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CFD methods for liquid mixing with the presence of a vortex
A comparative study of simulational methods with experimental validation
JACOB LARSSON
LISA LINDENBAUM
Department of Mechanical and Maritime Sciences
Chalmers University of Technology

Abstract
Mixing liquids is a fundamental process in many industrial and laboratory appli-
cations, extensively studied through experimental and numerical approaches. Ob-
taining certain information through experiments can however be challenging and
expensive, while easily obtained through simulations with Computational Fluid Dy-
namics (CFD). It is therefore of interest to identify cost-effective CFD methods for
accurate mixing prediction. This thesis will further investigate practices when sim-
ulating stirred tanks in CFD by focusing on effects that appear with the presence of
a vortex. Through simulations and experiments, power number, pumping number,
and mixing time are determined and analysed. This is done at different operational
conditions with and without a vortex. The stirred tank is simulated both as steady
state and with the free surface fixed and as unsteady with the free surface being
solved at operational conditions with a vortex present.

Treating the flow as steady and neglecting the vortex is found to have a minor
impact on power number, pumping number, and mixing time, while significantly
reducing computational costs. However, the presence of a vortex affects the fluid’s
velocity field, thus also affecting the transportation of the species that is to be mixed.
The flow is therefore to be treated as unsteady and the free surface should be solved
in order to accurately predict the transient mixing behaviour. Both the steady and
transient approach correspond well with experiments over all, but at operational
conditions with vortex, both methods overestimate mixing time by up to 30%.

The results indicate that the power number, pumping number, and dimensionless
mixing time are independent of Reynolds number under fully turbulent conditions.
Changing the water level in the tank, leading to the presence of a vortex, has a minor
impact on the pumping number but a significant effect on the others. Estimation of
the mixing time based on the pumping number and water volume yields consistent
results across varying water levels, making it especially practical due to the limited
variation of pumping number.

Keywords: CFD, Eccentric agitation, Stirred tank, Power number, Pumping num-
ber, Mixing, Free-surface, Vortex
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Nomenclature

Greek letters

αV OF Volume fraction [-]
αEB Elliptic blending coefficient [-]
β, β∗ Turbulence modeling constants [-]
δij Kronecker delta [-]
ε Turbulent dissipation rate [m2/s3]
η Component of turbulent anisotropy [-]
θ95 Dimensionless mixing time for 95% mixing [-]
λ Turbulent Taylor length scale [m]
µ Dynamic viscosity [Pa s]
ν Kinematic viscosity [m2/s]
νt Turbulent kinematic viscosity [m2/s]
Πij Pressure strain tensor [m2/s3]
ρ Density [kg/m3]
σk, σε, σω Turbulent Prandtl number [-]
τ Torque [N m]
τ95 Mixing time for 95% mixing [s]
φ Passive scalar [-]
ω Specific dissipation rate [1/s]

Roman letters

ct Concentration of tracer fluid [-]
cT , cε1, cε2, cµ Turbulence modeling constants [-]
CV Coefficient of Variance [-]
D Diameter [m]
k Turbulent kinetic energy [m2/s2]
l0 Turbulent integral length scale [m]
N Rotational speed [rps]
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NP Power number [-]
NQ Pumping number [-]
P Power [N m/s]
Pε Production term in transport of ε [m]
Pω Production term in transport of ω [m]
Pk Production term in transport of k [m]
Q Volumetric flow rate [m3/s]
Rij Reynolds stress tensor [N/m2]
Re Reynolds number [-]
sij Strain rate tensor [1/s]
Sc Schmidt number [-]
Sct Turbulent Schmidt number [-]
t Time [s]
u∗ Frictional velocity [m/s]
vi Velocity tensor [m/s]
V Tank volume [m3]
∆V Cell volume [m3]
xi Coordinate tensor [m]
∆x Cell length [m]
y Wall distance [m]
y+ Dimensionless wall distance [-]

Averaging notations

〈Φ〉 Temporal average
Φ′ Temporal fluctuation
Φ Spatial average
Φ′′ Spatial fluctuation
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1 Introduction

The mixing of di�erent liquids is a fundamental process in numerous industrial and
laboratory applications, including food and beverage production, chemical produc-
tion, and pharmaceutical manufacturing. One common method for mixing liquids
involves using an impeller that generates a moving �ow by rotating within a tank.
Studying the mixing process provides valuable knowledge on how to optimize the
design of the tank and impeller, thus increasing the e�ciency of the factory. How-
ever, experimentation can be costly and challenging to perform, making it bene�cial
to use Computational Fluid Dynamics (CFD) to gain a deeper understanding of the
mixing process.

Mixing is performed with di�erent volumes and impeller speeds, leading to vary-
ing behaviors in the liquid. Tanks used for mixing often contain ba�es that prevent
the swirling motion of the liquid and keep a a vortex from forming. In cases where
no ba�es are included a vortex is commonly formed when the liquid level is high
compared to the tank diameter. A vortex distinctly a�ects the �ow �eld of the liq-
uid. Turbulence is another crucial aspect of mixing in a tank as it greatly in�uences
the �ow patterns and mixing e�ciency.

1.1 Background

Mixing in stirred tanks has been extensively studied using both experimental and
numerical methods. However, the majority of the work has focused on mixing with
a center-mounted Rushton turbine or similar impeller in closed tanks with ba�es,
assuming a �xed water surface. The Rushton turbine is a radial �ow impeller that
consists of a horizontal disc with vertical blades mounted on the disc. Literature
considering a free surface with a water-air interface and an eccentrically mounted
impeller is scarce. A literature review was conducted to create an overview of pre-
vious work and determine which methods are suitable for di�erent approaches.

Several methods exist to represent the rotation of the impeller, and their suitability
depends on the application and desired information from the simulation. The two
most common models are the Multiple Reference Frame (MRF) and Sliding Mesh
(SM). The MRF model is a steady-state approach and is suitable when the �ow
in the vicinity of the impeller has weak coupling to the bulk �uid in the tank and
can be assumed to be time-independent with respect to the impeller. It has been
shown that overall, the MRF technique models the mean �ow patterns well for an
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1. Introduction

impeller mounted in the center of a tank [1]. The SM model is a transient method
of modeling the rotation, where the region that contains the impeller is rotated with
the impeller, causing a periodic time-dependent �ow. CFD simulations using a six-
bladed Rushton turbine with an eccentric con�guration showed that steady-state
simulations should be avoided since they caused nonphysical swirls in the �ow when
the interaction between the impeller jet and walls was signi�cant [2].

The most commonly used approach for modeling turbulence is the Reynolds-averaged
Navier-Stokes (RANS) turbulence model. In the case of stirred tanks, most of the
research on RANS turbulence models have focused on simpler two-equation models
that assume isotropic turbulence. These models generally provide good predictions
of the velocity �eld but tend to underestimate turbulent energy and overestimate
mixing time [3]. Turbulence models that account for anisotropic turbulence, such
as the Reynolds Stress Model (RSM), require signi�cantly more computational re-
sources than simpler models and are generally not used in simulations with a �xed
water surface. However, it has been shown that considering the anisotropy of turbu-
lence provides additional accuracy when modeling the free surface in stirred tanks
with swirling �ow [4][5][6].

The turbulence modeling approach that has shown the best results in previous work
is the Large Eddy Simulation (LES), which solves large scale turbulence and models
small scales. This approach has in several cases shown results closer to experimental
data than RANS [7][8]. The drawback of LES is however that a much �ner mesh is
needed compared to RANS in order to resolve the large turbulent structures, par-
ticularly near walls. In recent years there has also been a limited amount of work
done by using Detached Eddy Simulation (DES) which combines RANS and LES
by utilizing the strength of each model, using RANS close to walls which provides
decent accuracy together with low computational cost and using LES in the free
�ow where RANS models tend to struggle. An implementation of DES in a sim-
ulation of an eccentric impeller in a stirred tank predicted mixing times that were
overestimated by 20% compared to experimental data [9], which is seen as a good re-
sult since over predictions are typically even larger with two equation RANS models.

Graeme L. Lane investigated CFD modeling methods for a hydrofoil impeller and
concluded that the models that have given good results for a Rushton turbine are
not suitable for this type of impeller, for example, standardk � " turbulence model
performed quite poorly [10].

Modeling of the free surface between liquid and gas in stirred tanks is most commonly
done with Volume of Fluid (VOF). Simulations with free surface modeling are often
treated as a transient case, but work has still been done by using time averaging
models and methods such as RANS and MRF in transient simulations. For a central
magnetic impeller, Mahmud et al. showed that using VOF with a combination of
RANS and MRF generated reasonable results however with an underestimation of
the depth of the vortex [4]. The work also showed that the turbulence was largely
isotropic in the bulk �ow, and similar results were thus obtained with the SSTk � !
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1. Introduction

model and the Reynolds Stress Model (RSM). For an eccentric mounted Rushton
turbine in an unba�ed tank, Yang et al. achieved a good correlation with experi-
mental data in terms of velocity measurements when solving the free surface with
VOF and DES [11].

1.2 Purpose and objective

This thesis will further investigate the practices of simulating the free surface in a
stirred tank with an eccentric impeller by evaluating methods based on literature,
simulations and testing. This will be done by studying a stirred tank con�guration
at di�erent operational conditions both with and without a vortex and ful�lling the
following objectives.

ˆ Perform experiments at Metenova and obtain power number and mixing time.

ˆ Perform CFD simulations and obtain power number, pumping number and
mixing time.

ˆ Evaluate methods used in CFD based on comparison of results with the ex-
periment.

ˆ Evaluate the current rules for predicting the mixing time and propose changes
if necessary.

1.3 Demarcations

The thesis is conducted with the following demarcations.

ˆ One geometrical setup with tank and impeller is used to simulate four oper-
ational conditions with di�erent rotational speed of the impeller and water
height.

ˆ All cases are assumed to be fully turbulent. The dimensionless numbers are
therefore independent of Reynolds number.

ˆ All cases are simulated with modeled turbulence. The use of turbulence re-
solving methods will be limited to substantiate the choice of turbulence model.

ˆ Operational conditions where a vortex is not present are simulated with a slip
wall as a representation of the water surface.

ˆ The mixing process considers mixing of saline in water. The saline is assumed
to have the same properties as the water.

3



1. Introduction

1.4 Societal, ethical and ecological aspects

To create vaccines, liquids containing di�erent bacteria often need to be mixed. Dur-
ing the last years with the Covid-19 pandemic, there has been an extreme need to
be able to produce large quantities of vaccines. Because of the uncertainties about
mixing times, companies tend to let "overmix" the vaccine since the vaccines must be
well blended. If more reliable mixing times can be computed with the help of CFD,
the mixing time can be reduced which would mean that the total time of creating
a vaccine can be reduced. Shortened manufacturing time leads to a reduced cost
per dose and that, if there is a need, it would be possible to reach large parts of the
population more quickly. This is also good from an environmental point of view as
energy consumption would be reduced.

However, it is also important to consider the potential negative impacts of this
research. The use of CFD simulations can save time and resources compared to ex-
perimental methods, but the use of simulations in the industry should be done with
caution. The results of simulations must be validated by experimental data and
it is important to ensure that the simulation accurately represents the real-world
process. If the calculated mixing time turns out to be incorrect, this would have
disastrous consequences as it could lead to ine�ective vaccines.

4



2 Theory

The theory chapter starts by explaining some important concepts regarding agitated
tanks, and how to calculate these. Thereafter follow theory about CFD, including
turbulence models, VOF, passive scalar and moving bodies.

2.1 Industrial mixing

Mixing in stirred tanks as investigated in this thesis is accomplished by inducing
motion to two �uids through an impeller in the tank. In this thesis, the impeller
is a bottom mounted mixed �ow impeller. It allows the �ow to enter the impeller
from the axial direction and then be de�ected in radial direction when it is pushed
out at the bottom of the tank, creating circulation in the tank. Impeller and tank
con�gurations are often evaluated using characteristic dimensionless numbers such
as power number, pumping number and dimensionless mixing time.

These numbers are often found to be independent of Reynolds number in fully
turbulent conditions, when the inertial forces of the �uid become dominant over
the viscous forces. The transition to fully turbulent �ow in stirred tanks usually
occurs within the range of50 < Re < 5000[12]. The Reynolds number in a stirred
tank is commonly de�ned, as in equation (2.1), based on the impeller diameterD,
rotational speedN , along with the density � and dynamic viscosity� of the �uid
being mixed.

Re =
�ND 2

�
(2.1)

2.1.1 Power number

The power number is a non-dimensional measure of the power exerted on the �uid
by the impeller. The power number can be calculated in two ways: either using
the torque of the impeller or the volume integral of the dissipation rate of turbulent
kinetic energy. Since there is no energy extracted from the tank, the power from the
impeller must be dissipated. The power number based on torque is calculates as

NP;� =
P

�N 3D 5
; P = 2�N� (2.2)
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2. Theory

where the powerP is calculated based on� which is the torque of the impeller. The
power number based on dissipation rate of turbulent kinetic energy," , is determined
as

NP;" =
R

V �" dV
�N 3D 5

: (2.3)

Using the dissipation rate have however been found to underestimate the power
number for the most common turbulence models, while the results of the torque
agree well with experiments [13].

2.1.2 Pumping number

The pumping number, also called �ow number, is a measure of the volumetric �ow
rate, Q, through the impeller that is made non-dimensional with the rotational speed
and diameter of the impeller. It is de�ned as

NQ =
Q

ND 3
: (2.4)

The pumping number can therefore be used as a measurement of how well the
impeller moves the �uid.

2.1.3 Mixing time

The mixing time is the time required to reach a certain homogeneity of the mixture.
It can be de�ned in di�erent ways, based on both local and global measurements.
Mixing based on local measurements is suitable for experiments where the concen-
tration of a species can be measured at one or several points. The mixing time can
then be determined by the time it takes for the measured concentration,ct , to sta-
bilize within a certain range of the average concentration in the tank,�ct . To achieve
a desired level of homogeneity at 95 % or above, the following criteria should be
achieved at the measuring point.

0:95 <
ct

�ct
< 1:05 (2.5)

A global de�nition of the mixing time is suitable for use with results from CFD since
measurements can be taken in the whole domain. The mixing time is then de�ned
as the time it takes to reach a certain value of the coe�cient of variance (CV),
which corresponds to the desired level of homogeneity. The coe�cient of variance is
de�ned as the ratio of the standard deviation to the mean:

CV =

vu
u
t

R
V

�
ct (x )� �ct

�ct

� 2
dV

V
(2.6)

which can be discretized as

CV =

vu
u
u
t

P n
i

�
ct;i � �ct

�ct

� 2
� Vi

P n
i � Vi

(2.7)
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2. Theory

where the summation is done over the cells in the domain and� Vi is the volume of
cell i . The threshold value ofCV in order to obtain a certain mixture is through a
statistical experiment by Hartmann et al. [8] found to be

CV = 0:17
� 100� c%

30

�

: (2.8)

A mixing with c% = 95 givesCV = 0:0283.

The mixing time, � 95, is often made dimensionless by multiplication with the ro-
tational speed of the impeller.

� 95 = N� 95 (2.9)

The dimensionless mixing time is typically independent of the Reynolds number in
fully turbulent �ow and can therefore be used to predict mixing time with chang-
ing impeller speed. However, the dimensionless mixing time does not account for
changing liquid volume. Therefore, a rule of thumb is used in the industry to es-
timate the mixing time.According to this rule, it takes approximately four to �ve
turnover times to achieve a homogeneity of 95 %. The turnover time is de�ned as
the time it takes for the total liquid volume in the tank to pass through the impeller.
This estimation is however only useful if the volumetric �ow rate of the impeller,
or the pumping number, is known. In such case the estimated mixing time can be
calculated as5V=Qor 5V=(ND 3NQ).

2.2 Computational �uid dynamics

In computational �uid dynamics (CFD) the solution of the �ow �eld is commonly
obtained by solving the governing equations of the �ow in the Eulerian reference
frame. For a closed system without heat sources, these equations are the conser-
vation of mass and momentum, known as the Navier-Stokes equations. Since the
studied �uids are liquids and air at low velocities, they are considered incompress-
ible. The conservation of mass is de�ned as shown in equation (2.10) with velocity
tensor vi and the positional tensorx i , where i denotes direction in the Cartesian
coordinate system.

@vi
@xi

= 0 (2.10)

The conservation of momentum is de�ned as shown in equation (2.11), wheret is
the time p is the pressure,� is the dynamic viscosity,� ij is the Kronecker delta, and
f i represents body forces [14].

@vi
@t

+
@vi vj

@xj
= �

1
�

@p
@xi

+
@

@xj

"

�

 
@vi
@xj

+
@vj
@xi

!

�
2
3

�
@vk
@xk

� ij

#

+ f i (2.11)

2.2.1 Reynolds-Averaged Navier-Stokes equations

Turbulent �ows are more complex than laminar �ows, characterized by their chaotic
�uctuations in space and time. To address this complexity, the Navier-Stokes equa-

7



2. Theory

tions are often time averaged. The instantaneous properties of the �ow are decom-
posed into a mean, time averaged, value, and a �uctuating value

� = h� i + � 0 (2.12)

where the time averaged value is de�ned as

h� i =
1

2T

Z T

� T
�( t) dt: (2.13)

Introducing the decomposition in Navier-Stokes equations yields

@hvi i
@xi

= 0 (2.14)

@hvi i
@t

+
@hvi ihvj i

@xj
= �

1
�

@hpi
@xi

+
@

@xj

"

�

 
@hvi i
@xj

+
@hvj i
@xi

!

�
2
3

�
@hvk i
@xk

� ij � h v0
i v

0
j i

#

+ f i :
(2.15)

The new term, hv0
i v

0
j i , is used to calculate the Reynolds stress tensorRij = � hv0

i v
0
j i

and represents the correlation between the �uctuating velocities. This stress term
is due to turbulence and needs to be either solved or modeled to close equation
(2.15)[14].

2.2.2 RANS based turbulence models

The purpose of RANS-based turbulence models is to solve or model the Reynolds
stresses from the momentum equation in order to close equation (2.15). A distinct
di�erence between turbulence models is whether the Reynolds stresses are assumed
to be isotropic or not. In models assuming isotropic turbulence, a commonly used
method is to employ an eddy viscosity model, where the turbulent stresses are related
to the mean �ow by introducing a proportionality constant � t . The most common
model is the Boussinesq assumption

hv0
i v

0
j i = � 2� thsij i +

2
3

k� ij (2.16)

where � t is the turbulent eddy viscosity, hsij i = 1
2( @hvi i

@xj
+ @hvj i

@xi
) is the mean strain

rate tensor, andk = 1
2hv0

i v
0
i i is the turbulent kinetic energy. By inserting equation

(2.16) into equation (2.15), the six unknown turbulent stresses are replaced with a
single unknown.

Turbulence models that solves all Reynolds stresses allow for analysis that can de-
termine the type of turbulence that is present in di�erent regions of the �ow. The
anisotropic tensor can be calculated from the Reynolds stress tensor by subtract-
ing the normal stresses with the average normal stress. The normalized anisotropic
tensor B ij , is then used to analyze the characteristics of the turbulence.

B ij =
Rij =�

2k
�

1
3

� ij (2.17)
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The second invariant,I 2, of the anisotropic tensor is used to calculate� , which can
be regarded as a measure of isotropy in the turbulence.

� =

s

�
1
3

I 2 (2.18)

The range of� is 0 � � � 1=3 where� = 0 indicates fully isotropic turbulence, and
an increase of� indicates more anisotropy.

2.2.2.1 k � " model

The k � " is the most widely used model for industrial applications to determine
the turbulent eddy viscosity. The model is known to be robust and is the most
commonly used RANS model in mixing applications [3]. The model is based on two
transport equations, the modeled turbulent kinetic energy (k) in equation (2.19)
and the modeled turbulent dissipation rate (") in equation (2.20).

@k
@t

+
@

@xj
(hvj i k) = Pk +

@
@xj

��

� +
� t

� k

� @k
@xj

�

� " (2.19)

@"
@t

+
@

@xj
(hvj i " ) =

"
k

c"1� tP" +
@

@xj

��

� +
� t

� "

� @"
@xj

�

� c"2f 2
"2

k
(2.20)

The turbulent viscosity is then calculated as following

� t = c� f �
k2

"
: (2.21)

The values of the coe�cients � k , � " , c"1, c"2 and c� as well as the de�nition of the
damping functions f 2, f � and production terms Pk and P" varies between di�er-
ent versions of thek � " model and can be found in the Simcenter STAR-CCM+
documentation [15]. The standardk � " model does not implement damping on
the turbulent viscosity and transport of turbulent dissipation rate, the damping are
hence �xed at unity.

2.2.2.2 Realizable k � " model

According to the Boussinesq assumption, the normal stresses of a �uid element are
related to the normal strain in equation (2.16). Large normal strain can thus gen-
erate nonphysical negative normal stresses, which may lead to an overproduction
of the turbulent viscosity. The turbulent viscosity is limited in the realizablek � "
model by relating the damping functionf � to the strain tensor and its principle
values. By limiting the turbulent viscosity in such a way that the normal stress
are positive in the principle direction of the strain, ensures that the normal stresses
remain positive regardless of rotation.

Furthermore, the realizablek � " model implements a modi�ed transport equation
for the modeled turbulent dissipation rate, as proposed by Shih et al. [16]. This
modi�ed transport equation is based on the transport equation for the modeled
mean-square vorticity �uctuation h! i ! i i and then using the relation" = � h! i ! i i .
The transition from the standard equation to the modi�ed one is handled through
the damping factor f 2.
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2.2.2.3 SST k � ! model

The SST k � ! model is another two-equation eddy viscosity model that combines
the k � " and k � ! models. Thek � ! model tends to perform better close to walls
without the need for damping functions, whilek � " is more robust in free-stream
�ow. The model is derived by expressing the transport of" in equation (2.20) in
terms of the speci�c dissipation rate (! ) by using the relation ! / "=k, resulting in
equation (2.22). The transport ofk in equation (2.19) is modi�ed by substituting
" with � � k! , resulting in equation (2.23). The transition between thek � " and
the k � ! model is managed by adjusting the coe�cients in thek and ! transport
equations using a blending function.

@!
@t

+
@

@xj
(hvj i ! ) = P! +

@
@xj

��

� + � ! � t

� @!
@xj

�

� �! 2 (2.22)

@k
@t

+
@
x j

(hvj i k) = Pk +
@

@xj

��

� +
� t

� k

� @k
@xj

�

� � � k! (2.23)

The SSTk� ! model also implements a limitation on the turbulent viscosity in order
to reduce overestimation of shear stress. This is done by relating the turbulent time
scale to both the strain rate tensor and the wall distance.

2.2.2.4 Reynolds stress model

The Reynolds Stress model (RSM) is able to account for anisotropy in the turbulence
since all components of the Reynolds stress tensor are solved through their respective
transport equations, as shown in equation (2.24).

@hv0
i v

0
j i

@t
+

@
@xk

(vkhv0
i v

0
j i ) = D ij + Pij + � ij � " ij (2.24)

D ij =
@

@xk

" �

� +
� t

� k

� @hv0
i v

0
j i

xk

#

(2.25)

Pij = �h v0
i v

0
k i

@vj
@xk

� h v0
j v

0
k i

@vi
@xk

(2.26)

The turbulent kinetic energy is calculated directly from the Reynolds stresses as half
the sum of the normal stresses in the Reynolds stress tensor,1

2Rii . The turbulent
viscosity can then be obtained as following:

� t = c�
k2

"
: (2.27)

The most recent and accurate version of RSM implemented in Simcenter STAR-
CCM+ is the Elliptic Blending model. This model is capable of handling both
low and high y+ [15], wherey+ is the dimensionless wall distance. The Elliptic
Blending model acts on the pressure strain term� and dissipation " in the RSM
transport equations through the elliptic blending coe�cient � EB . The blending
coe�cient allows for formulations in near-wall regions and homogeneous �ow regions,
as described in equation (2.28).

� ij � " ij = (1 � � 3
EB )(� w

ij � "w
ij ) + � 3

EB (� h
ij � "h

ij ) (2.28)
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The elliptic blending technique allows for usage of the near-wall formulation for the
quadratic pressure strain term in regions close to walls, while transitioning to the
linear pressure strain formulation in the homogeneous �ow. The formulation of the
dissipation varies by assuming isotropic dissipation in the homogeneous �ow, while
relating it to the Reynolds stresses near the walls.

2.2.3 Large eddy simulation

Large eddy simulation (LES) is a model to solve large scale turbulence. In contrast
to RANS, instantaneous equations are solved to capture temporal �uctuations. The
computational mesh however acts as a �lter that determines the scale of spatial
�uctuations that are solved and all properties solved are a spatial average over the
cell. Similar to temporal averaging, one property can be decomposed into a spatial
average and a spatial �uctuation

� = �� + � 00 (2.29)

where the spatial average in one direction, in this casex with � x being the cell
length, is de�ned as

��( x; t ) =
1

� x

Z x+0 :5� x

x� 0:5� x
�( �; t ) d�: (2.30)

The Navier-Stokes equations for incompressible �ow with the spatial �ltered vari-
ables becomes

@�vi

@xi
= 0 (2.31)

@�vi

@t
+

@
@xj

(�vi �vj ) = �
1
�

@�p
@xi

+ �
@2�vi

@xi @xj
�

@�ij
@xj

(2.32)

where � ij represents the subgrid stresses [14]. The subgrid stresses needs to be
modeled and is most commonly done so with the Smagorinsky model as

� ij �
1
3

� ij � kk = � 2� sgs�sij (2.33)

where the subgrid viscosity is calculated as

� sgs = ( CS(� V)1=3)2j �sj: (2.34)

2.2.3.1 Spatial descritization

LES is always mesh dependent since the mesh acts as a spatial �lter, deciding what
scales of turbulence are resolved and what scales are modeled. There exist several
methods to evaluate what scales have been resolved in order to evaluate the LES,
that requires a solution to base the evaluation on. In order to minimize the resources
it is therefore bene�cial to �nd a su�ciently �ne mesh through evaluation prior to
the simulation. Such an evaluation is done by comparing the mesh to the turbulent
length scales obtained from a RANS simulation. The upper limit of the inertial
sub-range in the energy spectra is the integral length scalel0, and can be calculated
from RANS results as in equation (2.35). In order to resolve the largest eddies the

11
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mesh cell size must be several times smaller thanl0. The exact number of cells
needed per integral length scale is however not clear, introducing an uncertainty
when de�ning the mesh.

l0 =
k3=2

"
(2.35)

The lower side of the inertial sub-range in the energy spectra is represented y the
Taylor micro scale � , which can be calculated with equation 2.36. In turbulent
channel �ow, it has been showed to be successful to set the cell size equal to� in
order to resolve large eddies in LES [17].

� =

s

10�
k
"

(2.36)

The draw back of LES is however that the size of the large turbulent scales becomes
very small near walls, thereby increasing the requirements on mesh resolution.

2.2.4 Detached eddy simulation

The Detached Eddy Simulation (DES) combines LES and RANS by utilizing their
respective strengths. In DES, LES is used in the free stream region to resolve large
scale turbulence, while small scales are modeled with a subgrid model. On the other
hand, RANS works well within boundary layers and is therefore used near walls
to model all turbulence, thereby reducing the computational demand compared to
using LES in the whole domain.

The transition from RANS to LES is handled by modifying the dissipation term
in the transport equation of k so that the dissipation increases when the LES is ac-
tive. This is achieved by multiplying the dissipation term with a blending function,
which typically considers factors such as cell size, turbulent length scale, and wall
distance.

2.2.5 Wall functions

The interaction between the �uid and walls give rise to a boundary layer near the
wall. Within the boundary layer, the �uid is largely a�ected by viscous forces as the
velocity of the �uid transitions from the free-stream velocity to zero relative velocity
at the wall. The thickness of the boundary layer is often de�ned as the distance
from the wall where the �uid reaches 99% of the free-stream velocity. In turbulent
�ow, the boundary layer is divided into an outer and an inner layer. The outer layer
is dominated by turbulent forces, while the inner layer is divided further into three
sublayers, which are de�ned by the dimensionless wall distance y+

y+ =
yu�

�
(2.37)

wherey is the distance to the nearest wall andu� is the frictional velocity, which is
related to the shear stress on the wall.
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ˆ Viscous sub-layer : The �uid closest to the wall is dominated by viscous
forces and the �ow is almost laminar.y+ < 5.

ˆ Bu�er layer : Transitional layer between the viscous sub-layer and the log
layer. 5 < y + < 30.

ˆ Log layer : The �uid is a�ected equally by viscous and turbulent forces.30 <
y+ .

For simulations that do not fully resolve all the physics near walls, certain quan-
tities such as velocity and turbulence can be approximated within the sublayers of
the inner boundary layer using wall functions. These wall functions are based on
empirical data and are de�ned for the viscous sub-layer and the log layer. Simcenter
STAR CCM+ uses blended wall functions that are continuous throughout the entire
inner boundary layer, which provides better accuracy in the bu�er layer [15]. The
blended wall function however has higher accuracy in the viscous sub-layer and log
layer than the bu�er layer.

2.2.6 Volume of �uid

The Volume of Fluid (VOF) method is a numerical method used to solve the interface
between di�erent phases in �uid �ows. VOF uses an Eularian approach where the
interface is tracked by solving the continuity equation of a indicator function of
each phase. In Simcenter STAR-CCM+, the indicator function is de�ned as the
volume fraction of each phase, denoted� V OF;i , where i represents the phase. The
volume fraction is de�ned as the ratio of the volume of a particular phase to the
total volume, as described in equation (2.38) [15].

� V OF;i =
Vi

V
(2.38)

The transport of � i is solved according to equation (2.39) with the constraint that
the sum of volume fractions must equal unity, for two phases the transport is hence
only solved for one phase.

@�i
@t

+ vj
@�i
@xj

= 0 (2.39)

The �eld equations are solved by treating the mixture as a single phase with prop-
erties determined by the volume fraction,� =

P
i � i � i and � =

P
i � i � i .

2.2.7 Passive scalar

The transport of a species in a �uid can be represented as a passive scalar, which is
a scalar quantity that does not a�ect the �ow. The transport of the passive scalar is
solved through di�usion and convection based on the �ow �eld, as shown in equation
(2.40).

@�
@t

+
@�vi

@xi
=

@
@xi

" � �
Sc

+
� t

Sct

� @�
@xi

#

(2.40)

The di�usivity of the passive scalar depends on Schmidt number,Sc, which repre-
sents the molecular di�usivity of the scalar in the �uid, and the turbulent Schmidt
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number, Sct , which represents an arti�cial di�usivity based on the modeled turbu-
lence. The turbulent Schmidt number depends on the �ow �eld and can vary locally,
making it di�cult to determine. A typical value of the turbulent Schmidt number
in stirred tank con�gurations is 0:2 < Sct < 0:9, and it is often used as a tuning
constant when simulating mixing times.

2.2.8 Rotating bodies

The rotation of the impeller is represented using multizone methods, which divide
the domain into two zones. One zone contains the rotating impeller and the �uid in
its proximity, while the other zone contains the rest of the domain. The bene�t of
using a multizone method is that the mesh only needs to be generated once while
adjusting the position of the impeller itself would have required a new mesh every
time step. Figure 2.1 shows the di�erent zones. The rotating region, including the
impeller is shown in a yellow color.

Figure 2.1: Fluid domain divided into the di�erent zones. The rotating region,
containing the impeller in yellow and the stationary region in grey.

2.2.8.1 Multiple Reference Frame

The multiple reference frame (MRF) method represents the rotation of the impeller
by solving the �ow in proximity to the impeller with a reference frame rotating
with the impeller. A source term is added to the cells in the region that contains
the impeller to simulate the e�ect of rotation. The e�ect of the source term is
propagated through the interface onto the stationary region. The impeller thus
remain stationary and the mesh is �xed in position throughout the simulation. Since
the mesh remains �xed the MRF results are dependent on the original position of
the impeller blades. This approach makes it possible to simulate moving bodies in
a steady state and thus limiting the computational cost. By using this method it
is assumed that the �ow around the impeller is weakly linked and located far away
from other features in the tank that could disrupt the �ow.
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2.2.8.2 Sliding mesh

The sliding mesh (SM) method allows for a moving mesh and creates a real rotation
of the impeller, unlike MRF. Each time step the mesh of the region that contains the
impeller "slides" into a new position relative to the stationary region, and information
is interpolated between the regions. This method o�ers transient results that does
not depend on the initial position of the impeller blades but still without the need
to create a new mesh each time step. SM is assumed to be more accurate than
MRF but also more computational expensive since the simulations are required to
be transient.
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