidence 175 —— 95% validation confidence
80 —— E distribution 150 —— E and |Pr] distribution x?
—— |P7| distribution
60 125
N e 100
20 50
25
0 0
107 107" 10° 107 107" 10°
exposure [kg-year] exposure [kg-year]

(a) E and |Pr| distribution x? test results for(b) Sum of E and |Pr| distribution x? test re-
different exposures sults for different exposures

Figure 4.2: The result of a x? test applied to the E and |Pr| distributions of
LDMX and the direct detection prediction. On the x-axis is the exposure of the
direct detection experiment. The left figure shows the E and |Pr| distribution
x? results individually (30 dof/bins each), whereas the right figure shows the sum
of both results (60 dof/bins total). A stable x? value below 95% confidence is
considered a validation of the LDMX signal.
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Figure 4.3: The result of a x? test applied to the E and |Pr| distributions of
LDMX and the direct detection prediction for varying true dark matter mass. On
the x-axis is the exposure of the direct detection experiment. A stable x? value
below 95% confidence is considered a validation of the LDMX signal. The black
curve in each figure shows the fit of an exponential decay function to the x? means.
We mark out the exposure when this fit falls below 95% confidence.
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The 95% validation break-point is set to 43.19, as this is the lower-tail 5% critical value
of a x? distribution with 60 degrees of freedom. It is unclear where the exact exposure
breaking point for validation lies in Figure 4.2. This is partly due to the ambiguity in
our x? definition (see the discussion in Section 4.2.2), but also due to the intricate web of
uncertainties that underlie these figures. As our way of quantifying uncertainty is through
the average and standard deviation of 10 different realizations, the uncertainty region is
quite poorly predicted. We want to give a single concrete final exposure value regardless,
and we use a simple exponential fit to achieve this. In each plot in Figure 4.3, we fit
an exponentially decaying function to the mean of the x? uncertainties as a function of
exposure. We mark out the exposure value at the point where the exponential fit falls
below the 95% significance of validation. Let us emphasize that this estimate is not a
precise, and so it should only be treated as a guideline for future studies.

The DD scattering rate depends on m,, and so the validation requires more or less
exposure depending on the m, trye that LDMX discovers. We have explored this rela-
tion by performing the above analysis for a variety of representative values m, true =
4, 8,10, 12, 15, 25 MeV. The result of this is shown in Figure 4.3, where the corresponding
break-point exposures are seen to be 0.012, 0.035, 0.050, 0.19, 0.50, 3.0 kg-year. It is seen
that a higher value of m, e requires more exposure for the DD experiment to validate
an LDMX signal. We mainly attribute this to the relation first observed in Figure 3.2.1,
namely that higher DM masses have less cross section in the direct detection experiment
(within the mass range we consider) and so require more exposure to get the same number
of counts. This results in a higher relative uncertainty in simulations with higher m, true
for the same exposure, making the x? metric less conclusive.

Factors other than the expected mass dependency could also contribute to the observed
results in Figure 4.3. For instance, since we keep nj;g constant throughout all runs,
simulations with higher m, ;e are also more uncertain due to numerical errors in Mad-
Graph. If we examine 3.2.1 and 4.3 more closely, however, we conclude that the mass
dependency is the dominant cause of the behavior observed. For instance, consider the
graph for m, true = 10MeV, where the validation exposure is 0.05kg-year, and the one
for my true = 25 MeV, where the exposure is 3 kg-year. This is a difference in exposure of
roughly two orders of magnitude . Now we see in Figure 3.2.1 that the exclusion limit for
10MeV is € ~ 5 x 1077 and for 25 MeV it is € ~ 5 x 1079, This is roughly a difference of
one order of magnitude. This makes sense considering that the exclusion limit is based on
the rate, which in turn follows the relation R oc 72 (recall Equation (3.4)). If ¢ is scaled
by a factor of ~ 10!, then R is scaled by a factor of 1072, and we thus have to increase
the exposure by a factor of 102 to get the same number of counts (N = R x exposure).
This is the dominant DM mass dependency that is exhibited in the simulations.

All of the results we have produced so far have used silicon as the target material in the
direct detection experiment. We also produced the same figures for germanium, although
the difference in result was minimal. The resulting figures for this can be found in Ap-
pendix C. We conclude that germanium consistently performs slightly worse (requiring
more exposure for validation) than silicon in the ranges we have considered. This is con-
sistent with the exclusion limit simulated in Figure 3.1. Considering the exclusion figure,
we would also expect that germanium has an advantage for m, < 3MeV, although this
has not been verified.
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4.3.3 Different True Parameters

In the previous sections, the y2-test was always applied to distributions that had originally
been simulated for the same underlying true parameters. With the results from these
simulations at hand, it is undemanding to also compare distributions that have different
underlying true values: m, .pmx 7 my,pp. This is worth considering as it represents the
scenario where significant systematic errors, either in the DD or LDMX setup, lead to
perceived parameter values that are significantly different from m, true, Etrue-

Exploring different underlying masses is also insightful for our use of the x? metric. As
previously discussed, the validation procedure using the null hypothesis test can never
claim anything more than that two distributions can be consistent. In this reverse scenario
where we want to claim that the results are different, it is possible to fully utilize the
frequentist formulation by rejecting the null hypothesis at some statistical significance.
Furthermore, we need to make sure that two noticeably different masses are not still
able to successfully validate with our method. If this is the case, then the results of our
validation method are meaningless.

In Figure 4.4, the distributions from the hypothetical LDMX and DD distributions are
displayed as error bars, similarly to Figure 4.1, but now the parameters m, true, Etrue are
picked to have different values for the two experiments. The true DM mass of the LDMX
signal is set to mpy,,pMx = 10 MeV, while the true DM mass of the DD signal is set to
mpMm,pp = 8,15 MeV. As the difference between 10 and 8 is smaller than between 10 and
15, we notice a more significant difference between the distributions in the latter case.
This is also reflected in the y?-metric.
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Figure 4.4: Two MadGraph generated distributions are compared in each plot.
One uses the underlying true parameter values (LDMX result), which is set to
mpm,LpMx = 10MeV in all cases, and the other uses the parameter values obtained
from the MultiNest posterior distribution (Direct detection prediction). The direct
detection experiment has different true parameter values than LDMX in this case,
specifically mpyv,pp = 8,15 MeV. The plots to the left show electron recoil energy
distributions, whereas the plots to the right show the corresponding transverse mo-
mentum distributions. The direct detection experiment has 1kg-year of exposure
in all cases here.

In Figure 4.5, the x? result is seen as a function of exposure, similarly to in Figure 4.3, but
now the distributions input to the test have different true DM masses. The true LDMX
DM mass is kept the same: mpy,.pmx = 10 MeV while the true DD DM mass is varied:
mpMmpp = 4, 8, 12, 15MeV. A larger difference in the masses results in a significantly
higher y? metric.

The reader should be careful to notice that the 95% upper-tail rejection confidence is
not the same as the 95% validation confidence in Figure 4.3. Previously, we argued that
a 5% lower-tail confidence implied that the distributions may be consistent with a 95%
confidence. In contrast, we here use the 95% upper-tail limit to reject the null hypothesis
at that confidence level. This value is 79.08 for a x? distribution with 60 degrees of freedom
[62].
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Figure 4.5: The result of a x? test applied to the E and |Pr| distributions of
LDMX and the direct detection prediction with different underlying true parameter
values. On the x-axis is the exposure of the direct detection experiment. The 95%
upper-tail confidence is marked out, above which the null hypothesis that the two
distributions are the same can be rejected. As expected, a larger difference in true
DM mass results in a more confidently rejected null hypothesis.
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Outlook and Conclusion

In this chapter, we suggest interesting aspects of this thesis that could be explored in future
studies. We conclude by summarizing the developed validation method and offering some
final thoughts.

5.1 Future Outlook

While working towards answering the central aim of this thesis, we have discovered many
aspects that may be worthwhile to study in more detail. In the following paragraphs, we
suggest several extensions to our project that could be interesting to investigate in future
studies.

In this project, we have considered a single representative LDM model, namely scalar DM
with a massive vector mediator, A’. Many alternative models exist that could be probed
similarly by LDMX, such as a scalar or pesudo-scalar mediator or the use of other dipole-
moment interaction portals [6]. A future study could exchange the model used here with
some of these alternatives and see how the conclusion is affected. Additionally, the Multi-
Nest algorithm provides parameter estimation via posterior samples and simultaneously
evaluates the Bayesian evidence, which could be used for model comparison. Such a study
could draw conclusions regarding which DM model is most likely to be correct given a
hypothetical experiment signal.

The goal in this study was to verify an LDMX signal with DD experiments. One could
just as well have drawn a conclusion about validating the hypothetical signal of a DD ex-
periment by using a hypothetical LDMX-type experiment. In such a study, the luminosity
of the LDMX-type experiment would be sought after, in analogy to the DD exposure in
this study. Further note that the methodology used for validation in this study could be
generally applicable to experimental dark matter searches beyond this LDM scenario. It
would be straightforward as a first step to tune the simulation parameters of this method
to match similar experiments, such as phase 2 of LDMX or other types of LDM DD.

Another approach for validation could be to avoid the frequentist hypothesis test alto-
gether. By performing parameter estimation for both hypothetical signals, two posterior
PDFs could be obtained and compared. The benefit of this would be that the errors natu-
rally follow all the way, as is inherent to Bayesian methodology. This would be more thor-
ough than using the crude standard deviation of 10 realizations, which was relied on here.
One challenge with taking this approach, however, is to formulate a concrete way of dis-
tinguishing when the distributions are consistent at a 95% statistical significance. Unlike
with frequentist approaches, where the null hypothesis tests provide well-understood con-
fidence thresholds, we do not know of any corresponding methods for comparing Bayesian
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posteriors.

In Chapter 3 we discussed different LDM-material interactions, namely electron scattering
and the Migdal effect. It was concluded that electron scattering was most relevant for the
study of LDMX, although the Migdal effect could play a large role for DM masses above
~ 50 MeV. A future study could probe these heavier ranges by also taking into account the
Migdal effect in the hypothetical direct detection experiment signal. This would be mostly
straightforward to implement, since DarkELF also provides differential scattering rate
functions for the Migdal effect, although the binned differential rate, dR/dQ, is not directly
available. Other interaction processes, such as multiphonon scattering [21], could also be
considered and may prove to have a noticeable impact on the hypothetical signal.

We used the MultiNest algorithm in this study to perform parameter estimation of the
direct detection signal. This is a modern MC algorithm developed in the field of astro-
physics and has given satisfactory sampling for our purposes. Yet, there is no particular
reason for why this algorithm has to be used in this context. A natural alternative choice
could be to use conventional MCMC instead [60]. It might be interesting to investigate
if MC sampling with a different algorithm like MCMC can give more robust results for a
study like this. As a suggestion, such a study could be conducted as a general comparison
between the two methods, where the context of this thesis is brought up as one of multiple
case studies.

In Chapter 4 we had to resort to rescaling our MadGraph generated distributions with
a reference factor, r, to impose a kinetic mixing upon them. This could entail several
issues, such as errors being introduced from the reference cross section that is used in the
rescaling. Furthermore, there is the issue of statistical applicability and robustness, as it
is not trivial to apply a statistical hypothesis test to counting experiment distributions
that have been arbitrarily rescaled. If rescaling could be avoided, Hypothesis test metrics
other than x? could also be used, such as the Komolgorov-Smirnov test [56]. This is an
example of a continuous test that could incorporate more of the information available,
thereby resulting in a more robust result.

The simplest way to avoid rescaling is by rerunning the MadGraph simulation with the
intended number of samples that the kinetic mixing corresponds to. This was avoided
in our study as it requires a computational cost that, by orders of magnitude, exceeds
what was reasonable for this small-scale exploratory project. A future study with access
to a computer cluster and well-optimized code could run these simulations in a reasonable
time frame. This would also make the computational time of DarkELF and MultiNest
less daunting, allowing for a more thorough sweep of parameter space.

Lastly, let us emphasize that the simulated experiment results in this study were generated
under ideal conditions. We considered a model that is convenient for detection with the
LDMX setup, generating a generous amount of events. We also disregarded all background
events that otherwise would reduce the number of accepted events significantly. Further-
more, we did not introduce any experimental errors for the hypothetical LDMX signal. It
is therefore warranted to propose a future study where the setup is made more realistic
by adding background signals and/or choosing a model that generates fewer events in the
LDMX signal. This would make the statistical validation harder and perhaps require a
more refined methodology to yield clear results. One interesting aspect that would arise
if a background signal is added is that the mass dependence of the resulting exposure for
validation would be less simple. This is because lower DM masses yield a higher scatter-
ing rate and sensitivity, but at the same time background events are most prevalent and
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disruptive for these lower DM masses.

5.2 Conclusion

In this project, we implemented a method for validating the dark matter detection signal
of LDMX with a semiconductor direct detection experiment for a representative LDM
model. Both experiment signals are hypothetical and were generated using the MadGraph
and DarkELF simulation tools. The validation procedure consisted of two statistical
methods. The underlying DM model parameters, m, and e, were estimated from the
direct detection signal using the MultiNest sampling algorithm. This resulted in a posterior
distribution that could be used as input to MadGraph to generate a distribution, which
represents our degree of belief for the signal that LDMX should observe given the direct
detection signal. The x? hypothesis test was then used on the DD predicted distribution
and LDMX distribution, which estimated how likely it is that the two distributions are
consistent with a single underlying function. When the x? metric fell below the 5% lower-
tail threshold we concluded that the LDMX signal is validated at a 95% significance.
This entire procedure was repeated many times to determine how much direct detection
experiment exposure was required for a 95% validation, depending on the value of My true-
We found that for my tree = 4, 8, 10, 12, 15 and 25MeV, the required exposure for
validation was 0.012, 0.035, 0.050, 0.19, 0.50 and 3.0 kg-year.

The method we developed seems to be a promising way of using a conceptually different
direct detection experiment to validate the hypothetical LDMX detection for the consid-
ered LDM model. Further development of this method is motivated by the fact that it
facilitates future analysis. A robust validation strategy of this kind could prove to be
crucial, although not comprehensive, in the event that the long-sought-after dark matter
signal is finally found.
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A

Dark Bremsstrahlung Scattering
Rate in the LDMX Experiment

In this appendix, we analytically derive the cross section for the production of a dark
photon A’ in a dark bremsstrahlung event (see figure 2.1). This proof is based on what is
derived in [43] and the references therein.

The aim is to evaluate the following cross section

do(e(p) + Z(P;) — e(p') + A'(k) + Z(Py))
dEA/dCOS(QA/)

(A.1)

where k& = (EA/,/;) is the four-momentum of the A’, 64 is the angle of its momentum
relative to the incoming electron with momentum p in the lab frame, p = (Ep,p) and
p = (E’,z;’) is the initial and final four-momenta of the electron, P; = (M;,0) and Py is
the initial and final four-momenta of the nucleus with atomic number Z. We integrate
over the momentum of the outgoing particles.

The incoming electron primarily interacts with an effective photon cloud, where transverse
polarization interactions dominate [43]. As such, this process can be related to the cross
section of real-photon scattering e(p)y(q) — e(p')A’(k) with ¢ = P; — Py

do(p+ P —=p' +k+Pr) axEoxfado(p+q—p +k)
dEA/dcos(GA/) N ™ 1—=x d(p . kj)

(A.2)

where * = Ea/Eg, t = —q?. Note the distinction between this ¢ and the Mandelstam
variable that we denote with t¢.

For a given k the virtuality t is at its minimum ¢,;, when §'is collinear with the three-vector
k— . The on-shell conditions state that p'* = (¢+p+k)? = m2 and P]% = (P, —q)* = M2,
and with the collinear geometry this gives the approximate solutions

- (mt=s) = (ami=a)
= a7 = \s5= /1 tmin = | s 77—
C=or &0 = sga=0) 2Fo(1 — )

where U = U(z,04/) = E30%,2 + m?%, =% + m2z. The kinematics are then given by

~ __ 2

—a=m?—uy=2p-k—m% =U
U
- 2 / 2
= — :2 k r =
5 =8y —mg » +m3y -
Ux
ta=(p—9p)=— 2,
2=(p—1p) 1, "M



where s9,to and uy are the Mandelstam variables for the 2 — 2 process. The cross section
is now given by

do do 1 9
=2— =~ —m2)2 IM|* =

d(p - k) dty  8m(sy — (A.3)

drole? S n —U n 2m124,t2 .
—U S —us
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Finally we see that the Weizsacker-Williams approximation to the cross section in Equation
(A.1) is given by

=8 1-—
E2x dxdcos(64) aex E?
(A.4)

2
l—z+%  (1-2)’*m% [ , Uz
X ( 2 + 74 (mA/— 1—[1})

where x is an effective photon flux that is integrated over the total center of mass energy
in the collision. For a general electric form factor Ga(t) this is given by

tmax ¢ — tmin

t2

Y= Go(t)dt. (A.5)

tmin
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B

Electron Scattering Rate in a
Direct Detection Experiment

Here we derive the formula for the electron scatter rate presented in Equation (3.4). This
is the underlying equation utilized by electron scattering simulation in DarkELF [21] and
as such it is central to this project. The proof shown here follows the steps taken in
[47].

The first part of this proof is to derive the structure factor S(w, k) as a function of the
dielectric function €(w, k).

The energy loss function (ELF) describing the rate of energy and momentum loss for
a particle traveling through a given material, can be defined in terms of the dielectric
function as

-1
ELF =Im |—|. B.1
| w] (B.1)
Here ¢(w, k) encapsulates the dielectric response of the material for incoming energies w
that are above the band gap.

The dark photon can be treated as an external source that couples to the electron number
density n(r,t) of the material. We can use linear response theory to treat the incoming
particle as a perturbation of n(r,t). This allows us to determine the susceptibility as

X k) == [T dte (e 0)n40) (B2

which is the definition of the Fourier transform of the leading order response of an electric
system. The susceptibility x(w, k) as defined here is intimately related to the dielectric

response €(w, k) as
1 AT em

e(w, k) TR

X(w, k). (B.3)

Furthermore, the fluctuation-dissipation theorem can be used to relate the susceptibility
X(w, k) to the dynamical structure factor S(w,k) as

1
Iy (w, k) = =2 (1 - e 7S (w, k). (B.4)
The dynamical structure factor S(w,k) parametrizes the rate at which excitations are
emitted or absorbed and is defined as
2T e PE:

S(w,k) = sz: 7| {fInacli) Fo(w + E; — Ey) (B.5)
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where = kE%T and Z is the partition function. Equation (B.3) relates e(w, k) to x(w, k)
and Equation (B.4) relates x(w,k) to S(w,k). Putting these together, we can express
S(w, k) as a function of €(w, k) as

1 1 1 k2
S ky=—-2—— 1 k) = I -1
(w;k) (1= e po) mx(@ k) 1= ™ (w1 ™ Viram
and so we conclude that
k2 1 -1
k) = 1 . B.
S(w, k) () (B.6)

2oy, 1 — e AW

The second part of the proof will now be to derive the DM-electron scattering rate R using
this relation. Remember that we are using a mediator dark photon in our model, so the
interaction will be given by the coupling between the DM and the DP g, and the coupling
between the DP and the electron g. = e¢¢q. With this in mind, the coupling between the
electron density perturbation ny and the DM potential is given by the Hamiltonian

d3k g geeik-x
Heo :/ Nk X <X . (B.7)
(2m)3 k2 4+ m?,

Note that we consider the external Hamiltonian here as it represents the unscreened poten-
tial. A screened potential would have included a factor ﬁ in the propagator, but this

is instead included in the dynamical structure factor S(w, k). It is completely equivalent
to instead include the screening factor in the propagator. With this remark aside, we can
now evaluate the Hamiltonian (B.7) between an initial and final DM state by using the
matrix element

. 9xYe
M_V(kQ:—m )<f|n k’> pf, (BS)

Applying Fermi’s golden rule to this process, summed over initial states |i) weighted with
—BE; . .
€—— and summed over final states (f|, we arrive at the DM scattering rate

L py 77(7@/ 3 / d3k dw k? 9
R=— d°v fy (v x0|lw+——k-v||Fpyu(k)|"S(w, k).
et [ o [ oo [52 T Fpa ()PS0, )
(B.9)

Plugging in Equation (B.6) for S(w, k) we arrive at the final expression for the DM-electron
scattering rate in units of the number of counts per exposure

R=L T g (o) [ g2 [0

pT My :uxe ( )

1 —1 k?
I — —k- .
e ™ [e(w,k)} 0 <w + 2m,y V)

(B.10)
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C

Extra Figures

C.1 Validation Results with a Germanium Direct Detection
Experiment

Figure C.1 shows the result of an identical analysis to that of Figure 4.3, with the exception
that the DD target material used here is germanium instead of silicon. We see that
a germanium based experiment requires slightly more exposure to validate the LDMX
signal for the m, values considered here, although the difference is relatively small.
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Figure C.1: The result of a x? test applied to the E and |Pr| distributions of
LDMX and the direct detection prediction for varying true dark matter mass. On
the x-axis is the exposure of the direct detection experiment. A stable x? value
below 95% confidence is considered a validation of the LDMX signal. The black
curve in each figure shows the fit of an exponential decay function to the mean of
the results. When this fit falls below 95% confidence, we mark out the exposure.
Compared to figure 4.2 the DD target material used here is germanium.
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