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Abstract:

Linearity is an important property of radio frequency amplifiers that has implications for performance
in a wide range of applications, from communications to radar. As digital hardware grows ever
cheaper and more power efficient, digital techniques for improving the linearity of amplifiers have
emerged as an effective replacement for older more power-hungry analogue methods.

This thesis seeks to investigate the effectiveness of digital linearization techniques for post-distortion
on the receiver side, and in the context of digital radar systems. The investigation has been performed
by testing linearization algorithms on recorded signals using hardware typical of modern radio
receiver systems. Triangular chirp signals and combined two-tone signals using frequency pairs based
on coprime integers are shown to be effective calibration signals.

Post-distortion techniques using either memoryless polynomials, memory polynomials or generalized
memory polynomials are shown to suppress intermodulation distortion by up to 20dB, and to remain
stable for a temperature drift of about 10C. The coefficient estimation algorithm is shown to find
inverse models that can improve linearity using only a small number of samples, indicating the
possibility of implementations using a low amount of digital resources and model complexities. Ways
of compensating for temperature drift have been investigated but to inconclusive results.



Keywords: Linearization. Distortion. Intermodulation. RF amplifier. Complex baseband. Adaptive
system. Dynamic range.
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1 Introduction
1.1 Background

Wireless transmitters and receivers are indispensable components in many radio frequency
technologies, from communications [1] [2] to radar [3]. Such applications often require the
amplification of signals, and in the ideal case, the amplifiers used need to be completely linear
devices. This means that the output should be identical to the input except for a scale factor. However,
for real world devices this is not entirely the case. The amplifiers in a transmitter or a receiver are not
linear components, and amplifying a signal always results in some distortion [1].

These distortions create additional frequency components in signals that can interfere with signals of
interest at other frequencies. For RF receivers, distortion limits how small signals a receiver can
process without the signals being mistaken for or masked by distortion. For radar receivers, this has
implications for range and the probability of false detections [4].

Interest in linearizing amplifier circuits is almost as old as the history of radio technology itself, with
the first implementations dating back to the 1920°s. There has always been an unavoidable trade-off
between linearity and power-efficiency [5] [6]. However, in the recent decades, significant
developments are still occurring, mostly in the field of communications systems, and power-intensive
analogue techniques are being replaced with rapidly improving digital solutions [2]. A typical digital
linearization setup for post-distortion can be seen in Figure 1.

% DAC
x(t)

Tlx(B] h 4 Tin TIX(DT = (1)
— ADC Tinw —

Tx(1)] Tinv[X(1)] Tin[T[X(D]]

D

Figure 1. A typical digital linearization setup for the post-distortion case. A DAC is used to generate a calibration signal
that measures the distortion effects of the non-linear system. After conversion back to digital by an ADC, the distorted
calibration signal can then be used to estimate a digital inverse system that will undo the distortion [7].

coefficient
estimation

1.1.1 Previous work

The first attempts started in 1923 at Bell Laboratories, where Howard Black used feedforward
methods to linearize vacuum tube amplifiers. However, with the technology available at the time, the
results could not be made stable over temperature, aging and frequency. In 1927 Howard Black
successfully used feedback for linearization, for relatively low frequencies [2]. Feedforward would
later make a return and come into widespread use in the 80s as vacuum tubes had been long since
replaced by semiconductor technology.



Predistortion became the most prevalent method due to advantages in dynamic range, potential for
wideband signals, power efficiency and implementation simplicity, beating out feedforward
techniques due to better efficiency, and to feedforward being dependent on the introduction of delays
and sensitivity to the accuracy of those delays [2] [8]. The earliest known application was by RCA’s
Astro Space division for travelling wave tube amplifiers for satellites in 1980. The technology soon
migrated to ground segments and became part of uplink PA’s by 1995 [2]. These pre-distorters were
all analogue.

Digital predistortion became widely used in the 1990’s in the telecom industry, as cellphone
communication moved away from analogue predistortion. The earliest DPD implementations used
look-up tables to relate the signal samples to their predistorted counterparts. As memory effects
started playing a larger role, these lookup tables became multi-dimensional to be able to take into
account the present as well as past signal samples. This came at the cost of huge increases in
complexity [2].

A digital predistortion scheme functions similarly to the postdistortion setup shown in Figure 1, with
some major differences being that the inverse model is placed before the tansmitter’s DAC and PA,
and that the indirect learning architecture that is commonly used entails some additional complexity
when compared to post-distortion [9]. Because of this, many of the techniques developed for
predistortion are just as applicable to the post-distortion case.

A common way to characterize the nonlinear effects of an RF amplifier is through Volterra series.
However, for many practical implementations, this is unfeasible due to their complexity when
modelling higher order systems [9]. The use of Volterra series to analyse non-linear networks was
first done by Norbert Wiener in 1942 in a paper that analysed the effects of noise in a non-linear radar
receiver. Eun and Powers introduced the first digital Volterra based pre-distorter in 1997 [2]. From
then on, several algorithms were developed that reduced complexity by removing redundant terms
from Volterra series while keeping the most important ones. One of the most successful being the
memory polynomial model that Kim and Konstantinou popularized in 2001. The model is widely used
in industry and often shows up in textbooks on the subject due to the excellent trade-off in terms of
performance and computational complexity [2] [9].

The need for more detailed system models lead to the introduction of extended memory polynomial
models that used more terms from the Volterra series. One such model is the generalized memory
polynomial that Dennis Morgan introduced in 2006. [9] Another pruned Volterra approach that has
seen success is dynamic deviation reduction [2].

To find a digital model that can linearize an analogue system, the analogue system needs to be
measured by a calibration signal. One common approach to the choice of this signal is to use a signal
that will excite as many internal states of the amplifier as possible, meaning that the resulting model
will be an accurate representation for any kind of input. Another common approach is to use same
type of signal as the signals that the system will use during actual operation, with the goal that the
digital model will be as accurate as possible for that type of signal [10].

Calibration signals that have been used in previous literature for characterizing RF amplifiers include
two-tone measurements [11] and chirps [10]. Common past implementations of post-distortion in
radar have been lookup tables and inverted memoryless polynomials [4].

1.1.2 Applicability to radar receivers

Up until now, most recent developments on digital linearization techniques have come from the field
of telecommunications, and for the case of pre-distorting RF transmitters [1] [2]. In those cases,
wideband signals are most common, meaning that memory effects may be what limits performance.



The range of applications that may benefit from digital linearization goes far beyond communication
transmitters however, and one such field is radar.

Radar systems operate by sending out high-power radio or microwave signals and detecting the echo
that bounces back from objects or surroundings [3]. The time it takes for an echo from a target to
reach the receiver can be used to calculate the distance to that target. Additional information
contained in the incoming echo, such as Doppler shift can also be used to determine speed and other

properties.
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Figure 2. General principle of a radar system.

To see why linearity is important in radar circuits, it is intuitive to consider that only a small fraction
of the power that is sent out from a radar transmitter is reflected back from a target. Also, an even
smaller fraction of that reflected power reaches the receiver. This sharp decline in received power
compared to transmitted power is clearly expressed in the classic radar range equation for received
power in an ideal lossless empty space medium [3]:

b P.G?*a2?
" (4m)3R*

(1)

In (1), P, is the received power and P, is the transmitted power. G is the antenna gain, o the
radar cross-section and A is the wavelength of the transmitted wave. From (1), one can see that the
power of signals received from targets decreases in proportion to distance between receiver and target
raised to the power of four [3]. This not only means that the incoming signals are very weak, it also
means that there is a huge variation in input power. With received power declining proportionally to
the R* term, it does not take long differences in distance for incoming echoes to become several
orders of magnitude weaker. This places stringent demands on the amplifiers in radar receivers to not
only be able to amplify very weak signals, but also be able to handle extremely large variations in
signal power without degrading signal quality. This difference between the weakest signals and the
strongest signals that an amplifier can handle is called dynamic range, and due to the huge ratios
involved is almost always expressed in decibels. The dynamic range of radar signals is typically
several tens of decibels, and in some cases, up to 100dB [3].

A metric related to the concept of dynamic range is the spurious free dynamic range of an amplifier. It
denotes the ratio of a maximum input carrier signal to the largest spurious frequency that it produces.
The SFDR places a lower bound on how small signals can get before they risk being masked by
spurious tones. This metric is important to radar receivers, because the signal reflected back from one
target could be orders of magnitude weaker than the signal reflected from another target closer by. If
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the circuits in a radar receiver are non-linear, intermodulation tones from strong signals can mask
weak signals as well as show up as false targets. [12] [13].

It is also common for wanted target signals to have to contend with much stronger unwanted signals
like jamming and clutter that drive the receiver gain into its non-linear compression region. These
unwanted signals also cause unwanted harmonics and intermodulation products in the spectrum of the
received signal that can mask or look like targets. Linearity thus becomes an important limiting factor
for the performance of a radar receiver [4]

The most fundamental figures of merit (FoM) for radar systems are the probability of detection Pp
and the probability of false alarm Pr,. All other things remaining unchanged, increasing one will also
increase the other. Both are heavily dependent on the signal-to-interference-ratio (SIR) and as
discussed earlier, impacted by the linearity of the receiver [3].

1.2 Aim

The goal of this thesis is to estimate the performance of modern digital linearization algorithms under
hardware and software constraints common to digital radar systems. An important goal is to be able to
draw conclusions about the trade-offs that exist between complexity and performance. One such
conclusion would be to determine what would be gained by using a complex model as opposed to a
simpler one, and if there is a performance difference that justifies increased complexity.

The thesis will also investigate what types of signals would be best suited to use in a calibration
sequence, especially in terms of how the choice of signal would affect how well a calibration
generalizes to many different types of input signals.

Another core goal is to draw conclusions about the feasibility of using linearization techniques to
calibrate a radar receiver as part of an embedded solution within a larger digital platform when digital
resources might be limited. This could be either determining what parts of the algorithm would be
suitable for implementation in programmable logic, as well as how much time parts of the algorithm
implemented in software would take to run.

How much changes in operating conditions such as temperature drift would affect the stability and
performance of a calibration is also a topic of interest that will be investigated.

1.3 Scope

This project will only consider Volterra derived models [9] [14] such as GMP or memory
polynomials. Neural networks have been used in other literature, but they will not be considered here.
Because of time limitations, dynamic deviation Volterra models are not considered either.

Focus will be on the linearization algorithms themselves. A hardware implementation was planned,
however, due to time constraints, focus was shifted towards examining the linearization algorithms on
data collected from real hardware, while doing the data processing in MATLAB.

Due to time constraints, ways of compensating for temperature drift other than interpolating between
two stored calibrations will not be part of the thesis, even though they would be of great interest to
explore.

This thesis assumes that the system model should be able to deal with any type of non-ideality that
has been encountered in the communications field, should it prove to be significant. However, in the
final result, this might not be the case.



2 Theory

This chapter aims to get an uninitiated embedded engineer up to speed on the theoretical concepts
relevant to the project. These include the complex baseband representation of signals and its use in
radio technology, common requirements for radar receivers, radio-frequency amplifier basics, topics
related to data converters, as well as the adaptive methods used for digitally linearising amplifiers.

2.1 Analytic and baseband signals

Many types of radar signal processing algorithms are most conveniently done on complex
representations of signals rather than purely real ones [3]. This is commonly referred to as complex
envelope or complex baseband. Likewise, all signals that are described in this thesis are expressed as
complex baseband signals.

First, let s,-(t) be a real signal with Fourier transform S,.(f). Then the Fourier transform of s,.(t) has
Hermitian or conjugate symmetry around f = 0.

Se(=f) =S5 (f)
(2)

The negative frequencies of a real signal can in theory be discarded without losing any information
about that signal. If one were to discard all negative frequency components from a signal in this way,
one would have turned it into its corresponding analytic signal. As such, the definition of the Fourier
transform of an analytic signal is defined as: [15] [16]

28.(f), f>0
Sa(f) £4 S:(f), f=0
0, f<o0

(3)

From the definition, one can clearly see that S, (f) only contains the non-negative frequency
components of S,.(f). Because of the Hermitian symmetry, the operation is reversible, and a real
signal can be defined in terms of its analytic signal in a similar way [16].

1

Ss (&4 Sa(f), f=0
1 0
2sa-p, T T

(4)

Another way to express the process of discarding all the negative frequencies from S,.(f) is to view it
as multiplying the Fourier transform of the real signal with the expression 1 + sgn(f), where sgn(f)
is the signum function.

Sa(f) = S-(fH(1 +sgn(f)
(5)

The analytic signal in the time domain s, (t) can then be clearly expressed as the inverse Fourier
transform of the analytic signal in the frequency domain S, (f). Using the above expressions for
producing the analytic signal in the frequency domain, this gives us an expression in the time domain
for creating an analytic signal from a real signal:



sa(t) 2 FTHS(H} = FHS (f) + sgn(H)S, ()} = FHS-(H} + FHsgn(H}  FHS- ()}

1
C () 4] [E ) sr(t)] = 5.(6) +j8.(0)
(6)

For any signal s(t), the expression: [ﬁ * s(t)] = %foo SO gr = H{s(t)} = §(t) is known as the

-0 t-T

Hilbert transform of s(t).

As can be seen in (6), creating a time-domain analytic signal from a real signal can be done by adding
J3,(t) to the real signal s,.(t). Since s(t) = s(t) * §(t), the expression s,.(t) + j [ﬁ * sr(t)] can be
rewritten as a filter operation that removes all negative frequency components from the signal.

1
5a0) = 5,(0) = [50) +j—]

(7)

Since s,-(t) = Re{s,(t)}, the real signal can always be created from the analytic signal by discarding
the imaginary part.

The polar coordinate expression for an analytic signal can be written as: s, (t) = a(t)e/®® In this
case, a(t) is the instantaneous amplitude. ¢ (t) is the instantaneous phase or phase angle.

Most radio technologies, including radar transmit their signals by modulating information onto a high
frequency carrier wave. Modulation in this case refers to the process of varying the parameters of a
sine wave such as phase and amplitude as functions over time.

A modulated sine wave carrier in the passband can be expressed as:

Spass(t) = a(t)cos(anCt + ¢(t))
(8)

Where a(t) is the amplitude modulation or natural envelope of s(t) and ¢ (t) is the instantaneous
phase or angle modulation [17]. Just like the polar form analytic signal, one can see the modulation as
an instantaneous amplitude and phase. [18] [15].

Modulation of a carrier signal is often done by mixing a lower frequency signal, with a spectrum
commonly centred around or near OHz with the high frequency carrier wave, for transmission at radio
frequencies. Mixing in this case refers to multiplying the signals in the time domain. At the receiver
side, the signal is then mixed with the same carrier frequency again to shift it back to its original
frequency before further processing.

The process of mixing a signal with a carrier frequency to shift its frequency spectrum up or down is
called upconversion or downconversion. The signal before upconversion and after downconversion is
commonly referred to as the baseband signal, while the upconverted signal is called a passband signal
or a carrier signal. After upconversion, the information of the baseband signal is said to be modulated
onto the carrier signal. While after downconversion at the receiver side, the recovered baseband signal
is said to have been demodulated.

Analytic signals are useful for describing modulated narrowband signals, because they conveniently
separate the effects of amplitude modulation and phase or frequency modulation.



A common way to modulate carrier signals in practice is through quadrature modulation, where a
modulated signal is created by adding the outputs of two oscillators separated by 90°. How much of
each component is added determines the instantaneous amplitude and phase of the carrier.

When used to describe modulated passband signals analytic signals are often shifted down in
frequency so as to be centred around OHz (or any arbitrary frequency lower than the carrier), which
can create (non symmetric) negative frequency components. sg;(t) = s, (t)e/@ot =

a(t)e(#O-©o®) This downshifted representation is often referred to as a complex baseband signal.

Upconversion Downconversion
C Q e
Q @ —~= Q
LPF
—sin(2rfipt) —sin(2nfiot)
Lo IF IF o
H—1"
cos(2nfot) @ cos(2nfio. t)
LO Lo
o
| — —~= |
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Figure 3. Upconverion and downconversion as well as 1/Q modulation/demodulation from complex baseband to
an intermediate frequency and then back to complex baseband.

Upconversion and quadrature modulation is often done in the same step using two oscillators and
mixers to modulate a complex signal onto a higher frequency carrier wave. Such an upconversion
stage can be seen in Figure 3. When using a complex baseband signal to describe the modulation on
the carrier, the modulated passband signal from (8) can also be written in its canonical form:

Spass(£) = I(t) » cosmf.t) + Q(¢t) - (—sin(anCt))
(9)

I and Q are referred to as the in-phase and the quadrature components of the modulated carrier and are
respectively given by:

I(t) = s(t)passcos(2mf.t)
(10)
Q) = S(t)pass(_Sin(znfct))
(11)

1(t) would represent the real part of the complex signal used to describe the modulation, and Q(t) the
imaginary part. Both I(t) and Q(t) are baseband signals bounded by the bandwidth of the signal /.
The in-phase I and quadrature Q components of a narrow-bandbass can be revealed using an 1/Q
detector [17] [3]. Cut-off angular frequency of the lowpass filter is above W and below 2w,. [19]



In practice, analytic signals cannot be transmitted with perfect accuracy because that would entail
realizing a Hilbert transform filter that can introduce phase shifts of —m/2 at each positive frequency
and +m /2 at each negative frequency for the transmitted signal [18].

However, in the case of a narrowband signal, where the signal bandwidth is much smaller than the
carrier frequency, this can be approximated by the up and downconversion stages shown in Figure 3.
To gain some insight into the link between theory and practice, consider a real unmodulated carrier
sinusoid. The positive frequencies are: e/®<t while the negative components are e~/ ©ct,

The Hilbert transform of the unmodulated carrier would be §(t) = e J@ct+iT/2 4 giwct=jm/2\yhjch
evaluates to 2sin(w,t). The analytic signal s(t) + $(t) would then be 2cos(w.t) + j2sin(w,.), which
would correspond to 2e/®ct which is a complex signal only containing positive frequency
components.

In the narrowband case, where the signal bandwidth is of an insignificant size compared to the
absolute size of the carrier frequency, any frequency content in a modulated signal will be
approximately the same as the centre carrier frequency, and multiplying the signal with two oscillators
separated by 90° oscillating at the carrier frequency, will approximate shifting all of the frequencies
contained in the narrowband signal by a quarter cycle (while also up or downconverting that signal),
and thus approximate the Hilbert transform.

Another way to view it is that for signals that fulfil the narrowband signal model, such as modulated
carrier waves, the Bedrosian theorem states that the Hilbert transform of the product of a non-
overlapping lowpass and high pass signal (in this case, baseband and carrier) is approximately the
lowpass signal times the Hilbert transform of the high pass signal. Thus when downconverting and
1/Q demodulating a signal, multiplying the real signal with the quadrature oscillators will approximate
downconversion and a Hilbert transform at the same time. And multiplying the signal with both
oscillators to create the I(t) and Q(t) components, as seen in Figure 3. will be an accurate
approximation of creating an analytic signal from the real modulated signal using the expression

s(t) + $8(t), and then downconverting that analytic signal to baseband.
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Figure 4. In order of top to bottom: 1. A real twotone signal. 2. Analytic signal created by removing all negative
frequencies from the first signal. 3. The analytic signal after downconvertion to baseband. Since a twotone is
symmetric around its own center, the baseband signal is a real sinusoid, however, for asymmetric signals, the

baseband signal would be complex.



2.2 Radar receivers

Since complex baseband is a convenient representation for many of the types of signal processing that
are used in radars, most radar receivers are built to demodulate signals and measure their angle
modulation. This is usually done after one or two stages of amplification and mixing with local
oscillators.

There is a strong requirement to keep the local oscillator frequencies for both the transmitter and
receiver identical. [3] In practice this means that all local oscillators are referred to single stable
oscillator. The requirement for identical transmit and receive oscillators is usually considered stronger
than for frequency stability. Transmitted carrier signals must also have a fixed starting phase reference
for several, perhaps many consecutive pulses. [3]

To prevent signals from being corrupted before they reach the demodulation stage, it is common to
amplify incoming signals with a low-noise amplifier directly after the antenna. The signal can then
then be downconverted to an IF. Then, with less requirements and cheaper components at IF, it can be
amplified again and demodulated to baseband. Such a design often involves less conversion loss and
lower cost components [3].

@ % A,A,sin(0)
sin(wt + 9(t))
‘ LPF
Antenna @ 2cos(wpt)
LO
LNA BPF PA @ 2sin(wpt)
2005((w - w,F)t) Lo
Lo
% A,A,cos(0)

LPF

Figure 5. Simplified diagram of a typical radar receiver before A/D conversion, featuring multiple analogue
mixing and amplification stages, as well as I/Q-demodulation. [3]

In a receiver that uses analogue demodulation for the | and Q channels, to recreate the received signal
accurately, it is important to have oscillators that are as close to 90 degrees out of phase as possible.
This will never be exactly the case, and because of that, there will be mismatches in the I and Q
channels. Keeping these as minimal as possible is critical to the performance of an analogue radar
receiver.

A purely digital radar receiver simplifies many of the problems that arise in analogue receivers [12].
A primary example being that pushing the I/Q demodulation into the digital domain eliminates any
differences in the 1/Q signal paths that pose problems for analogue radar receivers.

The entire linearity of a digital radar receiver can also be improved, since the amount of analogue
components is reduced. The digital processing power that is available in modern chips also allow for
digital processing to compensate for non-idealities in the remaining analogue parts of the system. One
example of such a non-ideality being the topic of this thesis, linearity.



Since the DAC and ADC now sample the signal directly, there is also more flexibility and
configurability of the system’s bandwidth and sample rates. Component cost, size, weight, and power
dissipation are also improved. [20] However, the data converters must sample the signal at much
higher sample rates. This places much higher demands on the data converters than in the analogue
case.

Antenna

DAC

&

BPF PA

CLK
Antenna

ADC

&

CLK

Figure 6. Simplified diagram of a typical digital radar transmitter and receiver [16]

2.3 RF amplifiers and non-idealities

An ideal amplifier is a device that can take one signal at its input, and produce at its output the same
signal with a higher amplitude. Amplifier gains of ten to several tens of dB are typical, which can
correspond to thousandfold increases in signal strength or more. In RF contexts, signal strengths are

often measured in decibel milliwatts or dBm, which is a logarithmic unit defined as

10log4g (L

). Where P is the signal power in Watts.
0.001W

Amplifiers in the non-ideal world, however, are not completely linear devices, and as the voltage level
of a signal increases, the amount of gain decreases, resulting in the signal being distorted. In real
world transmitter systems, the power amplifier is often the most significant contributor to non-linear
distortions [6]

An important metric used to characterize power characteristics as well as the linearity of PA’s is the
1dB compression point. It represents the point at which the output power is 1dB lower than what
would have been expected if the amplifier was completely linear. The 1dB compression point is often
used to define the upper limit of an amplifier’s dynamic range. Once the 1dB compression point is
reached, by convention, one says that the amplifier has gone into compression, and can no longer be
modelled as a linear device. Of course, a power amplifier is always slightly non-linear even before
having reached P; 45 [6] [21].

The 1dB compression point is defined in the decibel scale as:
PldB,out = PldB,in + (Gsmall signal — 1)
(12)

Where P, 45 in, IS the input power at which the ouput power is 1dB less than expected when
extrapolating from the amplifier’s ideal small-signal gain Ggpqy; signai- WOrth noting is that on the
decibel scale, the gain is added to the input power and not multiplied when calculating the output
power.

10



Figure 7. shows a typical input-output power characteristic of a power amplifier, as well as the 1dB
compression point.

Even though PA’s operate on passband signals, it is common to model them in the baseband. The
effects that an amplifier has on a signal then includes the amplitude distortions, as well as time delays
that can vary with signal amplitudes that causes phase shifts in the baseband signal. Usually an
amplifier can be described by its amplitude to amplitude or AM/AM, as well as its amplitude to phase
or AM/PM characteristics. PM/AM and PM/PM distortions can happen in transmitters unless
carefully designed. [6]

A PouldB]

PiB,out f—=-=-=-=-=---- f ——r A ——————-

» PinldB]

P1d8, in

Figure 7. Graph illustrating the input-output power characteristic of an amplifier, as well as the 1dB
compression point. The dotted line is the extrapolated output power for a perfectly linear device.

The AM/AM characteristic is measured by plotting the magnitude of instantaneous gain (in dB) as a
function of the DUT’s instantaneous input power. AM/PM is phase of the instantaneous gain plotted
as a function of either input or output power. Dispersion of these characteristics is a qualitative
indication about the memory effects of the device, and can be dependent on the choice of test signals.

A simple baseband model that describes the compression and phase shift characteristics of a
memoryless amplifier is the arctan model [6]. For this thesis, it has been used to test linearization
algorithms in an ideal case without noise and data-converter imperfections before moving on to
recorded data. It is defined as:

y(t) = [ystan™1(a;4) + y,tan"(a,4)]e’?
(13)

Where A is the instantaneous amplitude of the baseband signal, and 6 is the instantaneous phase. y;,
Y2, @, and a, are model parameters.

When a signal gets distorted by a non-linear system, unwanted spurious frequencies are generated. A
simple way to see this is to consider a signal made up of two fundamental frequencies, being passed
through a non-linear system.

Any memoryless weakly non-linear system can be described by its Taylor polynomial [22] [6] [23]:

y = axip(t) + bxZ, () + cx3 (£) + -+ + apxlL (¢)

11



(14)

Restricting the polynomial to the third order, and assuming the input signal x;,, (t) consists of two real
sinusoids with frequencies: w; = 21f;, w, = 2rf, and amplitude A/2 yields the following
expressions for the input and the output:

A A A et iwqty Hiwyt iwyt
Xin () =Ecos(a)1t) +§cos(w2t) =Z(e“"1 + e t@1l felW2l | o7l )
(15)

The output of the non-linear system becomes

a%(eiwlt + e—iwlt_l_ei(l)zt + e—i(l)zt)
AZ

+ b_(eiZwlt + e—iZwlt + eiszt + e—iszt + zei((l)l'l-(x)z)t + ze—i(w1+w2)t
16

+ 2ei(@17@2)t  Dpilw2=w1)t 4 4¢0)

A3 . . )
+ c— el3(l)1t +e—l3a)2t + el30)2t +e—l30)2t
61 (
+ ei(2w1+w2)t+ei(2(u1—w2)t+ei(2(u2+w1)t+ei(2w2—w1)t
+ ei(—2w1+w2)t+ei(—2w1—wz)t+ei(—2w2+w1)t+ei(—2w2—wl)t + geiwlt + 9e—iw1t
+ 9el@at 4 ge~iwat)
(16)

From (16) one can see that a two-tone signal passing through a non-linear system creates new
frequencies at the system’s output that were not in the original signal.

The tones appearing at multiples of the fundamental frequencies are referred to as harmonic distortion
and the ones containing combinations of both frequencies are called intermodulation products. In
most cases, the harmonics and several of the intermodulation tones can easily be filtered out using
lowpass filters, but the tones at (2w, — w,), (2w, — W), (—2w; + w,), and (—2w, + wq) are
particularly problematic.

These unwanted tones appear too close in frequency to the original signal for filtering to be a practical
option. The most feasible way to deal with them is to increase the linearity of the amplifier, so that
distortion does not happen in the first place. Higher order intermodulation products exist, but these are
of a lower amplitude than the third order tones, and thus contribute less to distorting the signal.

Simulated distortion of a third-order polynomial

Mndamema\1 [undamemal2

DC 2f -f 2f -f f f, 2f -, 2f f,+f, 2f, 3f, 2f +f, 2f,+f,  3f

21 1°2 1 2 1 2

Figure 8 Frequency spectrum of a two-tone signal distorted by a third-order polynomial, showing the spurious
tones generated by a third-order system. IM3 stands for third-order intermodulation, while HD2 and HD3 stand
for second and third order harmonic distortion. The y-axis is expressed in decibels.
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The amplitudes of the third order intermodulation products are usually much lower than those of the
fundamental tones, however, due to them growing as the cube of the input signal, the power plotted
on a decibel scale of the intermodulation products increases with a slope of 3 compared to the slope of
1 of the fundamental tones as the power of the input signal is increased. If one were to extrapolate
those lines, the amplitude of the third order products would eventually reach the amplitude of the
fundamental tone. The point at which the third order intermodulation products have increased in
amplitude to the point where they are at the same power as the fundamental tone is referred to as the
third order intercept point, and is a common figure of merit for characterizing the linearity of
amplifiers.

Since the Taylor series approximation is only valid for input signals close to the operating points, the
approximation is only defined for small-signal amplitudes, and does not describe a real physical
phenomenon. As the power of the input signal grows, the system becomes more non-linear, and
higher order terms become necessary to model the system. In reality, the third order intercept point
can never be reached, and usually lies above any output power than can actually be delivered by an
amplifier before clipping the signal. However, it is useful as a measure of a device’s nonlinearity.

When working with decibels, calculating the third order intercept is straightforward, since input
power and output power follow straight line equations. Assuming a two-tone signal where the power
content at each frequency is the same for both fundamental tones, for an amplifier, on the decibel
scale, the third order intercept can be determined from the output signal frequency spectrum by:

3Pfundamental - PIMD3

IP3 =
OIP3 >

(17)

Where Prynaamentar 1S the power in one of the fundamental tones, and P;yp3 is the power in one of
the third order intermodulation tones.

Fundamental

—— Third-order intermodulation

A
Pout [dB] ’,

20 Third order ’ -
OIP3 Intercept point -

- IIP3

» Piy[dB]
10 20 30

Figure 9. Graph illustrating the input-output power characteristics of an amplifier for the fundamental tones,
the third order intermodulation products, as well as the third order intercept point.
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All electronics generate thermal noise and amplifiers are not an exception. They also amplify the
noise that is present at their input, meaning that a degradation in SNR for a signal passing through an
amplifier is unavoidable. A figure of merit that quantifies this relation is the noise factor. It is defined
as the ratio between the total noise power at an amplifier’s input and the total noise power present at
the output. When expressed in decibels, the noise factor is called the noise figure.

When cascading amplifiers, the expression for the noise figure of the entire cascade is written as:
Fiotar = Fn + Gy (Fn—l + Gn—l( o F3 + G3(Fy + GzF1)))
(18)

As can be seen in (18), the noise figure of the total amplifier cascade is predominately decided by the
gain and noise figure of the first stage. In this expression, G is the gain of a stage and F is the noise
figure.

For a similar cascade of amplifiers, the input IP3 is determined by the expression:

1 1 G, GG,
= + + + o
11P3;0rs  1IP3,  1IP3, ' 1IP34

(19)

Here, one can see that the total 1/P3 of the cascade is mostly determined by the gain and I1P3 of the
last amplifier. Thus, when cascading amplifiers and selecting the gain of the stages, achieving the best
possible noise figure and the best possible IP3 are conflicting goals.

2.4 Data Converters and Sampling

Data converters bridge the gap between analogue components such as amplifiers and mixers, and the
digital world made up of FPGAs, microcontrollers, and signal processors. Their purpose is to either
convert signals from the analogue domain to the digital (ADCs) or from the digital to the analogue
(DACs). A conversion from an analogue signal to a digital, and vice-versa is never perfect, and
various non-idealities can impact system performance and design. This section aims to cover some of
the topics related to A/D conversion that were important to the implementation and results in this
thesis.

2.4.1 Sampling

A digital signal is represented by a series of samples, each spaced apart with the same time distance as
the sampling period and quantized to a predetermined set of discrete levels. This discretization in time
means that signals sampled above the Nyquist limit of half of the sampling frequency become
indistinguishable from signals at lower frequencies.

Sampling a signal whose frequency is above the Nyquist limit will create an alias at a lower frequency
that is mirrored around the Nyquist limit. This can be utilized to sample a signal at a lower frequency
when ADCs with sufficiently high sample rates are not available. Intentionally sampling a signal
below the Nyquist limit is called undersampling, and has been utilized for all data recording in this
thesis [19].

Undersampling is possible when the sampling frequency is larger than the bandwidth of the signal
being sampled. The sampling frequency when undersampling should be larger than B or 2B.

14



Figure 10. Sampled and Quantized signal for a 3-bit ADC with sampling frequency fs = 10f

Both the bandwidth of the signal and the maximum frequency that the signal contains determine the
minimum required sampling rate. To achieve good results, the ADC should also be built for higher
frequencies than the sample frequency used for the undersampling [19].

1:st Nyqvist zone 2:nd Nyqvist zone

( Y )

A Alias A Original signal

r-r| Ly £

Frequency[Hz]

Figure 11. Sampling above the Nyquist limit causes the signal to be aliased to a lower frequency mirrored along the Nyquist
limit.

Minimum sampling frequency requirements for undersampling are fulfilled when £, /B is an

integer.

The DFT of a signal, and by extension, the FFT assumes that the time-domain signal is infinitely
periodic. If this is not the case for a periodic signal, i.e., if there is a discontinuity in its sine-wave
components, spectral leakage of that signal’s frequency components into neighbouring frequency bins
occurs. To avoid this, the signal can be multiplied with a window function that begins and ends at 0
(or values close to 0). Another approach is to use coherent sampling, which, for a multisine signal
means to use frequencies that begin and end at the same phases (and thus at the same values) of the
signal. This eliminates spectral leakage and allows for more frequency bins to more accurately depict
the power in the signal’s frequency components. [24] [25] The condition for coherent sampling for a
sine-wave can be expressed as follows:
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L _ Nyindow
fs Nrecord
(20)

Where fis the frequency of the sine-wave signal. f; is the sampling frequency, Ny indow 1S the total
integer number of signal cycles during a record and N,...,rq IS the integer number of samples in the
record, ideally a power of 2 [25].

If coherent frequencies cannot be found, the signal can be multiplied with a window function that
begins and ends at or close to 0 instead. One such window function, the Hann window is used in this
thesis when displaying the results from testing the linearization on an external signal.

L ma
WHann = SIN (W)

(21)
N is the total amount of samples in the recordandn =0,1,2,---,N — 1.

2.4.2 INL and DNL

A conversion between analogue signals and digital signals is never perfect. There is always some
difference between the voltage that a DAC should output for a specific input code and the voltage that
it actually outputs. The same applies to an ADC. There is a disparity between the theoretical threshold
voltages that should cause a transition between two output codes, and the actual threshold voltages
that make a real device actually change output codes. Two important metrics for quantifying these
errors are the differential nonlinearity and the integral nonlinearity of a data converter input or output
code.

The differential nonlinearity, or DNL is the deviation of the voltage difference for two adjacent input
codes from the ideal difference. Integral nonlinearity, or INL is the difference from an input code
from its theoretical value. [26] DNL most commonly manifests itself as noise whereas INL manifests
itself as correlated errors, i.e., spurious tones [4]. Both INL and DNL are commonly expressed in
terms of percentages of the data converter’s least significant bit.

2.4.3 SNR

The signal to noise ratio or SNR is one of the most common metrics in signal processing contexts. It
is defined as the ratio of the power contained in a signal versus the power contained in all of the noise
in the entire Nyquist range [26].

2.4.4 Dynamic Range and SFDR

As discussed in the introduction, the dynamic range of an amplifier or data converter is a measure of
the ratio between the weakest and strongest signals that the device can handle. The upper limit of a
dynamic range is often defined as the 1dB compression point or the third-order intercept, while the
lower limit is often specified in terms of the power level of the noise floor at some standard
temperature, often 290°K [27]. An analytic expression for the thermal noise floor power is given by
kg TFB, where kg is Boltzmann’s constant, T is the temperature, F is the noise figure, and B is the
relevant bandwidth [27].

Since the presence of spurious tones may be what limits an application and not the noise floor,
another useful performance metric is the spurious-free dynamic range or SFDR. It is defined as the
ratio of the RMS of the fundamental tone to the RMS of the highest spurious tone. In applications
where small signals can be masked by or mistaken for larger spurious tones produced by much larger
signals, SFDR is a common performance metric. Worth noting however, is that SFDR is dependent on
the amplitude of the fundamental tones, and so varies with signal amplitudes. The performance of the
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linearization algorithms in this report will mostly be measured in terms of how much the SFDR
improves [26].

2.4.5 DAC and ADC quantization and clipping

As shown in Figure 10, digital signals are quantized, both in time and amplitude. Quantization creates
noise that can both be correlated or uncorrelated with the signal. The circumstances that determine if
guantization noise manifests itself as either distortion or as white noise include the signal and sample
frequencies, or the record length, [26] [28].

2.4.6 Time-interleaved ADCs

In general ADC architectures are much more complex than DAC architectures, which means that
ADCs rarely reach the same sample rates as DACs. A solution to this problem is combining several
ADC:s that each sample the signal at slightly offset time instances. Such an ADC can reach high
sample rates at the cost of chip area and signal quality [29].

An integrated circuit can never be manufactured to 100% precision, and there will always be
variations from component to component, this becomes a challenge for interleaved ADCs since each
sub-ADC behaves in slightly different ways, and these mismatches affect samples in a periodic
fashion, causing spurious tones [28].

Interleaving spurs produced by simulating offset, gain and timing mismatches
T T T
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Figure 12. Simulation of ADC interleaving and the spurious frequencies produced by various types of mismatches.

Each sub ADC introduces a small DC offset error to a sampled signal. The spurious tones introduced
by these errors are relatively straightforward to predict, since the offset errors are the same
independently of any signal being recorded. For an ADC consisting of M interleaved sub-ADC:s, the
offset error has periodicity M /f;. The offset error mismatch spurs then appear at [28]:

=i

Wheren = 0,1,2 ...
(22)

The amplifiers and other internal analogue circuits also introduce slightly different gains to the signal
while it is processed in each sub-ADC. The gain error mismatch produces spurs at [28]:

n
fg = tfin + Mfs
(23)
There can also be timing mismatches that introduce timing error mismatch spurs at [28]:
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n
fi= 2o+
(24)

And finally, sub-ADC bandwidth error mismatches produce spurs at the frequencies of the other spurs
[28].

2.4.7 Reconstruction

The output from an ideal DAC has a staircase shape due to the DAC only updating its output with the
same frequency as the DAC clock. In the frequency spectrum, this causes the output spectrum to
contain images of the desired signal spectrum at the signal’s centre frequency plus any multiples of
the Nyquist limit frequency of f; /2. To remove those images, it is common to use a reconstruction
filter that filters out any frequencies outside of the desired frequency band of the output signal.

2.5 Adaptive signal processing

As was discussed in the introduction, this thesis focuses on the case of post-linearization of a receiver.
Figure 1 shows a typical case of a post-distortion setup. As can be seen in Figure 1, to linearize an
analogue system in the digital domain, an inverse system needs to be identified that can “‘undo’ the
distortion caused by the analogue system. For an arbitrary signal x(t) and a system T [x(t)], this can
be expressed as finding a system T, [x(¢)] such that Ti,, [T[x(©)]] = x(¢) [7].

This is known in digital signal processing terms as a system inversion problem. An adaptive system
inversion setup and its signals labelled according to most conventions is shown in Figure 13.

In the context of adaptive signal processing, one often uses the concept of a desired signal d[n],
which in the system inversion case would correspond to the input signal to the system that is to be
inverted.

The desired signal is fed through the non-linear system T, which distorts the signal, and produces an
output that becomes the input to our inverse system model T;,,,,, which we label x[n]. The input to the
digital system model x[n], then passes through the digital system. We label the output of the digital
system model as y[n]. If our adaptive setup functions as intended, y[n] will be equal to our desired
signal d[n]. To find the system model that makes y[n] equal to d[n], we define the error signal

e[n] = d[n] — y[n]. This error is used in a parameter estimation algorithm that finds parameters for
the digital system that makes the magnitude of e[n] as small as possible. If e[n] is 0, the system
model is a complete inversion of the original analog system, and its output is the original desired
signal d[n].

d[n]

/ +
h

ADC x[n] .| Adaptive inverse y[n] +
7| system model

h 4

DAC

N

e[n]

Parameter
estimation.

Figure 13 Block diagram of an adaptive digital linearization setup
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The adaptive setup in Figure 13 assumes zero delay through the system. In a real application one
would have to align y[n] and d[n] so that they correspond to the same time instance. If the system
inversion is not done continuously throughout operation, this could be done by recording a calibration
sequence, and then aligning it to the desired signal in software.

Since the system to be linearized is analogue, the calibration signal needs to pass though both a DAC
and an ADC, that also become part of the signal path and introduce their own distortion to the signal.
Because of this, the digital model will approximate an inverse system to the analogue receiver chain,
as well as the DAC and the ADC.

In our case, the ADC does not pose a problem, since it is also part of the path that the signal from the
receiver needs to pass through. However, this linearization setup places significant demands on the
DAC, or any other signal source used to generate the calibration signal. Since the receiver signal will
never pass though the DAC, the distortion it introduces to the calibration signal places an upper limit
on how much the PA can be linearized [7].

Since it is common to use the same type of signal as the one that the amplifier uses in normal
operation as the calibration signal, and since this means that any two-tone signal later used to measure
C/IMD5 might be very different from both the calibration signal, and the use-case signal, a common
figure of merit that may be more accurate than just looking at the /M D5 to carrier ratio is the
Normalized Mean Square Error [6]:

N_ d _ 2
NMSE=1OIog10< Waldfn] y[nn)

(25)

It measures how much a signal deviates on average from its desired or ideal values. In terms of the
signals in Figure 13, d[n] is the desired or undistorted signal while y[n] is the output of the digital
system model, and N is the number of signal samples in the record.

2.6 System models

Usually, adaptive DSP algorithms use a linear filter (most often FIR) as the system model, this is
commonly done for modelling RF transmission channels when doing channel equalization. However,
as was previously discussed in Chapter 2, amplifiers are non-linear systems, and thus other system
models need to be used.

The most common approach for post-distortion of radar receivers has been to use lookup tables or
inverted memoryless polynomials [4]. However, those models assume that the distorted output only
depends on the present input. For real amplifiers this is not the case and past signal levels can also
affect the signal level at the present, a phenomenon referred to as memory effects. For broadband
signals and power amplifiers, these effects can become significant. These effects can manifest as the
nonlinearity of the device changing with frequency or variations in the bias voltage over time [2].
When measuring the AM/AM characteristic of an amplifier, memory effects can be seen as a
dispersion of the sample levels at the saturation line in an AM/AM plot [6]. Also, when measuring a
device using a two-tone signal, frequency memory effects can be seen as an asymmetry in the
magnitudes of the IM3 tones.

Memory effects are present in all types of amplifiers, but mostly become significant in power
amplifiers and for signals with broad bandwidths. In the presence of memory effects, the magnitudes
of the intermodulation distortion products at the output of the DUT during a two-tone test are also
dependent on the tone spacing. Because of this they can be measured by keeping power constant
while observing how the asymmetry changes when varying the tone spacing.
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The causes of memory effects vary, but the one that has the largest effect, is if there are inductive
effects on the bias supply rails, this causes voltage modulation when the current drawn by the
amplifier varies [30]. Another cause is fast changing temperatures that affect the properties of the
semiconductor materials [2]. A third cause, that has proven difficult to model analytically is by the
behaviour of so-called charge traps in the semiconductor materials commonly denoted as
semiconductor trapping effects. Light sensitivity is a strong indicator that trapping effects are present
[30].

As stated earlier, most developments that have been made in research around digital linearization have
been made in the field of telecommunications, where the linearity of transmitters is of critical
importance, and where memory effects become significant due to the bandwidths and the power
amplifiers used. This might not be the case on the receiver side.

2.6.1 Volterra series

For a large class of non-linear systems with memory, Volterra series can be used to accurately model
system behaviour. However, their complexity grows with the factorial of the order of the system being
modelled, making them impractical for most applications in embedded systems. However, several
system models exist that reduce the complexity of a Volterra series by excluding redundant terms.
These models have many of the same advantages and limitations as Volterra models when modelling
amplifiers but offer very favourable trade-offs in terms of complexity and performance.

The continuous-time version of the Volterra series can be written as [23] [14]:

K b b k
y(t)=h0+2f f hk(‘l:1,...,1'k)1_[x(t—‘rj)d‘rj
k=1"¢ a j=1

(26)

It can be interpreted as a generalization of the Taylor series, where the output not only depends on the
instantaneous input, but also on all previous inputs. The inner integrals can be seen as a
multidimensional convolution of products of the signal with a multidimensional impulse response
function, also known as a Volterra kernel hy (74, ..., Tj).

Volterra series can be regarded as a generalization of Taylor series expansions and are able to model
weakly nonlinear systems with memory effects. The definition of a weakly nonlinear system varies
from author to author and field to field, but the definition used in this thesis is the same as the one
used by [31], that weakly nonlinear means a system that is well-described by its first few Volterra
kernels. In most cases, this means the absence of any strong non-linearities such as discontinuities.
For instance, a step function cannot be well-represented by a Volterra series due to its discontinuity at
the time instance of the step. This is the same for Taylor series [14].

Just like Taylor series, Volterra series assume that the input is of a small finite amplitude. If an input
gets too large, higher and higher order terms are needed to describe the system, the series diverges and
stops being a description of the system. For this reason, using Volterra series always comes with the
assumption that the input signal is small enough such that the series converges [23] [14].

The discrete time Volterra series is as follows [23] [9]:

K
y) = ho+ ) ilnl
k=1
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(27)

Here, K represents the order of the series, meaning that a series of order 2 incorporates Volterra
kernels up to the second order of nonlinearity.

Analogous to the continuous-time case, the inner sums: Xm 2o+ w20 by (my, -+, my) [Ti<y x(n —

m;) can be seen as a discrete k-dimensional convolution sum, where all the polynomial combinations
described by [T, x(n — m,;) are convolved with the k-dimensional impulse response
hy(mq,--+,my). M represents the memory depth of the system, which is how many of the past
samples are used to compute the output.

As a note of caution when reading the equation for Volterra series. The variable m, should not be read
as a counter that always counts from 1 to k, instead it takes on values that cycle through the inputs
(my, -, my) to the Volterra kernel hy(m4, -+, my). In other words, the term H{;lx(n -

m;) becomes a product of all versions of x(n) time shifted by all kernel inputs m,, ---, m;, at that
iteration.

As an example, for a series of order k = 2 and memory depth M = 3, at the iteration where m; = 3, and
my, =3. The product sum becomes x(n — 3)x(n — 3) and not x(n — 1)x(n — 2). This would be an
easy mistake to make.

All Volterra kernels are symmetrical or can be made symmetrical. Therefore, the complex conjugate
of a Volterra kernel can be obtained by changing the sign of the input frequencies.

As an example, the second order kernel would be symmetric if h, (74, 7,) = hy (72, 71). When
viewing the inner integrals as a convolution of two impulse responses with the Volterra kernel, this
can be interpreted as the physical system’s impulse response not distinguishing the separate delta
functions.

If an asymmetric form of the Volterra kernel h;;(rl, ...,rp) is found, then a symmetric one can always

be made be made by summing all possible permutations of the asymmetrical kernel and dividing by
the total amount of permutations [23]:

1

—_—— *
- p! Zall possible arrangements hp (Tl' vy Tp)

of‘rl,...,‘rp

h;(‘cl, ...,Tp)

(28)

Since symmetric kernels can always be found, it is possible to always assume dealing with symmetric
kernels. As stated above, Volterra series are rarely practical for modelling systems due to their
complexity, however, less complex models can be constructed by eliminating redundant terms and
assuming symmetry.

2.6.2 Memory polynomial model

One of the most popular models used for describing amplifiers with memory effects is the memory
polynomial model popularized by Kim and Konstantinou. It can be obtained by reducing Volterra
series to its diagonal terms, which means eliminating all the combinations of x(n — m;) that have
different delays and using only the product terms of the form x(n —m) - ... x(n — m) [6]. If we
consider a second order kernel h,(t4,7,) this would mean only the terms for which t; = ,. This
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greatly reduces computational complexity, and sometimes improves performance as well, since
redundant Volterra terms can hamper linearization performance if they are included while not needed.

The memory polynomial model can be written as [6] [9]:

M K
yup(n) = Z Z Ami " x[n—m] - [x[n — m][k1

m=0 k=1
(29)

The input and output signals are always assumed to be complex baseband signals. K is the
nonlinearity order, and M is the memory depth of the system.

2.6.3 Generalized memory polynomial model

If one adds more terms from the Volterra series back into a memory polynomial model, specifically
the ones close to the diagonal terms, one arrives at the generalized memory polynomial model
introduced by [9]. The GMP model is defined as:

Kg—1Lg—1
Yemp = Z Z ax[n = l|x[n — l]|k
k=0 1=0
Kp Lp—1 My
+ > bmrln = Uixln - 1= m] ¥
K=1 =0 m=1
Ke Le—=1 M,
+Z CamX[n — ]x[n — 1 + m]|¥

(30)

For cases where a regular memory polynomial model cannot adequately describe memory effects, a
GMP model offers more favourable trade-offs when it comes to performance versus complexity than
a full VVolterra model. In most cases.

2.6.4 Memoryless model

If instead, all memory from the memory polynomial model is removed, which would be equivalent to
setting M to 1, the resulting model would be the memoryless polynomial model described in [32] and
[33] which can be used as a complex baseband model for systems without significant memory effects.

K
Vo) = ) agx[n]xln] [+
k=1

(31)

2.6.5 Parameter estimation

Volterra series and models derived from Volterra series like memory polynomials are all linear in
their parameters, which means that they can be identified using least squares linear regression. This
can be done in a convenient manner by computing all products of time-shifted signal samples

(x(n = D|x(n — D)|* for example, for a memory polynomial model) and gathering them in a vector.
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Then gathering all model coefficients that correspond to those products of x into another vector.
These model coefficients would be the kernel parameters hj (m,, m;) for a Volterra model. Likewise,
for a GMP model, the parameter weights would be the ay;, byim, and cterms of the series. The
same can be done with memory polynomial parameters and memoryless polynomial parameters in an
analogous way.

As a quick disclaimer, all vectors in this thesis will be denoted using bold versal letters, while all
matrices will be denoted using bold capital letters.

For a Volterra series, the vectors containing products of time-shifted signal samples and their
corresponding model parameters look like this:

ho 1
h4[0] x[n — 0]
hq[1] x[n —1]
Wyolterra = hy[M —1] ) x[nlyvoiterra = x[n — (M - 1]
h,[0,0] x[n — 0]x[n — 0]
h,[0,1] x[n — O]x[n —1]
h[M =1, ..., M — 1] x[n = (M = 1] - ...-x[n — (M = D]
(32)
For a MP model the model parameters and their corresponding functions of time-shifted signal
samples would be as follows:
Aoy x[n — 0]|x[n — 0]|*~1
a _ _ 2-1
Wyp = [ ?2 ‘, x[n]yp = x[n 0]|x:[n oIl
x[n — M]|x[n — M]|X—1
(33)
Likewise, for a GMP model, the model parameters and their corresponding functions of x can be
gathered into the following vectors:
oo 1 [ x[n — 0]|x[n — 0][°
Qo1 x[n = 1]lx[n - 1]1°
Ag,—1,L,-1 x[n—(Lg = Dllx[n — Ly — D]|Ka"?
— —_ N — 1
Wemp = b1:°1 , x[nlegmp = x[n = 0] |x[7:1 0—1li
be:Lb_lvMb x[n— (L, — D]lx[n — (Lp — 1) — Mp]|¥p~1
€101 x[n —0]|x[n — 0+ 1]|*
c ._ : —_
- Hekem b Lx[n = (Le = Dllx[n = (Le = 1) + M] |5
(34)

And finally, for a memoryless polynomial model:
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a x[n]lx[n]*~
a, 2-1
Wmemoryless = N x[n]memoryless = x[n]lx:[n]l

Ak x[n]lx[n]1*~1

(35)
The system output for one time sample can be conveniently calculated as:
y[n] = Wznodelx[n]

(36)

For parameter vectors of length J, and over a time period of n = 0,1,2 ... N samples, a J X N matrix X
can then be built, that consists of all time instances (0 to N) of x[n],,04e; The subscript model in this
case means either a Volterra, GMP, MP or memoryless model.

xT [O]model
X = xT[l].model
le [N]modelJ
(37)
The system output can then be calculated in batches as:
Yy = d= XWinodel
(38)

To keep notation consistent, in this thesis, vectors will always be written as bold versal letters and
matrices will be denoted using bold capital letters.

The model parameters can be found using matrix least-squares linear regression [34].
w=(XIx)"1xHd
(39)

In the notation in this thesis, the vector d contains all time samples in a record of the desired signal
d[n], and d denotes an estimation of d. In (39), H denotes the Hermitian transpose, which means
taking the transpose of a matrix or vector, and then changing every element to their complex
conjugate. When dealing with vectors and matrices using complex numbers, it is used in place of the
regular transpose.

The model parameters can also be partially updated from a calibration sequence, in that case the least
squares solution for a step in the direction of the optimal least-squares solution becomes:

Wy =W, + u(X# X)X e
(40)

Where e is the error signal as defined in Figure 13 and u is a constant step size. Another way to
partially update a calibration that was less prone to instability during testing in MATLAB was to also
use the step size u as a “forgetting factor” and updating the parameters according to the following
expression:
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Wpi1 = (1—w, + u(X7 X)X e
(41)

The condition number of the matrix X* X, is an important indicator of how accurately the system

Amax

model has been identified. It can be computed as cond (X" X) = I where A4, is the largest

min
eigenvalue and A,,,;,,is the smallest. If the condition number is close to 1, then the matrix can be
inverted to good accuracy, and thus the model coefficients can be identified to good accuracy as well.
For large condition numbers however, the coefficient estimation becomes inaccurate and sensitive to

errors [35].

3 Implementation

This chapter describes and motivates the choices that were made when testing the linearisation
methods. Among these are the choice of calibration signals, as well as how the experiments were set
up and what data was collected.

3.1 Calibration signals

As mentioned earlier, the most common approaches when choosing calibration signals are to either
use a signal that is similar or identical to the type of signal that is transmitted or received during
normal operation, or to use a signal that can test as many system states as possible for the amplifier
being measured.

Early attempts in the project showed that the type of calibration signal used had a dramatic impact on
how well a system could be linearized. Some choices worked well for a specific pair of frequencies
while not generalizing at all to others, while some types did not work for any frequencies. Other
choices of calibration signals could suppress IM D5 distortion by around 20dB for not only the
frequencies contained in the calibration signal, but also signals outside of their bandwidths.

Radar receivers may have to process signals that are very different from the transmitted ones, i.e.,
certain types of clutter or jammers. For this reason, the approach of using signals containing as many
system states as possible has been chosen for this thesis. The intention being that a calibration signal
that generalizes well for any possible input would make the receiver system more robust and resistant
to unexpected conditions.

The calibration signals described here are the ones among all the tested signal types that were able to
achieve notable improvements in C/IMD; for the linearized system, and so were selected for further
tests and comparisons.

3.1.1 Triangular chirps

A promising candidate for use as a calibration signal is the triangular chirp signal described in [32]
[10], and [33]. The idea is to sweep the entire frequency band of interest while simultaneously
sweeping different amplitude levels. The first pulse uses linear frequency modulation, while the
second one uses a cosine function to sweep frequencies. By using different functions for modulating
frequency for different pulses, the instantaneous frequency at the peak power level of the AM
envelope will be different. This should help make the calibration as general as possible. Using
triangular amplitude modulation should also help with capturing the many input power levels of
signals that could reach the amplifier, and so should make the linearization work for both weak and
strong input signals. Testing chirp signals with and without amplitude modulation had to be omitted
from the thesis due to timing constraints.
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Triangular chirp Spectrogram: Chirp
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Figure 14. Triangular chirp signal and corresponding spectrogram. The spectrogram is exaggerated for clarity.

Since the baseband chirps are real, the upconverted signals will contain both the positive and the
negative frequencies of the real baseband signal. This will make the upconverted signal act as an AM
two-tone signal that sweeps all frequency spacings within twice the bandwidth of the chirp, thus
capturing the intermodulation caused by the non-linear amplifier.

The chirps, as they were generated for this thesis can be described by the following equations:
t2
a(t)cos <2n6 ?> t<L

2T mt
a(t — L)cos (2n8—cos (—)) t>1L
T T

(42)
a(t)—%t 0<t<£
L 2
2A L
a(t)=T(L—t) §<t<L
(43)

Where L is the length of the duration of the first component chirp. & is half of the chirp bandwidth
BW /2 and T = (N/f;). The function a(t) represents the triangular amplitude envelope. The time-
shifted a(t-L) is a compact way of expressing that there is another identical triangular envelope in

successionat L < t < 2L.

3.1.2 Compound two-tone with triangular AM

The second type of calibration signal that was examined uses the idea of a triangular envelope from
the chirps in [10] [32] [33] and the relatively prime multi-sine calibration signal described in [36]
[37]. 1t consists of two two-tone signals containing frequency pairs based on coprime integers. Each
section containing a separate frequency pair is also amplitude modulated by a triangular envelope.

The idea is that the coprime test frequencies will cover as many input states as possible for the digital
model (more on this in the next section), while the triangular envelope should help with identifying
amplifier behaviour for many different input power levels.

26



Triangular combined twotone
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Figure 15. Compound two-tone with triangular amplitude modulation. The spectrogram is exaggerated for clarity.

Another advantage with using the same triangular window for the compound two-tone signals as for
the chirps is that any frequencies can be used with any record sizes without worrying about
discontinuities at the edges of the signals and at the transition points between the frequencies. This
brings freedom of choice when it comes to the record size for the calibration signal, which is
advantageous if one wants to store the calibration signal using as little memory as possible.

The compound two-tone signals are described by the following equations:
a(t)[cos(2rf;) + cos(2nf,)] 0<t<L
a(t —L)[cos(2rf;) + cos(2nfy)] L <t<2L

(44)
24 L
=== <-
a®)=—t, 0<t<s
(t)—ZA(L t) L i<l
a=7 '3
(45)

1Triangular combined twotone (one frequency negative) Spectrogram Triangular combined twotone (one frequency negative)
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Figure 16. Compound two-tone with triangular amplitude modulation, one frequency negative. The spectrogram is
exaggerated for clarity.
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A second variant of the compound two-tone signals was tested where one of the coprime frequencies
is negative. This creates a complex baseband signal with a slightly different frequency spectrum when
upconverted.

3.1.3 Phase-space analysis

The choice of calibration signals is motivated by their phase space coverage. In control theory, phase
space plots can be used to trace the evolution of a system from a given set of initial conditions [38]
[39]. Phase-plane analysis is also commonly used to model distortion in ADCs, and to analyse the
signals used for ADC characterization [40] [36] [37].

Phase-space plots usually consist of a system variable plotted against its first and second derivatives.
The system’s evolution through time traces curves through the 3D (or 2D) phase space. However,
when it comes to the calibration signals, their ability to cover many different combinations of input
states to the system being characterized is what is of interest. A signal covering as many input states
as possible means that the system can be measured for all those input states, and hopefully accurately
characterized.

In this case, the signals are not plotted as continuous curves, but plotted sample-by-sample, and the
idea is that if the samples cover a large are of space as uniformly as possible, the signals will behave
similarly to white noise, meaning that they will contain a large number of combinations of values and
derivatives. For calibration signals to work well, they need good coverage in the phase space.

In the phase space plots used in control theory, the curves follow the time evolution of the system
states. Here, all samples of the signals are instead shown as points in the phase space. White noise has
been shown to be persistently exciting to low order Volterra kernels [14]. On a phase-space plot of the
signal and its two first derivatives (time shifts for a discrete signal) one can see that uniform noise
covers all possible states in the phase space evenly, meaning that a completely random calibration
signal will be able to reach all of the system’s possible states. However, due to the analogue
components, filters and signal decimation, the calibration signals used in this project need to be of
finite bandwidth.

Uniform noise Uniform noise, lowpass filtered

-
0.75 o~

*[n-2]
%[n-2]

0.25 4

o 05 e 07

xn]
Figure 17. Phase space coverage of uniform noise and lowpass filtered uniform noise

After low-pass filtering the noise, one can see that its coverage has been restricted to a narrow
diagonal area of the phase space. This represents the best achieveable coverage when using a
calibration signal that is band limited to the same bandwidth as the filtered noise.
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Figure 18. Phase space coverage of a two-tone signal with tone spacings based on multiples of two.

From Figure 18. one can see that the phase space coverage of a baseband two-tone is poor if its
frequencies are not chosen carefully. Also one can see that simply increasing the frequencies of such a
twotone signal does little to improve its coverage in the phase space.

From Figure 19. one can see that the chirps descibed in [32], [10], and [33] as well as the compound
coprime-based twotones all have phase-space coverage similar to that of filtered noise.

Phase-space plots, however, do not show the complete picture for systems with memory dephts
greater than 3, since only time-shifted signal samples up until x[n — 2] are shown and more
dimensions would be requred to show coverage for greater memory depths. However, the plots do

give a good indication as to which signals are good candidates for testing, and as will be shown later,
the results confirm the validity of the approach.
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Figure 19. Phase space coverage of a triangular chirp signal and a combined triangular two-tone signal with frequency
spacings based on coprime integers.
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One can also see that when the frequencies of the combined two-tone signals are selected to be
relatively prime, the phase-plane coverage of a combined two-tone signal also has coverage in the
phase space that is similar to that of filtered noise, The process of finding coprime frequency pairs is
relatively simple. If one frequency is a multiple of a power of 2 (divisible by 2?), while the other is an
odd number, the frequency pair is guaranteed to be coprime.

3.1.4 Coherent test signals
The test signals that are used for measuring C/IM D5 after a calibration has been performed are two-
tone signals that fulfil the frequency conditions for coherent sampling.

Frequencies that are coherent for two different record lengths and for both the DAC and ADC
sampling frequencies were chosen by calculating the lowest possible coherent frequency for both the
transmission and reception side, and then multiplying them, and then choosing a suitable frequency
that can be described as an integer multiple of both the lowest separate frequencies.

For a record of size N;samples and a sampling frequency f5;, and a second record of size N, samples
with a second sampling frequency f,, the lowest possible coherent frequencies (1 cycle per record)

finand f, are:

fsl st

fllzN_l» flz=N_2

(146)

Any frequency that is coherent for both record lengths and sampling frequencies can simply be chosen
as:

fe =n-lem(fin, fi2)

(47)

Where n is any chosen integer, and lcm(f4, fi2) is the least common multiple of f;; and f;,.

3.2 Experimental setup

The experimental setup consists of an evaluation board with ADCs and DACS, connected to the
design under test in a loopback configuration. A computer is connected to the board to allow for data
recording.

The clock signals for the DAC and ADC are generated by two signal generators that are frequency
locked to the same 10MHz reference.

The DAC is run in return to complement mode to push as much power as possible into the higher
Nyquist zones. Since the DAC output spectrum produces images of the signal in all Nyquist zones, a
cascade of filters is used to filter out all images other than the one in the Nyquist zone of interest. A
20dB isolator is also used to prevent any signals from being reflected from the filters and back into
the DAC, possibly causing spurious tones. Measurements made on a spectrum analyser when the
DAC outputs a two-tone signal show the absence of intermodulation and spurious tones within the
frequency band of interest for a noise floor as low as —110dBm. Additional tests for even lower
noise floors were not done.

Attenuators are used to match the gain of the amplifier chain to the maximum DAC output as well as
the ADC full-scale level. The attenuators were also used to select the linearity of the amplification
stage such that C/IMDs is at about 45dBc.
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Figure 20. Experimental setup

Frequency planning and decimation were used to get rid of all strongly non-linear spurs such as the
interleaving spurs that would otherwise have caused problems for the polynomial system models.

An alternative signal path is also realized by using two signal generators and a power combiner. This
is to test for a case where a post-distorter is calibrated using the DAC while a received signal does not
go through the DAC. Since the power combiner only isolates about 15dB between its inputs, two
40dB isolators are used to prevent the signal from one generator from leaking into the other. RF
signals going from generator output to generator output could have generated intermodulation in the
non-linear parts of the instruments and thus added unwanted intermodulation before the DUT. To
switch between the DAC path and the signal generator path, SMA coaxial cables were connected and
disconnected manually.

Data was collected manually through Xilinx RF-analyzer GUI and stored on the computer connected
to the board. All data processing was done in MATLAB. All filtering and software decimation was
done using MATLAB functions.

All of the test and calibration signals were generated in MATLAB. Since the DAC and ADC clock
frequencies were different, the calibration signals needed to be generated twice. Once to transmit
using the DAC, and another version to compare to the received record from the DAC when finding
the model coefficients. This was done to take the different sample rates into account, as well as the
different number of received signal cycles in a record on the receiver side.

While recording data from the board, the amplifier chain was placed in a temperature chamber, and
calibration and test signals were each recorded at steps of either 5°C or 15°C for temperature spans of
-30°C to 0°C and —30°C to 45°C. For every temperature point, the calibration signals and the test
signals were recorded ten times each.

A GMP system model was written in object-oriented MATLAB code. Its constructor allows for any
choices of the parameters K, L,, K}, ... M, including sparse models. The GMP model can also be
used as a memory polynomial model or a memoryless model by omitting the cross-terms of the GMP
model, or by reducing the memory depth to one.

Because of the GUI that was used to record signals, the DAC was constantly looping through the
signals being sent, without any way to synchronize with the ADC. To deal with this, a script was
written to align recorded signals to their ideal counterparts. This was done by using either the signal
magnitudes, the real components, or the imaginary components. For most alignments, magnitude was
used. As will be discussed later, this script might have been a major source or errors.
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The expression (X7 X)~1XxHd [9] was realized using MATLAB’s syntax for matrix algebra and the
() function. Which calculates the Moore-Penrose pseudo inverse.

4 Results

During the testing phase of the project, data was gathered in three phases using the experimental setup
described in earlier chapters. In the first phase, a large amount of calibration and test signals were
recorded at -30°C to determine which signals were the best suited for the calibration scheme. In the
second phase, a few calibration signals were recorded using the DAC, while the two-tone test signals
were instead created using signal generators. This was done to show that the linearization worked for
external signals that do not go through the DAC.

For the third phase the calibration signals that were shown to improve NMSE and C /IMD5 the most
from the first phase were recorded again at different temperature points. This involved a step-by-step
process where all calibration and test signals were recorded ten times for each temperature point, the
temperature was then set to the next temperature and allowed time to stabilize, and the process was
repeated until all signals had been recorded for all temperatures.

One signal record captured by the RF analyser GUI contained five signal cycles, and ten records were
recorded per signal per temperature. The goal was to average 50 cycles for each signal, however
problems with summing signals across recordings meant that only 5 cycles could be averaged when
doing the temperature measurements. 50 cycles were averaged during the signal comparison tests,
however, it was later found that spurious tones may have degraded the results, even though it was
shown during testing that averaging 50 cycles produced the best NMSE values. When processing data
from the temperature measurements, the spurs introduced by averaging the different records were
worse than for the signal comparison tests, and degraded the results beyond any usefulness. It is
because of this that only SFDR is used as a performance metric for the temperature trials, as NMSE
would only give useful numbers when averaging 50 cycles or more.

As a clarification, in this thesis, calibration signal is the term that refers to a recorded signal that is
used to find the coefficients of an inverse system model that can suppress nonlinear distortion. Test
signal is a term that refers to the two-tone signals that are used to measure how much the inverse
system suppresses C/IMD5.

In the beginning of the thesis work, an LMS-type algorithm was also tested with a \Volterra model of
fixed parameters K = 3, M = 3, based on the implementation detailed in [41] and using computer
generated signal data without the influence of noise to find the coefficients for an inverse system. The
sample-by-sample calculations and the low computational complexity, as well as the possibility of
implementing in hardware with low resource utilization would have made an LMS solution appealing
for an embedded implementation, however this attempt to use an LMS algorithm proved unstable, and
convergence times were long, even on completely synthetic noise-free data. This is in line with results
discussed in [2] and [9] as well. The plan was to include an LMS algorithm in the comparisons and
not just use matrix least squares, but since convergence times were so long, this was not pursued
further. Using matrix form least squares with the memory polynomial models on the other hand
proved much more stable. However, since the model that performed the best in terms of NMSE was
the less complex memoryless polynomial model, investigating an LMS scheme for such a model
would be of interest.

During the tests, averaging all signal periods in a record resulted in the same calibration performance
as using the entire record to perform the calibration. This means that after a record has been recorded,
all the cycles it contains can be averaged to produce similar accuracy with much less samples. This
has very favourable implications for calibration speed and utilization of digital resources in a low-cost
embedded application.
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4.1 Signal comparison tests

All of the signal comparison tests were done at -30C. Ten records of 5 cycles for each signal type
were recorded and converted to the .mat format for further processing in MATLAB.

To compare the performance of different calibration signals, the parameter identification algorithm
was run in MATLAB for each calibration signal record. After this, the model parameters were used to
run a post-distortion algorithm on each of the recorded test signals, once for every calibration signal.
The results from these signal comparison tests are summarized in Table 1-6.

Slow phase drift might have had an impact, but since calibration signals further away in time seems to
work well, the dependency of time does not seem to affect the results much.

When averaging 50 cycles for the signal comparison tests, all ten records for each signal were aligned
using a MATLAB script and summed, and then all 5 cycles in the resulting record were themselves
summed resulting in 50 signal cycles being averaged. The 10 averaged records were shown to have
improved NMSE compared to signals without averaging. However, visual inspection of the averaged
signal spectra shows that extra spurious tones were introduced by the averaging in some cases.

Unfortunately, this was discovered too late in the process to change, and might have impacted
performance adversely. However, had these errors had an impact on the results, it would have been a
detrimental impact on the results. Any successful linearization despite these errors can still be
regarded as the linearization algorithm working. It is if all attempted calibrations had shown bad
performance that this introduction of new spurs would have made a negative result inconclusive.
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Figure 21. The C/IMD3 improvement shown in the tables below is calculated by comparing the difference (in decibels) from
the lowest fundamental tone in a two-tone test signal to the highest distorion tone before and after a calibration has been
performed. The figures above show simulated data with exaggerated asymmetry to better illustrate how the results were
caluclated in the tables below. When reading the tables, lower valunes means more suppression of IM3 distortion.

All signal comparisons were performed using three different system configurations that had shown
promising results during previous attempts. These were: A memoryless polynomial model of order 5,
a memory polynomial model with terms: M = 2, K = 5 and a GMP model with terms: K, =5, L, =
8, Kb = 5, Lb = 2

The rows of the tables represent the calibration signals that were created by the DAC, sent through the
amplifier chain, and then used to find the coefficients of an inverse system model.

The columns represent the test signals, that were created using the DAC, sent through the amplifiers,
and then used as inputs to the inverse system in MATLAB.

The entries show either the change in NMSE compared to the corresponding ideal signals, both before
and after linearization, or the change in the ratio of carrier to third order intermodulation products.
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Twotone 4MHz Twotone 4Mhz Twotone 4MHz Twotone 8MHz Twotone 16MHz Twotone 32Mhz
offset +2MHz offset +4MHz
Real chirp 8MHz -15 -9 -16 -21
Real chirp 16MHz | -13 -8 -9 -11
Real chirp 32MHz | -10 -7 -9 -10
Compound 4MHz -7 5 -6 -7
and 8MHz
Compound 4MHz -13 -8 -11 -14 -3 -4
and 16Mhz
Compound -13 -9 -17 -20 -3 -4
(-4.003, 4.096),
(-16.411, 16.384)
Compound -15 -9 -14 -20 -3 -5
4.003Mhz,
4.096Mhz and
16.411Mhz and
16.384Mhz
Compound 4Mhz -4 -5 -8 -6 -2 -3
and 32Mhz
Compound -7 -5 -5 -6 -2 -3
-4.003Mhz,
4.096Mhz and
-32.003Mhz and
32.768Mhz
Compound -7 -5 -6 -7 -3 -3
4.003Mhz,
4.096Mhz and
32.003Mhz and
32.768Mhz
Compound +2 +1 +1 +1 +1 +1
-4.003Mhz,
4.096Mhz and
-64.007Mhz and
65.536Mhz

Table 1. Change in magnitude NMSE for a memoryless polynomial model of order 5 expressed in decibels [dB]. A lower
value means more suppression of unwanted distortion.
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When it comes to NMSE, the wider bandwidth chirps perform better than the 8MHz chirp but when it
comes to linearity, the 8MHz chirp performs the best. The 8MHz chirp slightly outperforms the
compound signal at lower frequencies, but the compound signal wins in terms of NMSE.

A strong disclaimer when reading these results is that the NMSE calculated in these results is the
NMSE of the signal magnitude compared to the magnitude of the ideal signal. Not the complex-
valued signals. This is because data gathering was done manually, and the phase of the corrected
signal might differ depending on what time the data was gathered at. For the calculated NMSE to be
meaningful at all recording times, it had to be calculated on the signal magnitudes. Other papers that
report results in NMSE most often calculate NMSE from the complex signals and not the signal
magnitudes, thus even if the NMSE results in this thesis can give the reader a useful impression of
signal improvement within the context of this thesis, they should not be compared directly to NMSE
results in other papers.

No full tests of sparse GMP models were done, but during some experimentation, using only uneven
orders for K, and K, performed similarly to a non-sparse GMP model, warranting further tests.

A large limiting factor for the experiments is that data was collected manually through a GUI. This
means that several tens of minutes passed between the recording of the calibration signals and the
recording of the test signals. If the calibration would only have been stable for a short time, this way
of conducting the experiment would not have been able to show any improvements. However, the fact
that the experiments as they were conducted showed improvements in both NMSE and € /IM D5 for
test signals recorded several minutes or tens of minutes after the calibration signals were recorded
would suggest that the calibration remains stable for at least tens of minutes if the ambient
temperature does not change. However, it was not possible to verify if this truly is the case other than
guessing based on the results. To test near-term drift in calibration stability, an automated test setup
capable of running tests in quick succession would have been needed.
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Twotone 4MHz Twotone 4Mhz Twotone 4MHz Twotone 8MHz Twotone 16MHz Twotone 32Mhz
offset +2MHz offset +4MHz
Real chirp 8MHz -23 -21 -21 -19 -16 -13
Real chirp 16MHz | -17 -17 -16 -17 -16 -14
Real chirp 32MHz | -11 -11 -10 -10 -10 -11
Compound 4MHz -5 -5 -6 -6 -5 -6
and 8MHz
Compound 4MHz -10 -10 -11 -11 -11 -13
and 16Mhz
Compound -19 -17 -18 -17 -15 -14
-4.003Mhz,
4.096Mhz and
-16.411Mhz and
16.384Mhz
Compound -19 -17 -18 -17 -15 -14
4.003Mhz,
4.096Mhz and
16.411Mhz and
16.384Mhz

Compound 4Mhz -8 -8 -8 -9 -8 -9
and 32Mhz

Compound -8 -8 -8 -8 -8 -9
-4.003Mhz,
4.096Mhz and
-32.003Mhz and
32.768Mhz

Compound -6 -6 -6 -6 -6 -6
4.003Mhz,
4.096Mhz and
32.003Mhz and
32.768Mhz

Compound +2 +2 +2 +1 +1 +1
-4.003Mhz,
4.096Mhz and
-64.007Mhz and
65.536Mhz

Table 2. Change in SFDR for a memoryless polynomial model of order 5 expressed in decibels [dB].

Twotone 4MHz Twotone 4Mhz Twotone 4MHz Twotone 8MHz Twotone 16MHz Twotone 32Mhz
offset +2MHz offset +4MHz

Real chirp 8MHz -13 -6 -10 -8 +1 -4

Real chirp 16MHz | -6 -8 -6 -3 -6 +9

Real chirp32MHz | +4 +3 +3 +4 +1 +10

Compound 4MHz -6 -4 -7 -5 1 -4
and 8MHz

Compound 4MHz -6 -3 -7 -1 +5 +5
and 16Mhz

Compound -8 -3 -6 -2 -5 -6
-4.003Mhz,
4.096Mhz and
-16.411Mhz and
16.384Mhz

Compound -10 -11 -11 -8 -21 +5
4.003Mhz,
4.096Mhz and
16.411Mhz and
16.384Mhz

Compound 4Mhz 0 0 -2 +1 +5 +5
and 32Mhz

Compound -7 -8 -11 -6 -8 +3
-4.003Mhz,
4.096Mhz and
-32.003Mhz and
32.768Mhz

Compound -1 -0 -2 +1 +6 +7
4.003Mhz,
4.096Mhz and
32.003Mhz and
32.768Mhz

Compound -2 -3 -4 -1 -5 +6
-4.003Mhz,
4.096Mhz and
-64.007Mhz and
65.536Mhz

Table 3. Change in NMSE for a MP model with parameters: K=5, M=2. Expressed in decibels [dB].

As can be seen in Tables 3-4, introducing memory to the system decreases the improvement in NMSE
while increasing the improvement in C/IMD3.

Introducing a small amount of memory seems to make the 8MHz chirps perform better for test signals
of much higher bandwidths, such as the 32Mhz two-tone, suggesting that the system generalizes
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better to different signal types. The compound signals perform well for all test tones. All NMSE
improvements are slightly worse than for the memoryless model.

Twotone 4MHz

Twotone 4Mhz
offset +2MHz

Twotone 4MHz
offset +4MHz

Twotone 8MHz

Twotone 16MHz

Twotone 32Mhz

Real chirp 8MHz

-21

-20

-23

-20

-18

-17

Real chirp 16MHz

-14

-14

-14

-15

-14

-18

Real chirp 32MHz

-11

-12

-12

-12

-10

-8

Compound 4MHz
and 8MHz

-5

-5

-5

-5

-5

-6

Compound 4MHz
and 16Mhz

-10

-10

-11

-10

-10

-10

Compound
-4.003Mhz,
4.096Mhz and
-16.411Mhz and
16.384Mhz

-18

-16

-16

-18

-18

-15

Compound
4.003Mhz,
4.096Mhz and
16.411Mhz and
16.384Mhz

-19

-17

-17

-18

-18

-18

Compound 4Mhz
and 32Mhz

Compound
-4.003Mhz,
4.096Mhz and
-32.003Mhz and
32.768Mhz

-7

Compound
4.003Mhz,
4.096Mhz and
32.003Mhz and
32.768Mhz

-2

4

Compound
-4.003Mhz,
4.096Mhz and
-64.007Mhz and
65.536Mhz

-3

Table 4. Change i

n SFDR for a MP

model with parameters: K=5,M=2.

Expressed in dec

ibels [dB].

Twotone 4MHz

Twotone 4Mhz
offset +2MHz

Twotone 4MHz
offset +4MHz

Twotone 8MHz

Twotone 16MHz

Twotone 32Mhz

Real chirp 8MHz

-10

-4

-7

-7

+1

+5

Real chirp 16MHz

-1

-2

-2

-0

-4

+8

Real chirp 32MHz

+7

+7

+6

+7

+4

+11

Compound 4MHz
and 8MHz

-6

-3

-6

4

+1

+16

Compound 4MHz
and 16Mhz

4

-1

-3

-1

+5

+11

Compound -
4.003Mhz,
4.096Mhz and -
16.411Mhz and
16.384Mhz

-6

-2

4

-2

+5

+10

Compound
4.003Mhz,
4.096Mhz and
16.411Mhz and
16.384Mhz

-9

-12

-9

-15

+8

Compound 4Mhz
and 32Mhz

+6

+5

+5

+5

+6

Compound -
4.003Mhz,
4.096Mhz and -
32.003Mhz and
32.768Mhz

-10

-8

-12

+4

Compound
4.003Mhz,
4.096Mhz and
32.003Mhz and
32.768Mhz

+5

+9

Compound
4.003Mhz,
4.096Mhz and -
64.007Mhz and
65.536Mhz

-2

+9

Table 5. Change in NMSE for a GMP model with parameters: K_a=5, L_a=8, K_b=5, L_b=2. Expressed in decibels

[dB].
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The wideband compound signals suddenly became effective with the GMP model. GMP models
seems to work better for wideband signal which makes sense, since it was developed for wideband
signals, and memory effects matter more in that case.

NMSE is even worse for the GMP model, suggesting that modelling systems with memory might be
excessive. Although linearity for the two-tone test signals is improved over the MP and memoryless
models.

The script that aligned the signals to the ideal signal could have introduced problems into the results,
because in some of the frequency plots, the combined signals contained spurious tones that were
difficult to explain. This did not pose a great problem for the signal tests in the above plots, because
NMSE was proven to increase despite this. However, in the temperature tests later on, using the
alignment script to align and combine all the signals completely destroyed many of the resulting
signals, so when doing the temperature measurements, only the five signal cycles contained in one
single signal record were averaged for each signal. This made noise have a much larger impact on the
processing of the data from the temperature tests, which may have negatively impacted the results.

It’s worth noting that other types of calibration signals were tested as well, like complex chirps and

combinations of complex chirps and sine tones, however these failed to improve NMSE or SFDR to
any significant degree and sometimes worsened it. Because of this they are omitted from the above

tables.

Twotone 4MHz Twotone 4Mhz Twotone 4MHz Twotone 8MHz Twotone 16MHz Twotone 32Mhz
offset +2MHz offset +4MHz
Real chirp 8MHz -14 -15 -14 -20 -13 +3
Real chirp 16MHz | -14 -15 -16 -15 -17 -10
Real chirp 32MHz -12 -12 -13 -12 -16 -14
Compound 4MHz -5 -4 -5 -5 -0 +15
and 8MHz
Compound 4MHz -8 -8 -8 -9 -9 +12
and 16Mhz
Compound - -21 -20 -23 -22 -15 +7
4.003Mhz,
4.096Mhz and -
16.411Mhz and
16.384Mhz
Compound -23 -20 -26 -21 -17 +13
4.003Mhz,
4.096Mhz and
16.411Mhz and
16.384Mhz
Compound 4Mhz -10 -10 -11 -11 -7 -12
and 32Mhz
Compound - -19 -18 -20 -21 -16 -12
4.003Mhz,
4.096Mhz and -
32.003Mhz and
32.768Mhz
Compound -19 -19 -22 -22 -14 -7
4.003Mhz,
4.096Mhz and
32.003Mhz and
32.768Mhz
Compound -19 -19 -22 -21 -19 -10
4.003Mhz,
4.096Mhz and -
64.007Mhz and
65.536Mhz

Table 6. Change in SFDR for a GMP model with parameters: K_.a =5, L.a=8, K_.b=15, L_b = 2. Expressed in
decibels [dB].

During the tests, averaging all signal periods in a record resulted in the same calibration performance
as using the entire record to perform the calibration. This means that after a record has been recorded,
all the cycles it contains can be averaged to produce similar accuracy with much less samples. This
has very favourable implications for calibration speed and utilization of digital resources in a low-cost
embedded application.
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4.2 Alternative signal path
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Figure 22. 8MHz chirp. 15.10dB improvement for the first test signal, 9.85dB improvement for the second test signal.
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Figure 23. Results when using signal generators for the two-tone test signals while using the DAC to generate the
calibration signal. Since the signal generator clocks are not synched to the reference used by the evaluation board, a Hann
window is used to prevent spectral leakage in the plot. 13.47dB improvement for the 4MHz case. 11.76dB improvement for
the 8MHz case.
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To test how well the linearization worked for signals that arrived at the power amplifier from a
completely different signal path that does not go through the DAC, two signal generators and a power
combiner were used to generate two-tone test signals.

The external signal tests were recorded on the same day as the calibration signals generated by the
DAC, and the digital system model was run on the external two-tones after having been calibrated
with data created by the DAC, (the compound two-tone signal using relatively prime frequency pairs
close to 4 and 16 MHz, and the 8MHz chirp)

As can be seen, the linearization is shown to work, but not as well as when the DAC was used. It
could be because even though the DAC and ADC clocks were synched to the same 10MHz reference,
the signal generators used to generate the external test signals were not.

It could also be because less records were averaged because of the problems with the alignment script.
In any case, improvements in linearity are still visible.

4.3 Temperature dependence

To test how calibration performance is affected by temperature drift, the amplifier chain was placed in
a temperature chamber, and calibration signals and test signals were recorded for a set of fixed
temperature points.
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Figure 24. Change in SFDR from test signals before and after calibrations done at —30°C plotted as a function of
temperature. Test signals were recorded in 5 °C increments in a span of —30°C to 0°C

The spurious tones that were introduced when synchronising and averaging records were more severe
than when the signal comparison records were averaged, and so averaging 10 different records was
abandoned. This means that only the 5 signal cycles in one record are averaged per signal type.
Averaging only 5 cycles instead of 50 means that NMSE is dominated by noise and cannot be used to
measure calibration performance, and as such, only the change in SFDR were used for these tests.
Because of this, the results from the temperature comparison should be considered as being affected
by noise to a higher degree than all other results.

As can be seen in Figure 24, if an SFDR improvement of around 20dB is achieved at —30°C, the
calibration can only be expected to remain within 3dB of the SFDR performance in a temperature
interval of about 5C°, and in some cases 10°C. The less successful calibrations that only lower SFDR
by —10 to —15dB seems to remain more stable with regards to temperature, but this is likely only
because effects other than the temperature’s infuence on the amplifiers are playing a larger role.
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Figure 25. Change in SFDR from test signals before and after calibrations done at —30°C plotted as a function of
temperature. Test signals were recorded in 15°C increments in a span of —30°C to 45°C.
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Figure 26. Change in SFDR when interpolating between calibrations done at —30°C and calibrations done at 45°C. Test
signals were recorded in 15°C increments.

The results reported here gives some hints about the temperature spans for which a calobration can be
expected to remain stable, however further experiments that use more samples and with less influence
of noise would be needed to confirm this. It would also be of interest to look at other performance

metrics alongside SFDR such as NMSE in order to better verify the results.

An attempt was made to extend the range of the calibration by interpolating between two parameter
vectors obtained by calibrating at two different temperatures. In this case the two calibrations were
obtained at the endpoints of the temperature interval, at —30°C and 45°C. As can be seen in Figure 26
however, interpolating between two system models acquired from calibrations at different
temperatures did not do much to extend the temperature range for which calibration performance is
maintained. It remains to be examined, however, if storing and interpolating between calibrations at
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shorter temperature intervals would give different results. Once again, the increased influence of noise
might also have played a part in these results.

It is also worth mentioning that the MATLAB processing for the temperature measurements was done
on a GMP model. This was motivated by the fact that GMP models gave the highest SFDR
performance. However, since a closer examination of the results favour the memoryless polynomial
more because of its advantages in simplicity and the NMSE results, these tests should be redone for
the memoryless case.

4.4 Computational complexity

After decimation and averaging, the signal record that was used to compute the model parameters
consisted of 220 complex samples. As stated in section 2, finding the model parameters involves
solving the matrix expression (X" X)~1xH"d. For the models and record lengths chosen in this thesis
the input matrix X would be either a 220 x 50 matrix for the chosen GMP model, a 220 x 10 matrix
for the memory polynomial model, or a 220 x 5 matrix for the memoryless model.

Since the model identification part of the calibration seems to be most suited for implementation in
software, a python script was written that could run the model identification algorithm and record
computation times. This was done using the PYNQ framework on a Zynq 7020 with a dual-core ARM
processor core running at 650MHz.

Due to the overhead of the operating system running Linux on the ARM core and the additional
overhead of Python being a scripting language, these results should not be interpreted as being close
to an absolute lower bound on the possible runtime of a digital linearization algorithm, but rather a
rough upper estimate of what to expect.

The expression (X7 X)~1XHd was realized the same way as the MATLAB code, by using the NumPy
library with the following functions:

numpyarray. 0.

numpy . Q]

numpy .

As with the MATLAB implementation, the () function in NumPy also computes the Moore-
Penrose pseudo inverse.

Since the times reported by Python’s () function varied between runs, the algorithm was run
1000 times for each system model and the longest, the shortest as well as the average runtimes were
recorded.

The computation time required for averaging records of the signal over several cycles was omitted,
since this can easily be accelerated in hardware, and the time required varies greatly depending on
how many cycles are averaged. This means that measuring the time required for averaging would not
say much. However, it is worth noting that averaging the signal to reduce the effects of noise is
necessary and will add more computation time to the calibration process beyond the results reported
here.

It is worth noting that much of the time spent on calculating all the model terms and constructing the

Y matrix could be optimized by either writing code that does not re-compute terms that do no need to
be re-computed, or by simply fetching the model terms from the hardware post-distorter in real-time

as it records the calibration sequence. Because of this, the time it takes to compute (X7 X)~1X"d can
be considered what limits how quickly the model parameters can be computed.
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Maximum 1393.6
Minimum 1219.0
Average 1262.6

Table 7. Measured computation time in milliseconds [ms] for constructing the 220 x 50 matrix X for a GMP model with

parametersK, =5, L, = 8, K, = 5, L, = 2.

Maximum 122.2
Minimum 87.7
Average 89.2

Table 8. Measured computation time in milliseconds [ms] for calculating (X" X)~1X"d for a GMP model with parameters

KaZS,La=8, Kb=5,Lb=2

Maximum 1483.6
Minimum 1307.4
Average 1351.9

Table 9. Measured total computation time in milliseconds [ms
signal averaging) for a GMP model with parameters K, = 5,

] for running the entire calibration algorithm (excluding
La=8,Kb=5,Lb=2

Maximum 391.20
Minimum 256.31
Average 269.68

parametersK=5, M = 2.

Table 10. Measured computation time in milliseconds [ms] for constructing the 220 x 10 matrix X for a MP model with

Maximum 12.19

Minimum 4.32

Average 4.73
Table 11. Measured computation time in milliseconds [ms] for calculating (X" X)~1X"d for a MP model with parameters
K=5 M = 2.

Maximum 397.10

Minimum 260.75

Average 270.42

Table 12. Measured total computation time in milliseconds [m.
signal averaging) for a MP model with parameters K= 5, M

s] for running the entire calibration algorithm (excluding
= 2.

Maximum 208.43

Minimum 138.10

Average 144.92
Table 13. Measured computation time in milliseconds [ms] for constructing the 220 x 5 matrix X for a memoryless model
of order 5.

Maximum 0.57

Minimum 0.16

Average 0.20
Table 14. Measured computation time in milliseconds [ms] for calculating (X" X)~1X"d. for a memoryless model of order
5.

Maximum 210.18

Minimum 139.78

Average 146.94

Table 15. Measured total computation time in milliseconds [m.
signal averaging) for a memoryless model of order 5.

4

s] for running the entire calibration algorithm (excluding

2




As stated before, the matrix algebra for calculating the inverse system model might be better suited
for software, and so places a limit on how often calibration can take place. However, for the
memoryless model that was tested, the (X X)~* part of the expression only involved inverting a 5x5
matrix. In this case, perhaps a hardware implementation of the matrix inversion instead of a software
implementation could be feasible for a memoryless model. Especially if a sparse model that omits
even terms can be used, as that would only involve inverting a 3 x 3 matrix. Thus a major conclusion
is that if an effective implementation can be found that omits memory effects and only uses a low-
order polynomial, finding the calibration coefficients could possibly be done with a low hardware
footprint if implemented entirely in programmable logic.

If the model identification is done in software, it would not necessarily interfere with regular system
operation after the calibration sequence has been recorded, however the time it takes to compute the
model parameters determines how often the system can recalibrate or add new data to the existing
calibration. Worth noting is that the time it takes to recalibrate would mostly be relevant for scenarios
where a system experiences fast temperature drifts.

The factor that has the most potential to cause bottlenecks is the process of recording the calibration
signal, as the receiver cannot be used at that time, and so, radar time is lost. The record lengths used in
this thesis would entail data recording times of a few microseconds, however, as was mentioned
earlier, the noise that is still present in the signal even after averaging degrades the linearization
results. This suggests that longer recording times might be needed.

As shown by [9], a calibration can be partially updated. This opens the possibility to achieve short
recording times at the cost of regular recalibration. The signal averaging in that case, would be
achieved by the partial updating of many calibrations. However, bias effects due to noise also occur
after such a calibration [42] and would likely play a larger role. There is a potential trade-off to
explore with regards to recording a long sequence of samples for averaging versus gathering many
records at shorter intervals and updating the calibration partially. As of now there are no results in this
thesis that quantify weather any of the approaches has an advantage in terms of calibration accuracy,
or lost radar time.

When it comes to a hardware realization of a post-distorter, the 5 order memoryless model
performed similarly to the more detailed models in terms of NMSE and linearity. It is therefore
chosen to be considered for implementation in hardware. Realization of a real-time post-distorter in

hardware would entail realizing the expression:
5

Yo = ) ax(mx(ml!

k=1

(48)
Which expands to:
Yp(n) = a;x(n) + azx(m) [x(M)|* + azx ()| x()* + axx(M)|x(M)? + asx () |x(n)[*
(49)

Since all signals are complex baseband, the model coefficients a; and the signal samples are complex
numbers.

Going by the series expression and assuming rectangular form complex numbers, the required
operations are estimated to be 14 multiplications, 5 complex multiplications, 5 complex additions and
one magnitude calculation at a minimum. Each complex multiplication would be implementing the
expression (a + ib)(c + id) = ac + i(ad + bc) — bd and so would add 4 multiplications, one
subtraction and one addition for each complex multiplication.
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The choice of method for the magnitude calculation would be of interest for continued investigations
since it is an expensive operation in terms of hardware complexity. Two options being using a
hardware square root calculation or the CORDIC algorithm.

The final estimation would be that 30 multiplications, 15 additions, 5 subtractions and one magnitude
calculation would be required. A speculative functional diagram of the architecture can be found in
Appendix A.

An alternative approach would be to utilize the fact that when multiplying complex numbers in polar
form, magnitudes are multiplied while phases are added. A post-distorter could be constructed that in
the beginning converts the complex | Q signal into polar form, and then uses the fact that, for example
x(n)|x(n)|* has the same phase as x(n) to save on operations. The complex multiplication in
asx(n)|x(n)|* would simply be |as| x |x(n)|x(n)|*|for the magnitudes and zas + 2x(n) for the
phases. Such a postdistorter would require a rectangular to polar conversion at the start, perhaps
through CORDIC, but then only 8 multiplications and 5 additions. However, after calculating the
model terms in polar coordinates, it would then require five conversions back to rectangular before
five additional complex additions. The efficiency of such an architecture would greatly depend on the
resources required to convert from polar to rectangular, though since CORDIC only requires a series
of shifts and one multiplication, the prospects look promising. A functional diagram of the proposed
architecture can be found in Appendix A.

5 Conclusions

5.1 Discussion

A strong requirement for the calibration to work is the absence of strongly non-linear spurious tones
such as those created by ADC interleaving. Noise also degrades the result, but to which extent has not
been quantified in this thesis.

It has been shown that a digital linearization scheme can suppress IM D5 tones by over 20dB. Such a
calibration however is only shown to remain stable for temperature swings of about 5°C.

In terms of NMSE, a memoryless polynomial model performed the best while SFDR improvements
were similar for all system models. Thus, the simplest model that was examined was also the one that
gave the best performance. To get more insight about the trade-off between complexity and
performance, the order of the memoryless model could have been decreased. There exists a lot of
literature about hardware inversion of 3x3 matrices for communication purposes, and if a third order
model had given sufficient performance, the entire calibration algorithm could have feasibly been
done in hardware.

With averaging and decimation, these calibrations were performed using 220 stored samples. There
were also no significant advantages shown when using system models with memory, suggesting that a
memoryless polynomial model is adequate for the task. This suggests low computational complexity
and fast calibration speeds, meaning that implementation in an embedded system with limited digital
resources is practical.

The calibration is also shown to suppress intermodulation products for frequencies other than those
used in the calibration signal, and for some cases, even frequencies outside of the bandwidth of the
calibration signals. The best results were achieved when using signals that cover as many phase space
states as possible. The signals that were shown to have this desirable property were triangularly
amplitude modulated two-tone signals containing more than one frequency pair with frequency pairs
based on coprime integers, as well as amplitude modulated triangular chirps.
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Other signal types such as two-tones using non-coprime frequency pairs and complex chirp variations
were shown to reduce SFDR by at most —13dB and in many cases increase it and so are omitted from
the results discussed in earlier sections.

Solving temperature drift by interpolating between two recorded calibrations does not appear to
improve performance for temperatures in the middle of the interval but only at temperatures close to
the ones chosen to interpolate between.

5.2 Future work

Although the algorithm itself has been shown to work for a small set of test cases, there are several
additional steps that could be taken to lay further groundwork for a practical implementation. For any
future continuations of this project, my suggestions are as follows.

The measurement process can be further automated. This would allow for measuring calibration
stability with much finer time resolution and would allow for the averaging of an arbitrary number of
records, meaning averaging over an arbitrary amount of signal cycles, provided these records can be
synchronized to the stored calibration sequence properly. The overall results would also be more
accurate, since no test signal would be closer in time to any calibration signal than any other test
signals. An automated setup would also have allowed for testing different levels of signal degradation
due to noise with a high resolution of datapoints.

With an automated setup, one would also be able to investigate how fast a partially updating post-
distorter would need to be to keep up with fast temperature swings, such as those during start-up in
cold weather conditions.

The most significant improvement that could be done in the project would be to implement a post-
distorter in hardware. There exist many trade-offs in post-distorter design that cannot be easily
estimated using MATLAB processing alone. All of the processing in the project has been done using
floating point precision, however, in a digital post-distorter, fixed point numbers would have to be
used, and finding the word length that can give similar performance as the floating-point case, while
not containing unnecessary bits would be important for estimating hardware complexity. As discussed
earlier, a post-distorter could greatly reduce its number of multiplications by going from rectangular
to polar form. Such a conversion would likely be done using pipelined CORDIC, or similar
algorithms, which consist of a series of shifts and additions, and one multiplication at the end. The
cost in terms of complexity from such conversions would decide if a polar form post-distorter is
preferable to a rectangular form one.

The way that the MATLAB scripts constructed the input matrix ¥ from the calibration sequence was
excessively inefficient since it was assumed that this section of the algorithm could easily be
optimized. However, actually optimising this part of the calibration would be necessary for a real
implementation. If the ¥ matrix remains entirely computed in software, the code should avoid re-
computing the model terms as much as possible. The most time-efficient approach however would
likely be to fetch all of the model terms x[n],,,04¢; directly from the hardware post-distorter when
recording the calibration sequence.

The model chosen for the temperature tests was a GMP model. However, since closer examination of
the results favour the memoryless model instead. The MATLAB processing of the temperature
measurements should be redone using a memoryless model instead, to be in-line with the rest of the
results in the thesis and the conclusions drawn from them.

The system model that was chosen to be considered in this project was a fifth order memoryless
model, which means that the parameter identification algorithm requires the inversion ofa 5 x 5
matrix. This might be possible to implement in hardware, and a hardware implementation would be of
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interest to investigate. Hardware inversions of 3 x 3 matrices are described in literature [43], and if
the even terms could be eliminated from the memoryless model without a significant loss of
performance, the parameter estimation could also be implemented with a 3 x 3 matrix inversion. If
parameter estimation was entirely done in programmable logic, the only limiting factor on the quality
of the calibration would be the recording time for gathering enough signal cycles to minimize the
effect of noise.

During the early stages of the project, LMS-style algorithms were explored to find the parameters of
Volterra models. However, since the results point towards choosing a memoryless model, perhaps it
would be of interest to re-examine if NLMS can be used to accelerate the parameter estimation in
hardware.

Using two-tone test signals that test the same frequency pairs at different amplitudes would also have
been of interest, since the calibration should remain valid for input signals of any amplitude. Test
signals at lower amplitudes were recorded during the project, but the rescaling of the signals in the
MATLAB scripts meant that many comparison scripts would have to be rewritten to include them,
and time constraints ultimately came in the way of including them.
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