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Abstract

A deficit with current state-of-the-art machine learning algorithms in drug discovery
is that they solely provide a point-estimate. However, in drug discovery, where data
is associated with costly and time consuming experiments, there is a need for the
models to indicate the uncertainty of their outputs. Otherwise, the models might be
used erroneously. In order to obtain uncertainty from the models, this thesis utilizes
Bayesian statistical models. In particular, the objective of this thesis is twofold: (1)
Investigate the use of uncertainty in active learning (AL) for predicting the observed
yields of chemical reactions with di [erent reaction conditions and reactants. Uncer-
tainty methods for AL and methods based on design of experiments were compared.
The predictions were done by using the Bayesian probabilistic matrix factorization
model Macau. (2) Investigate how the induced uncertainty al[edts the performance
of Bayesian neural networks used to predict reaction conditions. The uncertainty
was used to evaluate how reliable the obtained predictions are. The network was
based on variational Bayesian methods and we compare Bayes by Backprop and MC
dropout on a severely imbalanced data set. We found that the use of uncertainty
in active learning shows better performance with respect to absolute error and vari-
ance when a su [cieht number of data points have been added to the training set.
Also, using uncertainty seems to yield a significant di [erent training set compared
to randomly selected points. Bayes by Backprop illustrates comparable accuracy
to MC dropout, however, it struggles to predict the minority classes. This further
aledts the uncertainty estimates on the minority classes which could indicate that
MC dropout is more certain than Bayes by Backprop. To conclude, the introduction
of uncertainty quantification seems to provide some valuable information to synthe-
sis prediction models. However, future research on the quality of the uncertainty is
needed to use the induced uncertainty to its full extent.

Keywords: machine learning, uncertainty quantification, Bayesian probabilistic ma-
trix factorization, Bayesian neural networks, Bayesian statistics, variational infer-
ence, active learning, drug discovery, synthesis prediction
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1

Introduction

In recent years, there has been a rise of applications of arti cial intelligence (Al)
in drug discovery, in particular due to the rapid increase of chemical data over the
past decade [1]. The recent advancements in Al, especially in machine learning
(ML), have expanded the eld of in silico experiments to a point where chemical
experiments can be conducted by simulation by a computer before they are ever
tested experimentally [2]. This is often both cheaper than traditional experiments,
and allows for multiple predictions simultaneously, which can aid the chemist in how
to plan the experiments [3].

The objective of this thesis is to explore the use of uncertainty to improve in silico
experiments for predicting chemical reactions for hit discovery, see Section 1.1. In
particular, this thesis investigates the use of uncertainty for expanding a training
set of a matrix factorization model and the use of uncertainty as a measure of the
quality of the predictions from a neural network.

1.1 The Drug Discovery Process

1 2 3 4
Target Hit Lead Lead
discovery discovery discovery optimization

Figure 1.1: The steps of the drug discovery process for obtaining a new drug.

In drug discovery, the rst step is to determine a target disease, e.g., COVID-19
or lung cancer. This step also includes determining a physiological drug target,
e.g., a speci c enzyme or nucleic acid in the body, that is believed to be involved
in the disease process [4]. The second step involves selecting appropriate chemical
compounds that bind to or modulate some functional signal of the drug target in
the body; such that compounds that exceed a threshold value either in binding to
the target or modulation of some functional signal are calletits [4]. The process

of nding hit compounds is calledhit discovery. During hit discovery, possible hit
compounds are selected, usually by experienced scientists, and synthesized. Chemi-
cal synthesis is the execution of chemical reactions to obtain one or several products
that are part of the reaction. In order to synthesize the possible hit compounds,

a chemist plans the reactions in the chemical synthesis that is needed to obtain

1



1. Introduction

the compound as a product. If the compound is con rmed to be a hit compound
in multiple tests and the identity and purity of the compound is con rmed, it will
have the status ofvalidated hit [4]. Next step is to nd a compound or a series of
compounds with desirable properties that also ful lls some drug development cri-
teria, e.g., patentability, originality and accessibility by synthesis or extraction [4].
Such a compound is called gead After this step, the lead is optimized to tune
its properties. The resulting optimized lead then becomesdinical candidate if it
demonstrates su ciently low toxicity in cell models and passes animal testing [4].
The clinical candidate is tested on humans to investigate its medical e ects more
accurately; and the outcome will be a new drug if the clinical candidate is shown
to have the desirable e ects and a reasonable side-e ect pro le. The di erent steps
and their order are shown in Figure 1.1. Given the fact that the drug discovery
process contains multiple complex steps, it is not a surprise that the entire process,
from the initial target discovery to the nal product, can take decades and cost in
the excess of $1 billion [5].

1.2 Al in Drug Discovery

Al provides promising tools in drug discovery, e.g., where these methods can assist
in the prediction of the chemical properties of molecules in a compound [6], [7] (so
called molecular property prediction); in the design of new possible hit compounds
with sought-after properties [8], [9] (so calledie-novodesign); and in generating
feasible sequences of reactions (synthesis) to obtain the compounds [10], [11] (so
called synthesis prediction). This thesis focuses on synthesis predictions and, in
particular, the subproblem of predicting one reaction (of a sequence).

1.2.1 Synthesis Prediction

There are two categories of synthesis prediction: (1) retrosynthesis and (2) forward
synthesis prediction. For a given target compound with a known structure, ret-
rosynthesis prediction means determining valid reactions which could have resulted
in this product, as seen in Figure 1.2a [12], [13]. On the other hand, given all avail-
able reaction choices, forward synthesis prediction involves deciding which reaction
Is the most likely to succeed in yielding the desired product. Alternatively, given
reactants and reaction conditions, forward synthesis predicts the most likely product
of the chemical reaction, as seen in Figure 1.2b [12], [13]. Reaction conditions are
de ned as the environmental conditions under which the reaction progresses, e.g.,
temperature, pressure, ligand, solvent and base. A ligand is an ion or molecule that
binds to an atom or ion, which is usually metallic, in the center of the molecular
structure [14]. A solvent is the substance that the other substances in the reaction
are dissolved in. A base is generally a substance that binds to proto¢id*) when
dissolved in a solvent.Reaction componentswill be used throughout this thesis to
denote both reaction conditions and reactants. Figure 1.3 shows the chemical re-
action (with reaction conditions above and below the arrow) that was illustrated
in the retrosynthesis and forward synthesis in Figure 1.2. This a reaction from the
Merck data, see Section 1.4.1.2. This reaction uses the rst aryl halide (as the rst

2



1. Introduction

Reactant 1 Reactant 1
Cl Cl
Target product Most likely product
CHs CFs CFs CHs
Reactant 2 Reactant 2
NH, NH,
HN HN
Retrosynthesis Forward synthesis
prediction prediction
\\\\\\ CH3 CH3
CF; CF;
Reaction Reaction
conditions conditions
(a) Retrosynthesis prediction (b) Forward synthesis prediction

Figure 1.2: Schematics of retrosynthesis and forward synthesis prediction. The
target product and reactants are a part of the Merck data used in this thesis, see
Section 1.4.1.2.

reactant) while choosing a ligand, an additive and a base is needed in order to pre-
dict the yield. The second reactant (not the aryl halide), the solvent DMSO, the
temperature 60 C and the reaction time 16 h are the same for all choices of aryl
halide, ligand, additive and base.

CH3
Cl NH,
ligand
+ additive HN
base
DMSO
60 C, 16h
CF3 CHg3
aryl halide 1

CF3

Figure 1.3: A reaction from the Merck data. This reaction uses the rst aryl halide
while choosing the ligand, additive and base is needed. The second reactant (not
the aryl halide), the solvent DMSO, the temperature60 C and the reaction time
16 h are the same for all choices of aryl halide, ligand, additive and base.
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1.2.2 Al Guided Synthesis Prediction

Synthesis prediction guided by Al has the potential to reduce the time required for
nding potential hit compounds by suggesting suitable reactions and conditions,
based on models trained on already known data. This is of great interest since the
drug discovery process, from target discovery to nal product, takes several years
[5]. Pharmaceutical companies are trying to make use of the recent technological
advances to further automate the drug discovery process, e.g., establishing auto-
mated robotic synthesis laboratories. Moreover, this could potentially enable more
e ective searches of the chemical space and reduce the time required for nding
suitable compounds for new drugs, i.e., nding hit compounds [15]. To do this, the
performance of the synthesis prediction is essential and, furthermore, it is necessary
to prove that it is adequate.

It is also of great importance that the model can indicate the robustness of the
predictions. l.e., a model which solely provides a prediction is not su cient, it is
necessary to also quantify the uncertainty in the prediction. This is a consequence
of the fact that the required data for synthesis prediction models is associated with
real world experiments, making it costly and time consuming to generate data. It is
critical to quantify the model's uncertainty when the model is applied to new and
more complex data, since otherwise the utilizers of the model may not be aware
of its limitations [16]. Furthermore, the estimated uncertainty of the model can be
utilized for Active Learning (AL), which is when a model guides the acquisition of
new data [17]. Utilizing AL has shown useful for chemical prediction models [2],
[18]. This is partly due to the associated cost and time required to obtain new
data, and partly due to the magnitude of the chemical space, which is estimated to
contain more than 10°° molecules, which makes it intractable to sample from the
entire space [19].

1.3 Objective

The purpose of this thesis is to investigate uncertainty quanti cation of chemical
prediction models relevant to synthesis prediction. In particular, this thesis focuses
on exploring the use of uncertainty quanti cation in AL and as a measure of the
quality of the predictions from a neural network. The quality of the predictions
are based on the corresponding uncertainty, which can be used to indicate how
trustworthy the output from the network is. This could potentially also be used
as a metric of where more data is needed. The uncertainty in the neural network
is estimated by the use of Bayesian statistical models, which inherently provide a
framework for uncertainty quanti cation. To summarize, this thesis seeks to answer
the following questions:

N

Can uncertainty successfully be introduced to synthesis prediction models?

N

Can uncertainty quanti cation be successfully applied to AL for synthesis
prediction models?

Can uncertainty quanti cation be used to evaluate the quality of the predic-
tions of a neural network?
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1.4 Delimitations

This thesis focuses on utilizing active learning, based on uncertainty quanti cation,
for extending the training set of the matrix factorization method Macau, which

Is described in Section 2.5. The goal is to determine the usefulness of such an
approach by comparing it with other other approaches for extending the training
set. In particular, the aim of the matrix factorization method is to predict the yield
from a reaction when using di erent reaction components, i.e., di erent reaction
conditions and reactants.

Uncertainty quanti cation in neural networks is based on variational Bayesian meth-
ods, the theory for variational methods is presented in Section 2.1.4. The architec-
ture of the networks is limited to feedforward neural networks, which are described
in Section 2.4.1. The uncertainty quanti cation is introduced by utilizing Bayesian
neural networks, which are described in Section 2.4.6. This is done in order to in-
vestigate if Bayesian feedforward neural networks can be successfully applied to this
eld. Finally, the aim of the Bayesian network is to predict which ligand that is
part of di erent reactions.

1.4.1 Data Sets

The objective of this thesis is not to investigate predictions on the entire chemical
space. Instead, the models in this thesis evaluate predictions on speci ¢ chemical
data sets, which are relevant for drug discovery. The matrix factorization method
utilizes two di erent data sets of two di erent reactions that are important to drug
discovery. The rst data set is published in [20] by the pharmaceutical company
P zer and it is, therefore, called the P zer data. This data set explores a diverse
set of reaction components in a Suzuki-Miyaura reaction [21]. Furthermore, the
second data set is published in [22] by the pharmaceutical company Merck and
it is, therefore, called the Merck data. This data contains experimental results
for di erent reaction components in a Buchwald Hartwig cross-coupling. These
data sets are used since they consist of fully known matrices of combinatorial data,
which makes them suitable for a matrix factorization method. The Bayesian neural
networks are trained on data from an electronic lab notebook (ELN) obtained from
AstraZeneca. Thus, this is proprietary data owned by AstraZeneca and, therefore,
not publicly available.

1.4.1.1 P zer Data

The P zer data [20] consists of four di erent choices of the rst reactant (reactant

1), three di erent choices of the second reactant (reactant 2), four solvents, eight
bases (including one blank option using no base) and twelve ligands (including one
blank option using no ligand). These are encoded as a categorical variable for each
component. Other reaction components are held constant. Note that in the pub-
lished data in [20], there are four di erent available choices of reactant 2. However,
the reactant 2 consisting of a Bromide is not used since it utilizes di erent choices
of reactant 1 than the remaining data. For every combination of choices of reaction

5
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components, the data consists of an observed percent yield, which obtains values
between 0 and 100, of the product. The product is the main compound formed
from the reaction. Therefore, the data can be used as a forward synthesis predic-
tion problem, see Figure 1.2b, if the some or all yields are seen as unknown. The
observed yields are given with two decimals. Approximately 3% of all data have an
observed yield lower than 5%, which we de ne as the lowest yield that reaction can
obtain to be successful. About 0.3% of all data have an observed yield equal to zero.
Note that the observed yield is the true yield that was experimentally measured.

1.4.1.2 Merck Data

The Merck data [22] consists of 16 di erent choices of aryl halides (including one
blank option using no additive), four di erent choices of ligands, 24 di erent choices

of additives (including one blank options using no additive) and three di erent
choices of bases. See the example in Figure 1.3. Aryl halide is a class of chemi-
cal compounds and the di erent aryl halides in this data are used as one of two
reactants. Other reaction components are held constant, including the other re-
actant. Chemical structures are available for each aryl halide, ligand, additive and
base. These chemical structures were used to obtain corresponding 2048-bits ECFP6
ngerprints, see Section 2.7.1.

The choices of reaction components are encoded as a categorical variable for each
reaction component. For every combination of choices of reaction components, the
data consists of an observed percent yield, which obtains values between 0 and 100,
of the product. Therefore, the data can be used as a forward synthesis prediction
problem, see Figure 1.2b, if the some or all yields are seen as unknown. Moreover,
eight permutations have no observed yield but these missing yields do no restrict this
project. The observed yields are given without any decimals. Finally, approximately
25% of all data have an observed yield lower than 5% while about 14% of all points
have an observed yield equal to zero.

It should be noted that [23] made comments on the machine learning approach
that [22] utilized on the data. [24] is the response to these comments. However,
this comment and response is not crucial for this thesis, but rather they bring up
thoughts on how to evaluate the performance of machine learning models when
exploring chemical data.

1.4.1.3 AstraZeneca ELN

The AstraZeneca (AZ) electronic lab notebook (ELN) data consists of di erent re-
actions and the ligand with the greatest yield. In total there are 13 di erent ligands

to choose from. The data is severely imbalanced, where the most frequent ligands
account for 54% 26% and 7% of the total data, respectively. A yield greater than
10% was needed for a reaction to be deemed successful. The input data consists of
reaction ngerprints expressed in ECFP6 with 2048-bits, see Section 2.7.2. The out-
put data consists of an array with zeros except for a one at the entry corresponding
to the ligand with the greatest yield, i.e., one-hot encoding.

6
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1.5 Thesis Outline

This chapter has given an overview of the drug discovery process, introduced syn-
thesis prediction and its challenges, and presented the data that was explored in this
project. The remainder of this document aims to explain the concepts of Bayesian
neural networks and matrix factorization, and then present the computational ex-
periments that have been conducted. The goal is to provide enough explanations of
the concepts so that readers from di erent engineering backgrounds can understand
the results easily.

Chapter 2 provides an introduction to the theory necessary to understand the meth-
ods and results presented in this thesis. In particular, this chapter will rst describe
computational methods for Bayesian statistics (Section 2.1), followed by a key sec-
tion which describes how uncertainty can be quanti ed for Bayesian models (Sec-
tion 2.2). Thereafter, this chapter presents theory for neural networks in Section 2.4,
which is then extended to Bayesian neural networks (Section 2.4.6) used to quan-
tify uncertainty in predictions. Section 2.5 provides an introduction to the matrix
factorization method. Lastly, Section 2.7 describes how the molecules and reactions
are represented in a computer.

The methods used in this project are presented in Chapter 3. This chapter starts
by a description of how matrix factorization is used in active learning to extend

a data set. This is followed by a design of experiment approach in Section 3.1.2.
Section 3.2 describes how Bayesian neural networks are used to evaluate the uncer-
tainty in predicted reaction conditions. In particular, Section 3.2.1 describes the
assumptions made on the variational distribution and how the terms in the loss are
evaluated. This is followed by the detailed implementation used on the AZ ELN data
(Section 3.2.2), which describe the used hyperparameters of the network. Finally,
this chapter concludes with a description of how uncertainty in neural networks are
computed.

The results of the conducted computational experiments are shown in Chapter 4.
The results of the comparisons between di erent active learning approaches, and
the performance and uncertainty of the Bayesian neural networks are presented.
These results are discussed in Chapter 5 where we seek to answer the questions in
Section 1.3. Finally, the results and their implications are concluded in Chapter 6.
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Theory

This chapter aims to provide a brief introduction to the theory that is necessary
for this project. Since all models are based on Bayesian statistics Section 2.1 will
provide a short introduction to Bayesian statistics and how it can be carried out
by a computer. The Bayesian framework provides a natural way for uncertainty
guanti cation, which is described in depth in Section 2.2. This is followed by a brief
motivation of why data driven models, such as the Bayesian models that are used in
this project, require the data to be partitioned into di erent subsets (Section 2.3).

This thesis utilizes Bayesian neural networks with a feedforward architecture. In
order to understand how these Bayesian networks work, a solid understanding of
traditional neural networks and how they are trained is required. Therefore, tradi-
tional feedforward neural networks are introduced through Section 2.4.1-2.4.5 and
this is then followed by an introduction to Bayesian neural networks in Section 2.4.6.

Moreover, this thesis uses a matrix factorization model when utilizing active learn-
ing, based on uncertainty quanti cation, for predicting the yields from a reaction
when using di erent reaction components. Recall that reaction components denote
both the reaction conditions and the reactants. The introduction to traditional
feedforward neural networks and Bayesian neural networks is followed by an intro-
duction to matrix factorization (Section 2.5). Probabilistic matrix factorization can
be used to estimate the uncertainty in unknown matrix entries.

Furthermore, this thesis uses Kennard-Stone algorithm as an alternative to randomly

selecting points. Kennard-Stone algorithm is described in Section 3.1.2. Lastly,

Section 2.7 concludes the chapter with a short description of how reactions can be
represented in a computer, which is a necessity for any of the models to work.

2.1 Computational Methods for Bayesian Statis-
tics

This section gives an introduction to the computational methods for Bayesian statis-
tics that are used in this thesis. This is relevant since all the applied methods utilizes
Bayesian statistics to estimate uncertainty. We start by giving a brief introduction
to Bayesian statistics.
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2.1.1 Bayesian Statistics

Bayesian statistical methods for inference are based on Bayes' theorem

(Djw) (w),
).

whereD is observed data andv are parameters of a model that might have generated
D. Bayes' theorem presents a relationship between the conditional probabilities of
w and D [25]. All the probabilities in Bayes' theorem have di erent names: (wjD)

Is the posterior probability, (Djw) is the likelihood function ofD, (w) is the prior
probability and (D) is the marginal likelihood. The posterior gives information of
the model parametersw given the observationsD. The likelihood expresses how
probable the observed dateD is given di erent parametersw of our model. The
prior re ects our prior knowledge of the random variablesw, since it provides the
probability for the variables before any observations have been made. Finally, the
marginal likelihood (D) is a normalization constant, such that it guarantees that
the posterior distribution is a valid probability distribution.

(wjD) = (2.1)

To do statistical inference using Bayesian statistics, we want to evaluate the posterior
probability using Bayes' theorem. Therefore, knowing the marginal likelihood
z
(D)=, (DBiw) (w)dw; (2.2)

where W represents the space of all parameters of the model, is essential in order
to perform exact Bayesian inference. Bayesian inference is advantageous, for un-
certainty quanti cation, since it results in a distribution of the sought parameters,
rather than optimal point-estimates, which are common in frequentist inference.
With the posterior distribution, one can form the posterior predictive distribution

(y jx ;D) = E wipy [ (Y jx ;w)]

. . (2.3)
=, v ixiw) (wiDp)dw;

wherey denotes the predicted outcome of the model if the input ig and the
model was trained using the dataD. This distribution is useful since it provides
insights about the predicted outcome and the corresponding model uncertainty.

Unfortunately, for most complex models the marginal likelihood in Equation (2.2),
which is needed to calculate the posterior(w]jD), can not be computed analytically,
due to the intricate form of the posterior and the vast number of parameters. In
fact, exact Bayesian inference is in general intractable due to the integrals in Equa-
tion (2.2) and (2.3). However, there are several methods to perform approximate
Bayesian inference, where one obtains information from the posterior or probabili-
ties similar to the posterior. The two most common are Markov chain Monte Carlo
(MCMC) and Variational Bayes inference (VI). The former method samples from
the posterior through di erent sampling schemes, and the latter approximates the
sought posterior (wjD) with a simpler distribution g(wj ) which is easier to sample
from.

10
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2.1.2 Monte Carlo Integration

In Bayesian statistics one often has to compute complicated multi-dimensional in-
tegrals, where a closed form solution generally does not exist [26]. Consider, for

example, the integral 7

oy IW) - (w)dw;

whereW is the parameter space af. This integral can be expressed as the expected
value ofg(w), wherew (w),

Z
Elg(w)] = E wlg(w)] = VVg(w) (w)dw:

then the average of these samples are

X
=7 gwo): 24)
t=1

By the Law of Large Numbersit follows that the sample average converges to the
expected value [27]

X (t) : :
Sogw®)! Egw)l TL o

t=1
if E[g(w®)] = E[g(w)] and Var(g(w®)) = Var(g(w)) and both of these exist, i.e.,
they are not in nite. This means that the complicated integral can be approximated
by the simulation of random numbers. The procedure to generate random numbers
and compute their average is generally known as Monte Carlo (MC) integration.
Additionally, by the Central Limit Theorem the variance of the estimate is given by
Yargw)) [27]. This means that it becomes increasingly less likely that the estimate
in Equation (2.4) deviates from the actual expected value when the sample sike
increases. Lastly, the assumptions made by Law of Large Numbers also imply that
the estimate in Equation (2.4) is unbiased.

2.1.3 Gibbs Sampling

When exact Bayesian inference is not feasible, one possible approach is to use approx-
imate inference methods based on numerical sampling [25]. Such methods often use
MCMC algorithms for numerical sampling from a distribution. One popular MCMC
algorithm for sampling is Gibbs sampling, which is used to sample from a joint dis-
tribution  (Xy;:::;Xn) of n random variables. In the Gibbs sampler, each variable

tially and then the newly sampled value is used when sampling the other subsequent
variables. This procedure is shown in Algorithm 1. Note that conditional distribu-
tions do not need to be known explicitly as long as it is possible to sample from
the distributions. Usually, the outer loop is continued until the joint distribution

11
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(X1;::75X%n), since
X1 0000Xi 10Xt Xieg X
(XX Xt 00 xXg) = OB LEEX M )
(Xll"'ixi 1!Xi+11 ,Xn)
Ioxi  (X25io05X 15X Xiea s 2005 Xn);

when the process has stabilized [28]. The period before the process are stabilized
is called burn-in period, where the actual samples from the joint distribution is
obtained after this period. The iterations in the burn-in period are called burnins.

Algorithm 1 Gibbs sampling

1: Initialize fx!:i=1;:::;ng

2. for =1;:::;T do

3: fori=1;:::;N do

4; Samplex; ** XijXo ™ i T X X,
5. end for

6: end for

2.1.4 \Variational Bayes

An alternative set of approaches used for approximate Bayesian inference is varia-
tional Bayesian methods, also known as variational inference [29]. These can be used
to nd an approximation of the posterior. The idea is to nd a distribution g(wj )
with parameters , which is easy to evaluate, e.g., a Gaussian, and that is as close
as possible to the true posterior (wjD). The approximating distribution g(wj ) is
known as thevariational posterior distribution or the variational distribution. This

distribution can be used to form the variational predictive distribution
z

ay x5 )=y Ixsw)o(w) )dw; (2.5)
wherey denotes the model's prediction of a new input , which allows for approx-
imate inference of new data.

The similarity between two distributions can be quanti ed by the Kullback-Leibler
(KL) divergence between the distributions, which is de ned as

z .
. N : a(wj ) .
KL(q(wj )j (wjD)) = WCI(WJ )log WiD) w;

where (wjD) =0 impliesthat g(wj ) =0 forall w. Note that KL( (wjD)jqg(wj )) 6
KL(qg(wj )j (wjD)) in general. Furthermore, it holds thatKL(qg(wj )j (w]jD))
0; with equality if and only if (wjD) = qg(wj ) [25]. Hence, using KL divergence
as a similarity measure, the objective is to nd the parameters® that minimizes
the KL divergence

Pt =argmin KL(gwj )j (wjD)):

Thus, the variational approach replaces the problem of integration with that of
optimization, in order to nd the distribution that most resembles the true posterior
in a family of distributions.

12
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However, this expression of the KL divergence does not lend itself to direct mini-
mization, since it contains the unknown posterior (wjD). This expression can be
rephrased in an equivalent form which does not depend directly on the posterior,
°Pt = argmin KL[q(wj )j (wjD)]
z !

_ : , q(wj )
= arg min Wq(Wj ) log (WiD)
z : -
_ : : g(wj ) (D)
= arg min VVZq(Wj ) log W dw
= argzmin " q(wj )log q(\é\IV\J/))ZdW | (2.6)

oy AW )log C (Bjw))dw + - q(wj )log( (D)) dw
=argmin KL[g(wj )j (W)] Equwj)llog( (Djw))]+log( (D))
=argmin KL[g(wj )] (W)] Equj)llog( (Djw))] :

The third equality follows from Bayes theorem, Equation (2.1), and the fourth is a
consequence of the fact that integration is a linear operator. Finally, sindeg( (D))
is independent of it can be omitted from the objective, explaining the last equality.
The obtained loss function in Equation (2.6) is known as theariational free energy
[30]. Lets denote this loss

F(D; ):= KL[awj )i (W)]  Eqwj)llog ( (Djw))]: (2.7)

The loss consists of two terms. The rst term depends solely on the prior(w)
and the variational posterior, and not directly on the data. This term punishes the
complexity of the posterior and thereby acts as a regularizer of the model. The
second term depends on the data and favors the posterior's ability to explain the
data. The rst and second term will be referred to as thecomplexity lossand
likelihood loss respectively. In generalF (D; ) is intractable, however using the
de nition of KL implies that F(D; ) can be expressed as
" ! #
W) tog( (Djw))

(w)

which makes it clear that it can be approximated byl number of MC samples

X (OF !

F(D, ): Eq(wj) |Og

log (Djw®) ; w® qwj):  (2.8)

2.2 Uncertainty Quanti cation
This section introduces uncertainty quanti cation, which is used to estimate the

uncertainty in both the matrix factorization method and the Bayesian neural net-
work. The decomposition presented here is limited to classi cation, and therefore

13
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is only used by the neural network to quantify the uncertainty in predicted reaction
conditions.

There are two main categories of uncertainties in a Bayesian modeateatoric and
epistemic [26], [31]. These two uncertainties can be used to indicate how certain
a model is with its predictions. Aleatoric uncertainty is a measure of the inherent
noise in the data. This means that the aleatoric uncertainty cannot be reduced by
obtaining more data or by modifying the model. An example of aleatoric uncertainty
is the measurement imprecision of the equipment. Epistemic uncertainty originates
due to simpli cations in the assumptions of the model, i.e., uncertainty in the model
parameters. This uncertainty can thereby be reduced given enough data since then
the model parameters can be adjusted to better represent the data. Thus it is of
great interest to di erentiate between aleatoric and epistemic uncertainty, since the
latter indicates how much a model can improve whereas the former will not improve
unless the data acquisition is improved [26], [31], [32]. Aleatoric uncertainty can be
further divided into homoscedasticand heteroscedasticaleatoric uncertainty. The
former stays constant over di erent input patterns, whereas the latter varies with
the input [31], [26].

Let D = f(x;;y,)dY;, wherex; is thei-th input and y; is the corresponding output,
be the data consisting of input patterns that the Bayesian model has been trained
on and N is the number of input patterns in the data. A possible way to estimate
the uncertainty in classi cation, for a new input x and the corresponding output
y , is to compute the entropy of the posterior predictive

X
H( (yjx ;D))= (y =edjx ;D)log( (y = e&jx ;D));

k
where g, is a one-hot encoded vector witl at elementk and K is the total num-
ber of classes [26]. The entropy is a measure of the averaged information available
in the distribution, which can be interpreted as how uncertain the distribution is.
However, the posterior predictive (y jx ;D) depends on the true posterior, which
generally does not have a closed-form expression. Therefore, in variational infer-
ence the posterior predictive is generally replaced with the variational predictive
qaly jx ; ), Equation (2.5), which has the entropy

NS
H(aly jx ;)= aly = &jx ; )log(aly = e&jx ; )):
k

For a general model likelihood (y jx ;w) there is no analytical expression for
qly jx ; ). However, the integral can be approximated with MC integration

. 1 X _
oy jx ;) px)= < pOx ) w®  gwj); (2.9)
t=1

wherep (x ) denotes a realization of the model likelihood(y jx ;w®) for a model
with parametersw(®. This yields the approximation

X
H (aly ix ;) ply = &jx )log(p(y = &jx )) (2.10)
k
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for the entropy of the variational predictive [26]. A de cit of this uncertainty esti-
mate is that it does not di erentiate between aleatoric and epistemic uncertainty.

The variance of the posterior predictive distribution can also be used to quantify
the uncertainty of a new outputy

;
Var 4 x ;)Y )= Eg Y Y 1 Egix ol IE ¢ ix mly 1"

Note that Var (y jx .0)(y ) is the variance of a random vector, thereby it will yield

the covariance matrix fory under (y jx ;D). By utilizing the law of total vari-

ance, [33] decomposed this variance into aleatoric and epistemic uncertainty for

classi cation problems

Var 4 x ;) (Y )= E wipy Egix wlY ] E ¢ ix pyly ]
#
T
E (y jx :W)[y ] E (y jx ;D)[y ] (2.11)
h i
+Ewp) diag Eyjxmly ] Eqgix wlV IEgxwmly I

where diadv) is a diagonal matrix with the elements of vector andw is the param-
eter vector. The rst and second term are the epistemic and aleatoric uncertainty,
respectively [33]. Finally, note that it is critical that y is one-hot encoded for this
decomposition to be valid.

To understand why these terms represent the aleatoric and epistemic uncertainty
note that

i
E wipy E v ix - E . . . =
7 (VQD) (y jx ,W)[y ] (y jx ,D)[yz] 7

y (y jx ;w)dy (wjD)dw y (y jx ;D)dy (wjD)dw =
v Yz 2V Y Z
y (y jx ;w) (wjD)dwdy y (y jx ;D)dy (wjD)dw =
ZY w Z Y w

JY (y jx ;D)dy Y (y jx ;D)dy = 0;

where the second to last equality follows from the de nition of the posterior pre-
dictive, Equation (2.3). Utilizing this result yields that Equation (2.11) can be
expressed as

Var 4 ix ) (¥ )= E wipy Egx wlY] E g ix oy ]
#

;
EyixwlY] Eqyixply]
h i
E wip) hE vixwly I Egixomly ]

E (ij)hE vixwlY ] Eyixply ]IT |
+Ewp) diag Eyjx wly 1 Egix wl IEyx wly 1"
= Var (win) EyixwmlY] Eyixply] i
+Ewp) diag Eyjxamly ] Eqgix wl IEgxmly 1 :
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The rst and second terms in this expression are the epistemic and aleatoric un-
certainty, respectively. The rst term measures the variability of the output due to
the randomness ofv given the dataD. This interpretation can be explained by the
fact that it contains a di erence between the expected outputs over the likelihood

(y jx ;w) and posterior predictive (y jx ;D). This basically means that it mea-
sures the variance of how much the output deviates from the posterior predictive of
the model, i.e., the epistemic uncertainty. This quantity can be reduced given more
data [33]. The second term, on the other hand, measures the expected variance in
the output, w.r.t. the current model. Thereby this term measures the variance in
the data, i.e., the aleatoric uncertainty.

A problem with the decomposition in Equation (2.11) is that it utilizes the true pos-
terior. As previously mentioned, the posterior does not generally have a closed-form
expression, which thereby does not allow for exact Bayesian inference. However, [33]
proposed an approach where a variational distribution is used instead of the true
posterior. In variational inference, the posterior (wjD) and posterior predictive

(y jx ;D) in Equation (2.11) are replaced by the variational distributiong(wj )
and the variational predictive g(y jx ; ), respectively, so that this expression takes
the form

Vargy jx )(Y )= Eqwi) E g ix wlyY ] Eqyix )y ]
#

.
E (y jx ;W)[y ] Eq(y ix )[y ] (2-12)
h i
+Eqwj) diad Ey x amly ] Egix wlV IE g w17 ;

where q(wj ) is the variational distribution, parameterized by , and q(y jx ; )
Is the variational predictive, Equation (2.5) [33]. An unbiased estimate of Equa-
tion (2.12) can be obtained by MC integration

1 X
VarCI(y ix )(y ) f E (y jx ;W(‘))[y ] Eq(y ix )[y ]
t=1
T
Eyixwonly I Eqyix )y ] (2.13)
11X h N
t = dlag E (y jx ;w(‘))[y ] E (y jx ;w(t))[y ]E (y jx ;W(t))[y ] ;

T t=1

wherew ) are thet-th sample fromg(wj ) and T is the number of samples. One can
thereby obtain an unbiased estimate of the variational predictive if the remaining
expectations can be computed.

Note that for classi cation problemsy is usually one-hot encoded, i.e., only one of
its elements is equal to one while the others are equal to zero. Furthermore, since the
expectation of a random vector is the expectation of each element, the elements of
the expectationE , j; .,m)[y ] will be the probability that the element is equal to
one under the model likelihood with weight samplev(). The expectationEqy jx - )

will analogously be the probability that the corresponding element is equal to one

16



2. Theory

under the variational predictive distribution. For example, if there are only two
possible classes the expectations in Equation (2.13) evaluate to

A #
Eyix whil _  (3;0)7jx ;w) 1+ ((0;1)7jx ;w) 0

ol 1T e Lol T (@O iw) 0+ (@7 iw) 1
(1;0)7jx ;w)
(O 1)Tjx ;w)
and

" # " . . #
Euo o oy 1= Fv oDl - a(@O)x ;) 1+ a((0:1) x ;) 0
Wb oy b2l a@0)Tx ) 0+ a(@1)Tjx 5 ) 1

I ((HOLNRSHDN
o(0;1)Tjx ;)
The case withK di erent classes is obviously analogous, such that each element will
be the probability that the corresponding element is equal to one.

Let p(x ) denote the output, for MC samplet, from a model with parametersw )
and input x . Furthermore, assume that the outputp®(x ) from the model can
be interpreted as probabilities. In particular, assume that each element pfY(x )
corresponds to the probability that the model would predict the corresponding class.
Under these assumptions one can approximate , j; .ww)[y ] with [33]

Eix wonly 1 PO ):

The expectation Eqy jx . )[y ] depends on the variational predictive distribution
qly jx ; ), Equation (2.5). The MC approximation of this distribution was pre-
sented in Equation (2.9). This yields the approximation [33]

1X (t) .
Eqy ix HIy I pXx )= = p7(x);
T t=1
which again only depends on the output from the model. Under these approxima-
tions Equation (2.13) takes the form

X . ¢ T
Varq(y X )(y ) f L p( )(X ) D(X ) p( )(X ) D(X )
t= (2.14)

) |
' iXT diag pOx ) PO )N )T
t=1

It is worth noting that Kendall and Gal suggested an alternative way of quantifying
the aleatoric and epistemic uncertainty for neural networks [31]. Their approach in-
troduces extra nodes for the mean and variance in the nal layer. Thereby doubling
the number of nodes in the nal layer compared to networks where the uncertainty is
not desired or networks that utilizes the decomposition in Equation (2.11). Further-
more, this approach for uncertainty quanti cation has some additional de ciencies
for classi cation problems, where the most prominent is that it does not model the
variance in the predictive probability [33].

17



2. Theory

2.3 Training, Testing and Validating a Model

This section provides a short motivation to why it is necessary to split the data into
di erent subsets when using data-driven models. This partition of the data is used
by all models presented in this thesis.

When working with data-driven models and algorithms, such as supervised Machine
Learning, one usually splits the data into three subsets: a training set, a validation
set and a test set. The idea is that each of these subsets shall be representative of
the population from which the data is acquired, and that the sets are independent
of each other. l.e. the subsets are assumed to be from the same distribution, but
where the noise inherent to the observation does not generalize between the sets.

The training data consists of samples which are used to train the model, i.e., t the
model parameters so that the model captures the inherent features of the data. In
a supervised setting this means that the model output is trained to better coincide
with the observed outcome. However, a problem is that data does not solely consist
of an underlying truth, it also has some noise. A problem of data driven methods
Is therefore to distinguish between the actual characteristics of the data which it is
trying to learn, from the noise inherent to all observations. If the model starts to
learn features that are speci c for the training data then the model is said tover t

the training data. This means that it learns noise from the training data and not
features that generalize to other data from the same population. A consequence of
this is that it usually results in worse performance on the data which the model is
not training on. Thereby, it is not desirable for the model to overt the training
data.

This problem can be addressed by the use of a validation set. This is a set from
the same distribution as the training set, thereby it contains the same sought char-
acteristics, but it consists of data which is not incorporated into the training set.
The idea is that this set can be used to monitor the model performance, whilst not
providing any feedback to the model itself. This last part is essential since it means
that the model does not learn from the validation data. This set can instead be
used to decide when the model starts to learn non-generalizable features, thereby
indicating when the training of the model should stop. Figure 2.1 illustrates this
idea.

The procedure of utilizing a validation set to indicate when the model is nished
with training does however bias the model towards the validation set. Therefore,
a test set, consisting of previously unseen data, is used to obtain an unbiased es-
timate of the model's performance. In general, one wants the performance on the
di erent data sets to be similar, since this indicates that the model has learnt ac-
tual characteristics of the data. An additional bene t of these three splits is that
hyperparameter-tuning, which is present in most data driven models, can be carried
out on the validation data. This further increases the model bias towards the val-
idation data, since the model indirectly learns from this data. But the additional
test set can still be used to indicate whether the model performance is generalizable
or not.

18



2. Theory
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Figure 2.1: The idea of how to monitor the model performance using a validation
set. One should stop training the model when the validation loss starts to increase,
since then the model starts to over t the training data.

A potential problem is that the model's performance might depend on how the data
IS partitioned, i.e., it depends on how the observations are distributed among the
di erent sets. A potential approach that can be used to reduce the impact of this
partitioning is K -fold Cross-Validation (CV). The data is then split into K folds,
and the model is trained onK 1 folds and the K -th fold is the validation set,
thereafter the next fold is used as validation data and the remaining are training
and so on. Algorithm 2 illustrates the idea of CV.

Algorithm 2 K -fold Cross validation
1: Pick K 2 N

train_fold_k, validation_fold_k = cv_split( k, K, data)

model = t(train_fold_k)

performancek] = evaluate(model, validation_fold_k)
end for

o gk wb

2.4 Neural Networks

This section seeks to provide an introduction to feedforward neural networks and
how they are trained. Firstly, it covers the theory of traditional feedforward net-
works and how they are trained. Secondly, it introduces Bayesian neural networks.
Bayesian neural networks have been used to quantify the networks' uncertainty in
the predicted reaction conditions.

The term arti cial neural network (ANN), or just simply denoted neural network
(NN), is a widely used expression that covers a large extent of learning models and
methods. These neural networks are inspired by the biological neural networks, e.g.,
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the neural network in our brains that contains millions of neurons which are con-
nected by synapses [34]. An arti cial neural network consists of arti cial neurons,
hereafter only denoted as neurons, which are able to transfer information between
each other. Usually, the neurons are placed in layers, where neurons transfer infor-
mation between the layers, see Figure 2.2. To the scope of this thesis, we hereafter
focus on introducing feedforward neural networks.

2.4.1 Feedforward Neural Network

Input Hidden Ouput
layer layer layer

X1 = Zg ; ® \ z% =M

1
1;3 2 \W(z)
W,
0 - "2 w® 2 _ yz

Figure 2.2: A feedforward neural network (FNN) with the weightsw. This FNN
takes an inputx 2 R? and gives an outputy 2 R2.

A feedforward neural network (FNN) is a type of neural networks where signals
only are transmitted from one layer to the subsequent layer. A FNN is shown in
Figure 2.2. For illustrative purposes the layers are usually arranged from the left
(input) to the right (output). The rst layer contains no neurons but holds all the
input variables, which are transmitted as inputs to the neurons of the next layer, and
it is called the input layer. The nal layer, which is called the output layer, contains
neurons with an observable signal. The layers between the input and output layers
are called hidden layers. These layers contain arbitrary many neurons. The input
from the input layer propagates through the network from left to right, which then
yields the observable output from the output layer. Furthermore, the connections
between neurons are one-way directed, and information is transmitted from neurons
in the current layer to neurons in the subsequent layer (to the right). This means
that in a FNN there are no connections within a layer, that no connections skip a
layer and nally, that no connections go backwards.

This architecture means that each neuron receives inputs from all neurons of the
previous layer, and outputs a value to the neurons in the next layer. Note that mul-
tiple output arrows from a neuron in a network diagram, such as seen in Figure 2.2,
merely illustrate that the output is transmitted to several neurons. The output of a
neuronj in the rst hidden layer is determined by weighting the di erent inputs as

|

X '
1) ,0) .
Wij’ Zi

zj(l) =f
i=0
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where zj(l) is the output of neuronj in the rst hidden layer, n is the number of

inputs, zi(o) = X; is the value corresponding to inputi 2 f0;:::;ng, f is called

the activation function, Section 2.4.4, andNi(;jl) is the weight corresponding to the

connection between input and neuronj in the rst hidden layer. Usually, wé';f, for

an arbitrary layer (1), is called the bias and it does not obtain information from any
other neuron or external data, which means thaky = 1.

By changing the weights, the network is able to obtain di erent outputs for a speci c
external input data. This enables the possibility to train a neural network to yield a
speci ¢ output for a speci ¢ input data to the neural network. In fact, the universal
approximation theorem states that all continuous functions can be approximated
by a feedforward network with a single hidden layer, which contains a su cient
number of neurons, with an arbitrary activation function. Among others, this has
been shown by [35] and [36] for mild assumptions on the activation function.

2.4.2 Stochastic Gradient Descent

When training a neural network, we want the neural network to produce a specic
output ¢ for a speci c input x fed to the network [25], [37]. Therefore, the objective
is to nd the network weights that minimizes a loss functionL (y;$) between the
output ¢ of the network and the desired outputy, e.g., the squared error SE=
i vii3. Note that usually the data consists of several input and output pairs that
the neural network should learn. Hence the loss function to be minimized is given

by
L= L(y™;9™M);

n=1
where the superscript(n) denotes then-th input pattern. This minimization prob-
lem is usually impossible to solve analytically. Therefore, a common approach to
minimize the loss is to use gradient descent and iteratively update the weights ac-
cording to
wl = wO) rL W();

where > 0is known as the learning rate andv() is weights for the -th iteration.
This approach changes the weights in the direction of the greatest decrease of the
loss function. This method nds a local minimum of the loss and, therefore, it is
not guaranteed that this method converges to a global minimum. Hence, in order
to nd a su ciently good minimum, it can be necessary to run the gradient descent
several times for di erent initial weights, which is impractical [25].

A practically useful and popular method, which can be seen as a stochastic approx-
imation of gradient descent, is stochastic gradient descent (SGD) (see Algorithm
3). The randomness is introduced by not taking the derivative of , but rather of

the loss from a randomly picked input patternL (y(™;$(™) and update the weights
based on this derivative. This does not necessarily result in a decrease in total loss,
which thereby reduces the risk of getting stuck at a local minimum. However, this
might introduce too much noise into the gradient descent, resulting in a network
that fails to converge, so usually the SGD direction is an average over the directions

21



2. Theory

of a small random subset of data points [37]. These random subsets are commonly
known asmini-batches

Algorithm 3  Stochastic gradient descent

1: Choose initial weightsw and learning rate
2. for =1;:::;T do

3: Shu e the data in the training set with N pairs of inputs and outputs
4. forn=1;:::;N do

5: Update the weights byw( D = w() L(y™;pM)

6: end for

7: end for

2.4.3 Backpropagation

In order to use stochastic gradient descent, an e cient method for evaluation of the
gradients of the loss functions is necessary. Backpropagation provides such technique
for evaluating the gradients of the loss for each input and output pair, i.er, L(w)
where w is the weights in the network, by propagating information forwards and
backwards through the network [25], [37]. In particular, it provides an approach for
evaluating each partial derivative of the gradient.

Suppose a simple linear model for an outpuk, for an arbitrary input/output pair,
as a linear combination of inputx = x1;:::; %, with weights wy = wi);:::;wl) for
layer (1) (note that this simple linear model only consists of one layer between the

input and output) such that X
fo= wlx;
i

Also, suppose that we have a sum-of-squares loss, given by

X 2
L=< (& )5
K

whereyy is the desired output. Then the partial derivative ofL with respect to wl(ji)

is given by

@L_ QL@
el G« oW

since the relationship betweer. and wy; is through the output Y.

=Y YXi; (2.15)

Compared to a neural network, the simple example above lacks both hidden layers
and activations. For a neural network, the input to neurork is instead an activation

of a neuron from the previous layer, i.e., the output from a neuron of the previous
layer sent through an activation functionf. Hence, if zi(') is the activation from
neuroni in the previous layer(l), the input to neuron k in the current layer (I + 1)

IS given by

(+) _ X

o Wl 70, (2.16)
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(+4) _ ¢ o0+

where z, a, ' . Utilizing the chain rule for partial derivatives, and the
fact that (L) depends on the Weighwj(;';l) only via the summed inputaf('”), gives
that
+1)
@lw) _ @kw) @™ 2.17)

@\&:1) - @%ﬂ) @\&:1) :

Evaluating the second term on the right hand side in Equation (2.17) yields

+1) X .
giﬂ) - @ﬁl) _ wiy 2 = 2" (2.18)

Thus, the rst factor in the evaluation of the partial derivatives for layer (I +1) is
known if activation zi(') of the previous layer is known.

For the output layer (L) the rst term on the right hand side in Equation (2.17)
evaluates to
@lw)

@a_) - 'yi Yis
where ¥, and y; is the output of the network and the desired output, respectively.
This follows from the obtained result in Equation (2.15). By once again utilizing
the chain rule for partial derivatives, the corresponding partial derivatives for the
next layer (L 1) can then be evaluated by

@w) _ X @lw) @f
@g ¥ | @8 eg "V

wherei is summed over all connections from laygl. 1) to neuronk in layer (L).
By continuing to utilize the chain rule and using the same state of mind, the partial
derivative of the loss with the respect to an activation of an arbitrary laye(l) can
be evaluated by the backpropagation formula

@w) _ X @L @d? x @l @Pj Wj(;|i+1)f aj(l)

@  @f? &  @i? @ (2.19)
_ X a1y @Uw) |
=104 i W @4

wheref % is the derivative of the activation function f , which needs to be at least
once di erentiable at the inputs.

Thus, by iteratively calculating the partial derivatives of the losses w.r.t. the activa-
tions from the last to the rst layer, the backpropagation formula in Equation (2.19)
provides a technique for evaluating the gradient of the loss w.r.t. the weights. The
partial derivatives of this gradient are obtained by using Equation (2.18) and (2.19)
in Equation (2.17). Doing so yields

@lw) _ @w) @f _ 20 Df0 50 X+ @Uw) |

ol of o el
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This result implies that by propagating the input forward through the network and
then backwards to calculate the partial derivatives of the loss, backpropagation
can be used to calculate the gradient of the loss. These gradients are then used
to update the network to minimize the total loss of the network. What makes
backpropagataion so e cient is that the updates are local, i.e., they only depend on
the weights in the current layer and the state of the neuron that feeds input to the
layer.

When utilizing mini-batches, the derivative of the total loss can be evaluated by
repeating the above steps for each pair of input and output in the batch, and then
summing over all input/output pairs m in the batch. This means that

@ _X @ly™;¢™)
o o of

if it is assumed that each hidden or output neuron has the same activation function
f ; note that it can be generalized to individual activation functions for each neuron
by keeping track of which activation function goes with which neuron [25].

2.4.4 Activation

For the simplest model of a biological neuron, the arti cial neuron only has two
states: active and inactive [37]. An active and inactive neuron would then output
y =1 andy = 0, respectively. A reasonable choice of activation functioh would
then be the Heaviside step functioH

8
_ <0 ifx <O

H (X
( ) -1 ifx 1

where is a threshold that the neuron has to reach to be active. However, to train
the neuron to give a speci c output for a specic input using backpropagation is
not possible in this case since the derivative of the Heaviside step function is zero at
all points except for the point zero, where its derivative is unde ned. Therefore, we
want an activation function with a nite derivative; while it is also preferable to let
neurons have a continuous output, since then it is possible to model neurons that
output varying strength.

The sigmoid function

S(x) = T+ o
is a function with promising features since it has a nite derivative and are approx-
imately equal to 1 and O for large positive and negative input values, respectively.
However, utilizing backpropagation with sigmoid as activation function can give rise
to the vanishing-gradient problem [37]. This is a problem where partial derivatives

%L\E&‘{V)) obtain values close to zero. The problem is usually worse for layers early in
Tk

neural networks with multiple hidden layers, since the products of the derivatives of
the activation function f© a{’ in Equation (2.19) vanishes quickly agl) decreases.
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The problem arises due to the fact that the maximum derivative of the sigmoid
function is % For a network with many layers these derivatives will be multiplied,
hence the partial derivatives will become increasingly small &5 decreases. A con-
sequence of this is that the early layers will learn very slowly or even fail to learn at
all.

To avoid the aforementioned problem, [38] suggested the usage of recti ed linear
units (ReLUs), which are neurons with the following ReLU activation function

ReLU(x) = max(0; x):

This provides a non-decreasing function which is di erentiable everywhere except at
zero, where its derivative is unde ned. For practical reasons, the derivative at zero
is often set to zero. Also, ReLYx) = 1 for x > 0. This xes the vanishing-gradient
problem but gives rise to the dying ReLU problem. The dying ReLU problem arises
from the fact that ReLUs can be pushed to states where they are inactive for all
inputs since ReLU outputs zero for all non-positive inputs. That all neurons are
inactive is obviously not desirable. However, an advantage of ReLU is that it can
yield a sparse network, i.e., a network where many of the hidden neurons are inactive,
which is believed to have several desirable properties [37]. Therefore, this is one of
the most common activation function today.

A common activation function for the neurons of the output layer is the softmax
function. Outputs from the softmax activation function is de ned by

wherec is an arbitrary constant and g; is the input to neuroni of the output layer.
The normalization indicates that the output can be interpreted as a probability
distribution with K di erent possible outcomes.

2.4.5 Dropout

A common problem when training a neural network to learn a speci c task, is that
the network is prone to over tting. A technique that has shown to reduce over tting

is dropout [37], [39]. This technique handles over tting by randomly deactivating
neurons, with a predetermined probability(1 p), during training. By temporarily
deactivating these neurons they will produce no output, regardless of what the input
to these neurons were. The idea of dropout is that the learnt patterns have to be
robust under random deactivation of hidden neurons, thereby reducing over tting.

That a neuron is deactivated means that the corresponding row in the weight matrix

is set to zero. Letm denote the weight matrix of layeri, before dropout. The

corresponding weight matrixw (), which is obtained after dropout, is then given by
w®' = m®O" diag i I)); i Bernoulli(p);

where K; denotes the size of the layer angy 2 [0; 1] is the probability that the
neuron will be retained. w( will be used during training, and during validation
and testing the scaled full matrixp;m () will be used [39].
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2.4.6 Bayesian Neural Networks

Input Hidden Ouput
layer layer layer
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Figure 2.3: A Bayesian neural network (BNN) where the weights are represented
by probability distributions. This BNN takes an input x 2 R? and gives a predicted
output ¢ 2 R?.

Bayesian neural networks (BNNs) have an architecture that is mostly similar to
traditional neural networks. However, a fundamental di erence between BNNs and
frequentist networks (Section 2.4.1) is that the weightsv are represented by prob-
ability distributions (w), as illustrated in Figure 2.3, instead of point estimates
[26], [30]. Therefore in BNNs one tries to learn the posterior of the weightgw|D),
instead of the point estimated weights that best explains the dat®. Some of the
bene ts of BNNs are that they are less likely to over t, since the learnt pattern must
be robust under variations in the weightsw, and that they allow for uncertainty
estimation of the predictions [26], [30].

BNNs are based on Bayes' theorem, Equation (2.1), wherdw) represents prior
belief about the network's weights. The probability distribution of interest is the
posterior of the weights (wjD). If the posterior is known then one can compute
the posterior predictive distribution, Equation (2.3), for a new inputx . To use the
posterior predictive is equivalent to compute the prediction of an in nite number of
neural networks since the prediction is based on all possible valuesxgfweighted by
the posterior probability (wjD) of that value. Unfortunately, for neural networks
the space of potential weightdV is usually vast and the posterior is complex, making
the integral in Equation (2.3) intractable [30]. Therefore, one needs to approximate
this integral, which can be achieved by MC integration

. 1 X . .
(y jx:D) = (v ix sw®y, w®  (wjD): (2.20)
t=1

This means that the posterior predictive can be approximated by forward passes
through the network, where each forward pass samples new weights from the poste-
rior distribution.

For most Bayesian neural networks, the posterior(wjD) does not have an analytic
representation, and furthermore sampling from this distribution can be dicult
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with traditional MCMC methods [40]. Therefore, a variational Bayesian approach
Is often used, where the posterior is approximated by a tractable posterigfw] )
with distribution parameters , as described in Section 2.1.4. Note that this means
that the network tries to learn . A consequence of this is that the number of
learnable parameters in the network usually increases since many distributions are
parameterized by more than one parameter.

2.4.6.1 Bayes by Backprop

In Bayes by Backpropthe network is parameterized by the variational posterior
parameters rather than by weights, which is the norm [30]. The goal is to nd the
parameters °P which make the variational distribution as similar as possible to the
true posterior, see Equation (2.6).

One essential question which is yet to be answered is how the network should learn
the parameters of the variational posterior. The optimization problem in Equa-

tion (2.6) is generally not possible to solve exactly. Therefore, Bayes by Backprop
uses gradient descent to nd an approximation of the optimum by the use of back-

propagation [30]. Thus, it is necessary to compute

" ) #

r F(D; )=r Equ) log q(‘é"v\’/)) log ( (Djw)) : (2.21)

However, this poses a problem since the gradient is taken with respect to the pa-
rameters of the distribution over which the expectation is taken.

This problem can be avoided by utilizing a di erent sampling method fow. The
idea is to reparameterize the random weighte g(wj ) as deterministic weights
w = t(; ). Wheret(; ) is adeterministic function that transforms the parameters

and some auxiliary noise  p( ), whose marginal is independent of, to a sample
from g(wj ). Furthermore, in order for the reparameterization to be useful( ; )
also needs to be di erentiable w.r.t. . This transformation is commonly known as
a Reparameterization Trick [41]. The reparameterization allows for Equation (2.21)
to be expressed as [30]

o #

" Equr) log ‘%! oa( (01w -

=1 B log ‘WEVV\’/)) | log ( (Djw)) )
(Wj )

Ep()y 1 log W) log ( (Djw))

The approximated loss, Equation (2.8), can then also be expressed as

|
X ®j )
F(D; ) 1 log aw=i )

O
T W) log (Djw') ; (2.22)

wherew® = t(; )and  p(). For mini-batch optimization with M batches [40]
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suggested the loss

I#
1 W] i
FPe(D;; ) = MEq(wj ) log q((V\J/)) Eqqwj ) [log ( (Dijw))]
|
1 X aw®i) X |
7 g W) log (Dijw®) ;
M T, J (w®) T 9 GIwD

for batch i, where againw® = t(; ) and p( ). Note that D; denotes a random
batch of data and that M, FPa"(D;; )= F(D; ).

What this reparameterization trick e ectively does is that it translates the stochas-
ticity of the model from the sought parameters to an auxiliary noise variable ,
thereby essentially making the loss dependence ondeterministic. Furthermore,
the values of are now incorporated into each weight, due to( ; ). The usefulness
of this result is that the approximation of the expectation, Equation (2.22), now
is di erentiable w.r.t. , since the expectation is estimated by samples which are
generated by an auxiliary variable that is independent of [41], [30]. This allows
for the parameters to be learnt by backpropagation, by computing the gradient of
the loss in Equation (2.22).

If one assumes that the variational posterior is a distribution parameterized by
location and scale, e.g., Gaussian or Laplace, then the reparameterizatigqn )
takes the formt(; ) = location+ scale where are generated from the standard

of that distribution and denotes element-wise multiplication. For a diagonal
Gaussian distribution = (; ) this means that the weights are given byw =

t(; )= + , where N (0;1). The fact that the variational distribution

Is a diagonal Gaussian also means that the number of parameters in the network
is doubled compared to the FNNs described in Section 2.4.1. This is because each
connection now is parameterized by a mean and a variance 2, instead of just a
value of the weight.

2.4.6.2 Monte Carlo Dropout

Monte Carlo dropout (MC dropout) is a variational approach, which means that
the true posterior is approximated with the variational distribution g(wj ). The
distribution is based on dropout, where nodes randomly are equated with zero with
probability (1 p). This means that the distribution randomly equates rows of the
networks weight matrices with zero.q(wj ) is independent between the layers, so
for layer i the weightsw () sampled fromg(wj ) are given by

wO' =mO" diag[ ;1) i  Bernoulli(p); (2.23)

whereK ; denotes the size of the layeny () are the random weights of layer and p; 2
[0; 1] is the probability that the node will not be dropped. The sought parameters for

The MC dropout method assumes that the prior on the weightsis(w) = N (0;1 21),
wherel is a scaling parameter. This choice of prior and variational posterior implies
that the complexity loss in Equation (2.7) does not exist [42]. However, this can be
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avoided by utilizing that each factor ofg(wj ) can be approximated by a mixture
of two Gaussians with small variances and one mean xed to zero. This means that
the distribution for weight vector j in layer i can be approximated as

wi? = pN (M 2@ pIN(O; 2);

Wheremj(;i:) denotes the weight vector that describes all connections from noglen
layer i. The complexity loss in Equation (2.7) can then be approximated as [42]
. - X_ ‘Iz_ i) |2. i):
KL (@wi)i )~ Pim©j3+ Sjboj3
i=1
whereN is the number of data points,L is the number of layers and; are the biases
of layeri. A detailed derivation of this result can be found in [42]. Furthermore,
approximating the likelihood loss in Equation (2.7) with a samplev  g(wj ) yields

%

Eqwj ) [log( (Diw)I = Eqwj ) [log( (Ynixn;w))]
1

=}
1

log( (YnjXn;Wn)):

n=1

These two approximations means that the loss in Equation (2.7) takes the form
|
X pl2, o 2. X _
F(D; ) S imOjz+ Sjb0j log( (YajXn;Wn)):
i=1 n=1
Scaling the result with Ni does not change the solution, therefore,
|

1 )4_ '|2_ i) |2_ i) . 1 )(\l .
FO; )/ PoimOi+ SipYiE = 1og( (yaixe; i)
= , ! (2.24)
= 2% tog( i)+ O jmojze Ljnojz
N 1 ’ = 2N “p :

The rst term is the negative log likelihood of the model output. The second term
Is equivalent to weight decay with decay constanth'f. Lastly, note that since the
stochasticity of the network is in the auxiliary random variable Bernoulli(p)
and not in the sought parameters, one can easily take the derivative of the loss in
Equation (2.24) w.r.t. the variational parameters. This follows from the de nition
of g(wj ), so that the weights are given by a deterministic transformation of the
deterministic weights and the auxiliary , Equation (2.23). This means that the
parameters, i.e., the weights of the model, are easily learnt through backpropagation.

This derivation illustrates that simply applying dropout to the model yields an
approximate Bayesian model. Furthermore, if the model uses weight decay then this
corresponds to a prior belief on the weights. That the dropout can be interpreted as
a Bayesian model also means that the model can be used for variational inference,
where Equation (2.20), is aproximated by sampling from the variational distribution
g(wj ) instead of the true posterior (wjD). The di erence between MC dropout
and regular dropout, Section 2.4.5, is that the former drops nodes even during testing
[42], thereby allowing variational inference.
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2.5 Matrix Factorization

This section introduces probabilistic Matrix factorization. This method will be used

in active learning, where the model suggests which points to add to the data set.
Matrix factorization predicts the data by nding relationships between the rows and
columns (or corresponding entities in the higher-dimensional cases) in a matrix (or
tensor in the higher-dimensional cases). Each dimension in the matrix represents
di erent reaction components and the entries are the associated yields.

VT

A U

Figure 2.4: The idea of matrix factorization (MF), where A 2 R" 9 is approx-
imated by the decomposition ofu 2 R" kK and V 2 RY k. The lled entries are
known.

Matrix factorization (MF) obtained its high popularity due to the Net ix Prize com-
petition, where the aim was to create a model for recommending movies that a user
may like based on the rating of previously watched movies [43]. This competition
established the MF method as a very potent model for recommender systems, which
aim at providing personalized recommendations based on previous actions [43].

The recent MF models are based on the same idea as was proposed already in 2003
by [44]. They proposed a MF model for partially observed matrices, which enabled
the possibility to use MF for predictive machine learning [45]. The objective of [44]
was to minimize the weighted Frobenius distance

X 2
‘](X): _ Wi;a(xi;a Ai;a)

i;a

to obtain a low-rank approximation of the target matrix A 2 R" ¢, where each
dimension represents a feature in the data (e.g., two categorical variables represent-
ing di erent solvents and ligands). Note thatW 2 R? ¢ is a non-negative weight
matrix and X 2 R" 9 is a matrix of rank k  max(n;d). From a MF perspec-
tive, the decompositionX = UVT, whereU 2 R" K andV 2 RY ¥, is considered
when approximating A. The objective is then to nd the matricesU and V that
minimize the Frobenius distance. Using weights enables the model to consider a
target matrix with unobserved entries, where a zero and one weight corresponds
to a unobserved and observed entry, respectively. This made it possible to predict
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unobserved entries. The general idea of matrix factorization is illustrated in Figure
2.4.

For the unweighted case (i.e.W is a matrix of ones), the Frobenius distance has a
zero gradient with respect toU and V if and only if the columns ofU and V are
spanned by eigenvectors kAT and AT A, respectively; where the global minimum
can be obtained wherlJ and V are spanned by the eigenvectors corresponding to
the highest eigenvalues [44]. For the weighted case, the problem to minimize the
Frobenius distance lacks an analytic solution. Therefore, [44] suggests and describes
an Expectation-Maximization procedure, which they state to be more simple and
cost e ective compared to other previously described procedures. In the expectation
step, values from the current estimation oX are used to Il the missing values of

A to create A° (containing no missing values); and in the maximization stepX is
estimated as a low-rank approximation (LRA) ofA°

XED = [RAL W A+(1 W) X';

where LRA((Z) is the unweighted rank-k approximation of the matrixZ and the
weight matrix W consists of weights between zero and one. In general, an unweighted
rank-k approximation of the matrix Z is obtained by solving the following problem

min jjz Z9;
ZO
st: rank(z% k;

wherejj jj is an arbitrary norm andk rank(Z). When minimizing the Frobenius
norm, the solution is computed by utilizing the singular value decomposition (SVD)
of Z [46].

Even though [44] found their method e ective in many cases, in some cases they
found it to converge to a local minimum which is not a global minimum. Since,
for a deterministic method, initialization plays a crucial role for the convergence to
a global minimum, they also suggested several procedures to initialiXe One of
these procedures, which they found very e ective, was to initializ¥ to zero and in
the rst step nd a full rank approximation; and thereafter decrease the rank of the
approximations.

2.5.1 Probabilistic Matrix Factorization

In 2008, [47] improved the work of [44] by introducing a probabilistic approach.
This approach assumed a conditional multivariate Gaussian distribution over the
observed entries in the target matrix, a zero-mean spherical Gaussian prior on the
decomposition matricedJ and V and also a posterior distribution over the decom-
position matrices. When maximizing the log-posterior, they obtained a regularized
minimization problem with the objective to minimize the Frobenius distance

|
. X X .2 .e ..2 e ..2
mingy Iy Ay UwVik + viiVilg + ullVjjg;
i K
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wherek is the desired rank of the low-rank approximation oA, jj jj ¢ is the Frobe-
nius norm, y; v > Oare regularization coe cients andl;; is the indicator function
which is equal to one if elementi;j ) is observed inX and zero if it is unobserved.
Moreover, using steepest descent, they were able to perform probabilistic matrix fac-
torization (PMF) in linear time with respect to the number of observations to nd

a local minimum to the minimization problem. Also, they gave suggestions on how
to choose the regularization parameters and handle features with very few entries.
Furthermore, they discussed that a fully Bayesian approach would be more com-
putationally expensive but that preliminary results suggest that such an approach
would result in a signi cant improvement in predictive accuracy.

Therefore, [48] extend their model by presenting a Bayesian probabilistic matrix
factorization model using a MCMC method. They placed Gaussian priors on the
matricesU and V, and placed Gaussian-Wishart priors on the hyperparameters. In
their work, the predictive distribution of estimated target matrix A is approximated
using MC integration

X
(AJA o) (AU VO
k=1
where , is the hyperparameters of the parameters describitgjand V; and (U®); v )
are sampled using Gibbs sampling. For more details about the assumed distribu-
tions, the Gibbs sampler and so forth, see [48].

2.5.2 Macau

Macau, which is applied in this thesis, is a method for factorizing heterogeneous data
which was proposed by [45]. They continued the work of [48] by using the same idea
of a fully Bayesian approach but also added some additional features. In particular,
Macau has the ability to handle multiple relations between factors (e.g., ligands,
solvents, bases and additives). In order to handle these multiple relations between
factors, Macau considers a relational model with a set of featur&sand a set of
relations R to enable each relationR 2 R to link together two or more features.
This enables Macau to perform tensor factorization, where a tensor of arbitrary rank
(also known as order or degree) is predicted, instead of only matrix factorization.
The rank of a tensor is the number of indices (dimensions) that is need for the tensor
to identify all factors. That is, the rank of the tensor is the number of factors, i.e.,
the number of di erent reaction components in the data. Moreover, Macau has the
ability to incorporate side information (features of instances of a factor) for any
factor and relations between them. In particular, by using side information one can
add extra information about the instances of the factors. For instance, this can
be information of the molecular substructure in the form of a sparse binary vector,
i.e., a chemical ngerprint, see Section 2.7.1. Macau uses this extra information for
the predictions of latent vectors in order to obtain more accurate factorization. As
for the work by [48], to sample from the posterior of the model parameters Macau
utilizes Gibbs sampling. This approach was implemented using C++ and published
online!

Lhttps://github.com/jaak-s/macau
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2.6 Kennard-Stone Algorithm

The Kennard-Stone algorithm [49] is a sequential algorithm that aims to pick a
new data point that maximizes the minimum distance to all selected points. This
algorithm will be used as an alternative to random sampling, where new points are
selected randomly, in order to be compared to uncertainty sampling, see Section
3.1.3. In each iterationi a new point is selected by solving the following problem

argmax _min dy;;
v2sns; 1 i2Si infvg

selected points in iterationi 1 and d,; is the distance between pointv and j.

In each step, the algorithm determines the distances between the selected points
and the unselected points, and then selects the unselected point with the greatest
minimum distance to the selected points. As initial points, the two points that are
farthest apart are selected. Thus, solving

arg maxdy; :

Vi V8]
Note that there is no guarantee of uniqueness & since there may be more than
one candidate point whose minimum distance to a selected point yields the same
maximum. To break this tie, [49] suggested choosing poiatwith the smallest index
among the points with the same minimum distance to already selected points.

2.7 Representation of Molecules and Reactions

There are several ways to represent molecules for machine learning. One common
representation is the use of molecular ngerprints, which can give information about
both the structure and chemical properties. In fact, the most common measure on
structural similarity between two molecules is molecular ngerprints [50]. Given the
molecular ngerprints of the components in a reaction, one can describe the reaction
with a reaction ngerprint.

2.7.1 Molecular Fingerprints

Molecular ngerprints are representations of chemical structures that encode fea-
tures of molecules in formats that can be utilized by computers. Extended-connectivity
ngerprints (ECFPs) are a popular ngerprint methodology that was explicitly de-
signed to capture features relevant to how molecules a ect other matter, e.g., the
e ects of drugs on living matter [51]. ECFPs are obtained by using a re ned version
of the Morgan algorithm [52]. As described in detail by [51], the ECFPs generation
process has three sequential steps: (1) Each atom is assigned an integer, e.g., its
atomic number, as an initial identi er. These initial identi ers are added to the n-
gerprint set of all identi ers; (2) A repeated (for a predetermined number of times
for each atom) iterative step in which each atom updates its identi er by apply-
ing a hash function to an array containing its own identi er and the identi er of
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its immediate neighboring atoms. In each iteration, identi ers containing duplicate
information about the structure of a region of the molecule are removed. More-
over, the remaining new identi ers are added to the ngerprint set; (3) All duplicate
identi ers are removed so that the set of all remaining identi ers uniquely de ne the
ngerprint. However, this last step can be skipped in order to obtain an occurrence
count of each identi er. This is then called angerprint with counts. When utilizing
Macau with side information, (molecular) ngerprints with counts are used.

After each iteration for an atom in step (2), the update will create an identi er
that represents larger and larger circular substructures around the atom. After the
execution of the Morgan algorithm, each identi er (or the occurrence count of the
identi er) is saved in the corresponding entry in a array with binary or count values.
For instance, for a molecule with the identi er 123, the 123rd entry in the array

is considered to have a non-zero value (either 1 or the occurrence count). Hence,
the number of bits in the encoding is equal to the number of entries in the array,
and the space of the hash function needs to t the number of bits. As described by
[51], di erent ngerprints are obtained by using di erent initial identi er rules and
number of iterations in the update step. In fact, the standard ECFPs are obtained
by using the ECFP rule for initialization; while the FCFP rule yields functional-
class ngerprints (FCFPs), which are other popular ngerprints that are intended to
capture abstract role-based substructural features [51]. To distinguish between the
di erent number of iterations in step (2), the name convention FCFP4 and ECFP4
denotes the corresponding initialization by a four-character string (e.g., FCFP and
ECFP); followed by a number (i.e., 4 in this example) representing the e ective
diameter of the largest feature, which is equal to twice the number of iterations.

e0 el e2 e4d €5 e7 e8 e9 ell el2 el3 el5 el8 el9

[ofafafsfafafrfafafafaffafafefaffa]al]

(a) First reactant (Fa)

el e4 e6 e8 e9 el0 ell el2 el5 el6 el7 el9

Lo e fr e[ fa e
(b) Second reactantFg)

e0 el e3 e4 e6 e7 e8 e9 el0 ell el2 el3 el5 el6 el7 el8 el9

ol fafafrfafafafafa]afafafesfa]1[1][1]1]

(c) Product (F¢)

Figure 2.5: 20-bits ECFP6 molecular ngerprints of the reactants and product for
the reaction in Figure 1.3.

For the reaction in Figure 1.3, if utilizing a 20-bits ECFP6 ngerprint then the arrays

in Figure 2.5 would correspond to the ngerprints of the rst reactant (i.e., the aryl
halide), second reactant and the product, respectively. The fact that there are
ones at the 4th entry (e4) of each array means that ngerprint sets of all molecules
includes the identier 4 from the hash function. Note that only the entries with
non-zero elements are shown, except for the rst and last entries which are always
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displayed. If ngerprints with counts were used, then the ones would be replaced
by the occurrence counts. When utilizing the Merck data the ngerprints of the
second reactant and product are not used since they are constant in the experiments.
Then, the ngerprints (with counts) of all aryl halides (i.e., the di erent choices of
the rst reactant in the reaction in Figure 1.3) and the molecules corresponding to
the reaction conditions were as side information. That is, all non-constant reaction
components were encoded into ngerprints.

2.7.2 Reaction Fingerprints

Fingerprints can be used to describe reactions, known as reactions ngerprints. Let
Fa, Fg and F¢c be the molecular ngerprints of the rst reactant, second reactant
and the product, respectively, in a reaction. Then one way to represent a reaction
ngerprint Fr is simply by Fr = Fo + Fg F¢. This is how a reaction ngerprint

is represented in this thesis. Bayesian neural networks utilizes reaction ngerprints
(without counts). Figure 2.6 presents the 20-bits ECFP6 reaction ngerprint for a
reaction with the molecular ngerprints in Figure 2.5.

e0 e2 e3 e4 e5 e8 €9 el0 el? el5 el9

(ofrfafafafafrfafafaffaffaf[a]

Figure 2.6: 20-bits ECFP6 reaction ngerprint (Fr) for the reaction in Figure 1.3.
The molecular ngerprints for the reaction are given in Figure 2.5.
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Methods

For the objective to explore the performance of active learning based on uncer-
tainty quanti cation, this active learning approach was compared to expanding the
training set without any information of the uncertainty. In particular, the variance

of the predictions was utilized as uncertainty, and this approach was compared to
random sampling and to methods for selecting data points with di erent reaction
components. Recall that reaction components denote both the reaction conditions
and the reactants of a reaction. Random sampling means that random points are
added to the training set. The comparison of the di erent approaches to expand
the training set was performed on the P zer and Merck data. For the objective to
evaluate uncertainty quanti cation as a measure of the predictive performance of a
neural network, Bayes by Backprop and MC dropout was utilized on the AZ ELN
data. In particular, the theory in Section 2.2 was used to quantify the uncertainty
in the output from these networks.

3.1 Active Learning Using Uncertainty Quanti -
cation

Expand training data

Initialize MELG
trainin predictions Sampling
set 9 using MF strategy

model

Calculate
RMSE

Figure 3.1: A owchart showing the methodology for expanding the training set
and predicting product yield using matrix factorization (MF).
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The performance of active learning was investigated by predicting yields of the
products of the P zer and Merck data. This is an forward synthesis prediction
problem, see Figure 1.2b where some reaction components are held constant and
some are varied. Moreover, only the yield of the product is of interest.

Figure 3.1 displays a simple owchart showing the methodology that was used for
expanding the training set to predict the observed (product) yields, which used the
matrix factorization (MF) model Macau, see Section 2.5.2. The initialization utilized
either random sampling or the Kennard-Stone algorithm. Three di erent sampling
strategies were used: Random sampling, Uncertainty sampling and the Kennard-
Stone algorithm (see Section 3.1.2 for more specics). Uncertainty sampling had
the option to use either absolute or relative uncertainty sampling and either with
out without correlation simulations. See Section 3.1.3 for more information on the
uncertainty sampling strategy, including details about the correlation simulations,
that was used in this thesis.

With Random initialization, four comparisons were executed:

(absolute) uncertainty without correlation simulations compared to relative
uncertainty sampling without correlation simulations

uncertainty sampling (with correlation simulations) compared to uncertainty
sampling without correlation simulations

uncertainty sampling without correlation simulations compared to random
sampling

uncertainty sampling without correlation simulations compared random sam-
pling where all runs with Macau utilized ngerprints with counts as side in-
formation

Moreover, for initialization utilizing Kennard-Stone algorithm, one comparison was
done:

N

uncertainty sampling without correlation simulations compared to sampling
utilizing Kennard-Stone algorithm

Note that (absolute) uncertainty and is used unless otherwise stated. The compar-
isons were performed on both the P zer and Merck data, except the runs utilizing
either Kennard-Stone algorithm or ngerprints which were only compared on the
Merck data. Also, to enable the use of ngerprints, 2048-bits ECFP6 ngerprints
with counts were obtained from the chemical structures in the Merck data. The
objective of using ngerprints was to investigate if, and in what way, additional
chemical information would a ect the comparison between uncertainty sampling
without correlation simulations and random sampling. See Section 3.1.1 for more
information on how the data was incorporated into the prediction model (Macau).

For all runs, the initial training data had a size of 90 unique data points, i.e., 90
unique permutations of the di erent reaction components (categorical variables).
The size of 90 points was chosen since this is often the minimum number of di erent
laboratory experiments that can be conducted in a single run. A 10-fold cross
validation was utilized by splitting the P zer and Merck data into ten randomly

shu ed subsets of (almost) equal size. Each subset was used as a test set once,
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which generated ten runs for each sampling strategy where the other 9 subsets were
available to be added to the training set. The run where the rst subset was used as
a dedicated test set is denoted as Fold 1 and so forth. The folds did always contain
the same data so that the performance could be compared between all runs and
sampling strategies. When utilizing random initialization, the initial training sets

for each fold are the same for all sampling strategies in order to obtain an equal
starting point, i.e., a fair comparison between sampling strategies. When utilizing
Kennard-Stone algorithm as initialization, the initial training sets for each fold are
randomly selected from possible sets obtained by Kennard-Stone algorithm. This
was done in order to investigate the a ects of di erent starting points.

After the initialization, Macau was used to predict the yields of the P zer and Merck
data. In order to capture the variance in the predictions the yields were predicted
ten times by utilizing Macua on the expanded training data. This was done after
each sampling strategy had added 90 new points to the training set. For all runs
with Macau, 400 burnins and 1600 samples were used when predicting the yields.
This seems to give su cient convergence in the samples. The predicted yield of each
entry was the sample mean across all samples of the yield; while the (predictive)
uncertainty of each entry/data point was the mean across all runs of the (unbiased)
sample variance, which was calculated between all 1600 samples for each predicted
entry. To obtain a scalar measure on the variance in the predictions, the predictive
variability is here de ned as the mean across all samples of the predictive uncertainty
of each entry. Sampling was executed by adding 90 points in each iteration until all
points, except the ones in the test set, had been added to the training test.

Using the predictions in each iteration, the performance of the expanded training set
of all sampling strategies was evaluated by calculating the root-mean-square error
(RMSE) on the dedicated test set for each run. The di erent sampling strategies
were compared by calculating the di erences of the mean RMSE (across all runs)
and mean predictive variability (across all runs) for di erent numbers of points in
the training set. Also, the 95% approximate con dence intervals of the di erences
of mean RMSE and mean predictive variability were calculated. These con dence
intervals were calculated by assuming that predictions of di erent sampling strate-
gies are independent. Furthermore, the predictions were used to determine the area
under the precision-recall curve when a positive outcome (successfully reaction) cor-
responded to a (predicted) yield greater or equal to 5%. Recall that in order to
determine the recall and precision, outcomes are divided into positive and negative
outcomes.

To investigate the di erences between the sampling strategies, the observed yield
that was added in each step was stored. These were displayed by plotting the
observed yields in each iteration, the plot uses a swarmplot on top of a boxplot.
The box shows the upper, median and lower quartiles while the whiskers extend
to show the rest of the points, except for the points that are determined to be
outliers as a function of the range of the box (known as the interquartile range).
Also, for the comparison between uncertainty sampling and random sampling, a
Mann Whitney U test was performed on the stored data in each step, in order to
determine if the training sets from the di erent strategies were signi cantly di erent.
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A Mann-Whitney U test [53] is a nhonparametric test of the null hypothesis that the
distributions of two random variables are equal. For su ciently small p-values, the
null hypothesis can be rejected. For the comparison between (asbolute) uncertainty
sampling and relative uncertainty sampling, a single prediction was done by using the
points that were added until iteration 16, which is where the RMSE and variance
starts to converge according to the results in Section 4.1.1. This means that the
model solely utilizes the points added up to iteration 16, and then performs a single
prediction on each point in the test set. By using these predictions the following
relative error was calculated and plotted against the observed (true) yield of the
points in the test set

jypred Ytruej . (3.1)

Ypred j*jYtue j
2

relative error =

whereypeq is the predicted yield andyy,e is the observed (true) yield.

3.1.1 Data Implementation

As previously mentioned, both the Merck and P zer data were used for the di erent
sampling strategies. Also, 2048-bits ECFP6 ngerprints with counts were used as
side information to Macau when utilizing the Merck data. This section attempts to
explain how this data was used by Macau.

As mentioned in Section 1.4.1, the P zer and Merck data consists of four and ve
di erent reaction components, respectively. The reaction components are denoted
as categorical variables with di erent number of choices. Table 3.1 highlights the
di erent number of choices for each reaction component. For both datasets, one data
point corresponds to one choice of each reaction component (categorical variable)
and the combination has an observed yield, which Macau predicts. That is, one data
point from the P zer data consists of one choice of reactant 1, reactant 2, solvent,
base and ligand. This generates in total 4608 data points for both the P zer and
Merck data. However, note that the Merck data has no observed yield for 8 data
points.

For the data to be utilized in Macau, the set of all permutations of choices of
reaction components and corresponding yields was seen as a tensor. Each dimension
of the tensor represents a reaction component, and the elements of each dimension
represent the choices of the corresponding reaction component. An entry in the
tensor is the yield corresponding to the elements of the dimension. For instance, for
the P zer data with ve reaction components, we have a tensol;;.;.m of rank 5,

l.e., ve dimensions, where the choices of the indicé&sj; k; | and m correspond to
choices of the reaction components. Choosing the rst reactant 1, second reactant
2, third solvent, fourth base and fth ligand corresponds to entryY;.;.3.45 in the
tensor, which is the yield corresponding to these choices of reaction components.
Macau performs tensor factorization to predict the entire tensor using the known
entries (observed yields) in the training data. The input to Macau is given as rows
for each data point of the training data. Each row consist of the indices of the entry
and its corresponding observed (true) yield.

The 2048-bits ECFP6 ngerprints with counts were obtained for the Merck data
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by using the published chemical structures of the di erent choices of aryl halides,
ligands, additives and bases. To incorporate the ngerprints as side information to
Macau, the ngerprints were added as information to the corresponding elements
of each rank of the tensor. E.g the ngerprint of the rst aryl halide was added to
elementY;.... of the tensor such that additional information about the structure of

------

the rst aryl halide is known.

Table 3.1: The number of possible choices of each reaction component of the P zer
and Merck data.

(2) Pzer data (b) Merck data

Reaction component| # choices . .
Reaction component| # choices
Reactant 1 4 :
Aryl halide 16
Reactant 2 3 :
Solvent 4 Ligand 4
Additive 24
Base 8 Base 3
Ligand 12

3.1.2 Kennard-Stone Algorithm

In order to use the Kennard-Stone algorithm, a dissimilarity measure is needed in
order to determine the distance between two combinations of choices of categorical
values. Therefore, we used the count of di erent categorical values as the dissim-
ilarity measure between two data points. This was done in order to ensure that
all choices of reaction components are equally important and exploring di erent
choices is of importance. For instance, for the data points corresponding to the
entries Yo.2.0.0.1 and Y1.2.1.4.1, the distance is equal tad =1+0+1+1+0 =3 . Unfor-
tunately, this measure introduces a lot of ties when selecting new points. However,
the idea is that it, hopefully, provides an experimental design for non-continuous
levels that could be a feasible plan when conducting laboratory experiments. The
ties were resolved by collecting all tied points and then randomly selecting a point
from this collection. Hence, this should perform similarly to random sampling but
with a stricter condition on what points can be used. The idea for this approach was
to obtain a better variation between di erent reaction components in the training
data.

3.1.3 Uncertainty Sampling

Uncertainty sampling was performed by iteratively selecting the uncorrelated points
associated with the greatest uncertainty in the predictions, as seen in Algorithm
4. In particular, the predictive uncertainty (de ned above as the sample variance)
was utilized to assess the uncertainty of the predictions. Also, the option of using
relative uncertainty was available. The relative uncertainty 2, of each prediction

was calculated as )
2 _ pred

rel — d
1+ ypred
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where Sred is the predictive (absolute) uncertainty of the entry/data point and
Ypred IS the predicted yield of the corresponding entry. The addition of one (1) in
the denominator was utilized sincg/peq = O is possible. Moreover, correlated points
were only selected if no more uncorrelated points were available; for each iteration,
where N new points were to be added, the list of correlated points was initially
empty. Uncertainty sampling without correlation simulations did not consider the
correlation between points and just added the points with the highest predictive
uncertainty. In each iteration, when samplingN new points, a correlated point was
de ned as a point whose sample variance decreased below a certain threshold when
the previous N, points (or the number of available points if less tharN. points
are available) were added to the training set. Checking which points that ful ll
this de nition, in order to nd correlated points, are called correlation simulations.
This was done in order to not add points that the model becomes less uncertain
about when N, new points are added to the training set. This was an attempt
to consistently decrease the uncertainty when adding new points to the training
set. That is, the usage of correlation simulations was based on the idea that it
might be suboptimal to add multiple points which enclose the same information.
For the correlation simulations, the predicted yields of these points were used as
the desired output from Macau. Also, the threshold was determined by the mean
predictive uncertainty of the N selected points times a constant. This constant was
set to 0:8. Finally, the number of points to add to the training set before utilizing
uncertainty sampling was set toN. = 5 since it resulted in reasonable results and
time complexity. That is, the approach in this thesis tries to simulate the correlations
of a group of points, instead of simulating correlations for each point separately.

3.1.4 Dierence in Yield Between Neighbours

Table 3.2: Average absolute di erence in yield between points and its neighbours
at di erent distances. The average di erences are displayed with the same number
of signi cant gures of the yields from the corresponding data set.

(2) Pzer data (b) Merck data

Distance | Average di erence Distance | Average di erence
1 17.40 1 19
2 24.30 5 57
3 29.23 3 31
4 33.11 4 33
5 36.39

Matrix factorization predicts the data by nding relationships between the rows and
columns (or corresponding entities in the higher-dimensional cases). Thus, the data
should contain such relationships if Macau is able to make reasonable predictions. By
using the distance introduced for the Kennard-Stone algorithm in Section 3.1.2, we
calculated the average absolute di erence in yield between a point and its neighbours
at a speci c distance. This was done in for both the P zer and Merck data which
gave the average di erences presented in Table 3.2. The distances are displayed with
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the same precision as provided in the corresponding data. Recall that the distance
between two data points is the number of di erent choices of reaction components.

Algorithm 4  Uncertainty sampling

1

2:

3:

10:
11:
12:
13:
14:
15:

16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:

© NI

Input: Current training set S¢, P, prediction of all of all entries/data points with
current training set, predictive uncertaintiesV, of all entries/data points with
current training set, number of pointsN (dynamic variables that depends on
the number of available points) to be added to the current training set, number
of points N. = 5 to add before simulating correlations, se§ of all points points
except those in the test sey.

Initialize empty list of correlated points Lo := ;, New training setS, = S
and new pointsPpey = ;

while jS; nS; <N do

Let Neorr := minfj SnS,j; Ncg
for 1;::::N¢or doO
if SNfS.[ Lcorg® ; then
Let new data point Prew = Prew [ @rg MaX,snfs,[ L oor g Vell)
else
Let new data point Pney = Prew [ @rg max,gpfs,q Vel(i)
end if
end for
Sh = Sn [ Prew
if utilizing correlation simulations then
for P2 Sdo
Make prediction for P with S. [ Pnew as training set, using predicted
valuesP(f PnewQ) as the temporary true output of the points in Ppew
Calculate new predictive uncertainties (variancesYpew(P)
end for b
Let Ve, = ﬁ P 2 Pnew JVhew(P)j
for all points P 2 SnS, do
if Ve(P)  Vhew(P) VWp,., C then
Leor = Leon [ P
end if
end for
end if
end while
Output:  New training setS,
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3.2 Evaluating Uncertainty in Neural Networks

3.2.1 Bayes by Backprop

The variational inference method Bayes by Backprop was used to learn a weight
distribution in a Bayesian neural network, Section 2.4.6.1. This means that the true
posterior (wjD) was approximated with the variational distribution g(wj ), which

Is parameterized by . The objective was thereby to learn the optimal parameters of
the variational distribution, Equation 2.6. The variational distribution was assumed
to be a diagonal Gaussian with mean and variance 2. To ensure that the variance

IS non-negative, we used the pointwise transformation = log(1 + exp( )) suggested
by [30]. Thus, the variational parameters are = ( ; ). With a diagonal Gaussian,
the reparameterization trick in Section 2.4.6.1 takes the form

w=1t(; )= +log@d+exp( ) ; N (O;1): (3.2)

This yields samples fromg(wj ) by sampling noise that does not depend on the
sought parameters .

The loss function is given by a slightly modi ed version of Equation (2.22),

|
. X qw®j ) X L)y -

F(D; )= T log W) + T log (Djw') ; (3.3)
whereT is the number of samples and(; ) is de ned as in Equation (3.2). The
parameter 2 [0;1] reduces the e ect of the complexity loss. This means that the
model will train more to t the data than to remain close to the prior. Note that

= 1:0 yields the loss in Equation (2.22). Finally, the distribution parameters
are learnt through backpropagation of Equation (3.3) w.r.t. . Furthermore, the
BNN was implemented using PyTorch 1.4 with CUDA 10.1. This allowed for the
easy use of the automated di erentiation inherent to PyTorch tensors, allowing for
easy forward- and backward passes in the network. Since the goal is to classify the
correct ligand, the nal layer uses a softmax function.

The terms in Equation (3.3) can be computed as follows; since the variational poste-
rior was a diagonal Gaussian, it can be expressed as the product over each element
Y
aw®i )= N D)
i21
Wherewi(t) is thei th weight of the t th sample andl is the indexing set for the
weights. The loss requires the logarithm af(w (®j ), which takes the form

. X .
log qw®j ) =" log Nw"j i; ?) ;
i21
and this term can easily be computed since the mean and variance is known. The

prior was assumed to also be a diagonal Gaussian but with mean 0 and varianﬁe

The log-prior is thereby given by
X
log (w®) =" log Nw"j i; }) :
i21
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Furthermore, the log-likelihood lossjog (Djw®) , in Equation (2.22), was com-
puted with PyTorch's negative log-likelihood loss of the output given the weight
samplew®). These terms constitute a single sample of the loss. The parameters are
learnt by backpropagating the obtained loss from multiple such samples.

3.2.1.1 MNIST Performance

In order to validate that the Bayes by Backprop implementation was correct the
performance of the network on the MNIST data set was compared to the authors'
performance [30]. The MNIST data set consists of 70 000 pixel images of size 28 by
28 pixels. Each data point consists of a grayscale image of a handwritten digit in the
range 0-9, and the corresponding label. This set is further split into a training and
validation set of 60 000 and 10 000 images, respectively. To have a fair comparison
the network consisted of an input layer with 784 neurons and two hidden layers,
both consisted of 1200 neurons, and nally an output layer with 10 neurons. The
ReLU activation function was used for all layers except for the last where instead
the softmax activation function was utilized.

The prior distribution on the weights was assumed to bsl (0; 0:1%). The loss, Equa-
tion (3.3), with = 1:0 was approximated withT = 3 samples. The optimization
of the network was performed by SGD with a learning rate of0 3, Algorithm 3,
and used a mini-batch size 0128 The mean was initialized according to

i U ( 020:2);

and according to
i U ( 3 2):

Figure 3.2: The MNIST validation accuracy of our PyTorch implementation of
Bayes by Backprop. The obtained accuracy is similar to that obtained by the authors
of the method [30].

Figure 3.2 illustrates the accuracy on the training and validation set for our model.
Note that their trends are very similar. However, the validation set is more noisy.
This can probably be attributed to the fact that the validation set is unknown to
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the model and that the validation set only utilizes one stochastic forward pass, while
the training averages oveil = 3 stochastic forward passes. This might also explain
why the validation accuracy is slightly higher, but this can also be a consequence
of the fact that this approach learns more robust patterns [30]. The result is also
similar to that obtained by [30], and the discrepancy might be explained by the fact
that the exact hyperparameters of their implementation are unknown. This result
indicates that our implementation could be correct.

3.2.2 AZ ELN Implementation

The objective of the network is to predict which ligand that was used in a reaction,
given the reaction as an input. This means that the network performs a variant of
retrosynthesis prediction, see Figure 1.2a, where only the used ligand is predicted,
while both the reactants and the product are known. That is, the model predicts
one of the reaction conditions. In total, 13 di erent ligands have been used in the
reactions, and Table 3.3 presents how often each ligand is used. The reactions in the
data are encoded as 2048-bits ECFP6 reaction ngerprintsg, which are described

in Section 2.7.2. This means that the inputx to the network is Fg. The network
was implemented with two hidden layers, which used RelLU as activation function,
and an output layer which used softmax in order to obtain the predicted ligand.
The nal layer consisted of 13 neurons, where each neuron corresponded to a ligand.

Table 3.3: How often each ligand is present in a reaction. Note that the data is
severely imbalanced.

Ligand \ 0 1 2 3 4 5 6 7 8 9 10 11 12
#observations\ 250 13 947 143 14 13 6 14 96 1964 64 19 73

The data was split into a test set, which consisted of 10% of the observations, and
a training set and a validation set. The validation and training set was obtained
with 5-fold CV on the remaining 90% of the data. Both the CV and test set was
partitioned with strati ed sampling, due to the large class imbalance. This ensured
that each fold had roughly the same class balance. The loss and toaccuracy was
computed for all three sets. Topn accuracy measures how often the true ligand is
present in then most probable predictions. The diversity in the predicted ligands,
i.e., the number of predicted ligands, was also computed.

3.2.2.1 Bayes by Backprop

The hidden layers in this implementation consisted of 64 neurons each. The prior
distribution of the weights was assumed to be Lapla@@ 0:1). The loss, Equa-
tion (3.3), with 2 f 0:1;0:5;1:0g was approximated withT = 10 samples. This
loss was optimized with Adam [54] with a learning rate o010 2 and used a mini-
batch size of 128. The mean of the variational posterior was initialized according
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to the Xavier uniform initialization
S S |

6 6
fan_in + fan_out’ fan_in + fan_out

i U

where fan_in and fan_out is the number of inputs and outputs from the node,
respectively. was initialized as

i =logexp fan_in

In order to evaluate how many ligands the model manages to predict each reaction
was passed through the network 100 times, and the prediction of each pass was
stored. Thereafter the most frequent observation for each reaction was deemed as
the top prediction. The predictive diversity is simply the number of unique such
top predictions present in the input set. An important note is that the predictive
diversity does not illustrate how many of the predicted ligands that are predicted
correctly.

Table 3.4: Hyperparameters used in the Bayes by Backprop implementation.

Layerl | Layer 2| Learning rate | Batch size| Prior | T | Epochs
64 | 64 | 103 | 128 | Laplace(0, 0.1)] 10| 1000

3.2.2.2 MC Dropout

The hidden layers in this implementation consisted of 128 neurons each. This en-
sured that the network almost had the same number of trainable parameters as the
Bayes by Backprop implementation since that implementation trains both mean and
variance. The weights are initialized according to Xavier uniform initialization

S s !

6 6
fan_in + fan_out’ fan_in + fan_out

w® U

where fan_in and fan_out is the number of inputs and outputs from the node,
respectively.

The likelihood loss,log (Djw®) , in Equation (2.24) was computed with Py-

Torch's negative log-likelihood loss of the output given the weight sample®. The
loss in Equation (2.24) was optimized with Adam [54] with an initial learning rate
of 10 4 and with a mini-batch size of 64. The model uses a constant dropout rate
of either 0.2 or 0.5 for both training and testing.

In order to evaluate how many ligands the model manages to nd each reaction was
passed through the network 100 times, and the prediction of each pass was stored.
Thereafter the most frequent observation was deemed as the top prediction. The
predictive diversity is simply the number of unique such top predictions present in
the input set. An important note is that the predictive diversity does not illustrate
how many of the predicted ligands that are predicted correctly.
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Table 3.5: Hyperparameters used in the MC dropout implementation.

Layer 1| Layer 2| Learning rate | Batch size| Prior | Epochs
128 | 128 | 104 | 64 | Normal(0, 0:12) | 1000

3.2.3 Uncertainty Estimation

An advantage of representing weights by distributions, instead of point estimates,
is that one can estimate the posterior predictive distribution, Equation (2.3), for
inference of possible outcomeg given new input datax . The variance of this
distribution can be used to quantify the uncertainty of a prediction, Section 2.2.
Equation (2.13) gives an estimate of the uncertainty in a variational inference setup.
Therefore we need to compute the expectatiorts , j ., o)y ] and Eqy jx )y |-

Let p¥(x ) denote the softmax output from the network with weightsw® and
input x for the MC samplet. Since the last layer of our network is a softmax-
layer the resulting output can be interpreted as probabilities. More concrete, each
element of p¥(x ) corresponds to the probability that the network would predict
the corresponding class. TherebyyY(x ) can be used to approximate

E v ix ;W(U)[y ] p(t)(x );

P L o i -
andp(x ) = Ti —; pPO(x ), which is the approximation of the variational predictive
distribution, can approximate

Bay ix Hly 1 P(X );

see Section 2.2. These two estimations thereby allow us to quantify the uncertainty
in the predictions according to Equation (2.13). The key reason for this is that the
output of the network can be interpreted as a probability. It is further worth noting
that this approach is not limited to a softmax layer. In fact, any layer that outputs

a probability distribution will su ce. The uncertainty was evaluated on the test set
with T = 1000 stochastic forward passes.

We opted to decompose the uncertainty according [33], rather than the decomposi-
tion suggested by [31]. The main reason for this decision was that [33] pointed out
that the decomposition suggested by [31] is not suitable for classi cation problems
since it does not model the variance of the predictive probabilities. Furthermore,

the approach by [33] does not require additional nodes at the nal layer, thereby

reducing the size of the nal layer by a factor of two compared to the approach

suggested by [31].

An additional approach utilized to evaluate the uncertainty was to pass an input
through the network T times and for each forward pass save the predicted ligand,
i.e., the ligand that corresponds to the maximum softmax entry. The algorithm is
presented in Algorithm 5, and this uncertainty estimate will hereafter be referred
to as Naive uncertainty. Since this approach only uses the actual predicted out-
come of the network it contains less information than the decomposition discussed
in Section 2.2. However, this approach provides an easy method to estimate the
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uncertainty, and the estimated uncertainty is easy to interpret since it consists of a
count of how many times that each ligand was deemed as the most probable one.

Algorithm 5 Naive uncertainty
1: Let x be the input and let T 2 N be the number of forward passes of
through the network. Furthermore, let p{ (x ) denote the softmax output from
the network with input x and weight samplew®. Lastly, let possible_ligands
be a list of the possible outcomes from the network

2. fort=1;:::;T do

3:  predicted_ligand = arg max p(x )

4: possible_ligandgpredicted_ligand]+ =1
5. end for

Lastly, the entropy of the variational predictive

X
H(aly ix ;) p(y = &jx )log (p(y = &jx ));

k=1
was also used to evaluate the uncertainty of an input . This uncertainty estimate
yields a scalar value for each input; this is to be compared to the decomposition which
yields a matrix and the naive uncertainty which yields a vector. A lower value of
entropy indicates that the variational predictive distribution does not contain much
information, which can be interpreted as a certain model.
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Results

This chapter shows the results of the matrix factorization approach utilizing Macau
for predicting yields and the Bayesian neural network for suggesting reaction condi-
tions.

4.1 Active Learning Using Uncertainty Quanti -
cation

This section shows the results of the prediction of yields for di erent choices of reac-
tion components when using di erent strategies to expand the training set. Recall
that reaction components denote both the reaction conditions and the reactants of
a reaction. Five comparisons, between sampling strategies, obtained on the Merck
and P zer data are presented:

1. (absolute) uncertainty sampling without correlation simulations compared to
relative uncertainty sampling without correlation simulations

2. uncertainty sampling compared to uncertainty sampling without correlation
simulations

3. uncertainty sampling without correlation simulations compared to random
sampling

4. Kennard-Stone Initialization: uncertainty sampling without correlation sim-
ulations compared to sampling using Kennard-Stone algorithm when both
strategies were initialized using Kennard-Stone algorithm

5. uncertainty sampling without correlation simulations vs random sampling when
both strategies utilized ngerprints as side information to Macau

Comparisons 1, 2, 3 and 5 used random initialization. Recall that (absolute) un-
certainty is used unless otherwise stated.

4.1.1 (Absolute) Uncertainty Compared to Relative Uncer-
tainty

This section presents the result of the comparison between (absolute) uncertainty
sampling without correlation simulations and relative uncertainty sampling without
correlation simulations obtained on the Merck data. The corresponding comparison
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obtained on the P zer data is presented in Appendix A.1.1.1. The results obtained
on the P zer data are similar to the results that were obtained on the Merck data.

4.1.1.1 Merck Data

Figure 4.1 shows the di erence

—  uncertainty relative uncertainty
RMSE — RMSE RMSE

of the mean RMSEs between (absolute) uncertainty sampling without correlation

simulations ( geer®™ ) and relative uncertainty sampling without correlation sim-

ulations ( [aaie Uncertainy )y " The error bars display the 95% approximate con dence
interval. Only the results from fold 1 and 2 of the Merck data are presented here, but
the other CV folds show similar behaviour. These results show that (absolute) un-
certainty sampling without correlation simulations yields a signi cantly lower RMSE
compared to relative uncertainty sampling without correlation simulations since the
dierence  ruse IS Negative (expect for the rst and last iteration). Figure 4.3a
shows the average di erence over all folds. This result is consistent with the re-
sults of fold 1 and 2. That gruse initially is positive, see Figures 4.1 and 4.3a,
illustrates that when the training set is small, then relative uncertainty without cor-
relation simulations performs better than (absolute) uncertainty sampling without
correlation simulations. However, the fact that rusg iS negative when the train-
ing set increases illustrates that (absolute) uncertainty sampling without correlation
simulations performs better for larger training sets.

Figure 4.2 shows the di erence

o o _  uncertainty relative uncertainty
predictive variability ~—  predictive variability predictive variability

of the mean predictive variability between (absolute) uncertainty sampling without

correlation simulation ( ;ngggingariabi,iw ) and relative uncertainty sampling without

correlation simulations( [reene vanaaiy )- The error bars display the 95% approx-

imate con dence interval. Only the results for fold 1 and 2 of the Merck data are
presented here, but the other folds illustrated similar behaviour. Moreover, Figure
4.3b visualizes the average di erence over all folds. These results indicates that
(absolute) uncertainty sampling without correlation simulations yields lower sample
variances of the entries compared to relative uncertainty sampling without correla-
tion simulations since the di erence is negative except for a few iterations in the
beginning. Recall that in each iteration is 90 new points added to the training set.
That predictive variabiliy MOStly IS negative indicates that (absolute) uncertainty
sampling without correlation simulations makes more certain predictions, compared
to relative uncertainty sampling without correlation simulations, when the size of
the training set increases.

Figure 4.4 shows the area under the precision-recall curve (PR AUC) score of (abso-
lute) uncertainty sampling without correlation simulation and relative uncertainty
sampling without correlation simulations when utilized on fold 1 and 2 of the Merck
data. Recall that a successful reaction (positive outcome in terms of the precision
and recall) is de ned as a reaction with a yield greater or equal to 5%. For fold
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1, (absolute) uncertainty sampling seems to show an overall better PR AUC score
compared to relative uncertainty sampling. However, for fold 2, the strategy with
the best PR AUC score varies between each iteration. Also, relative uncertainty
sampling seems to show an overall better PR AUC score in some folds not displayed
here. Hence, the best scoring strategy seems to vary between folds, but both strate-
gies seem to show a reasonably high score when there is a su cient number of data
points in the training set. This number seems to be similar for both strategies.

Figures 4.5a and 4.5b present the observed yield of the points that were added
in each iteration for (absolute) uncertainty sampling without correlation simulation
and relative uncertainty sampling without correlation simulations, respectively. This

Is visualized by utilizing a swarmplot on top of a boxplot. (Absolute) uncertainty
sampling adds mainly points with low observed yield in the last iterations. Relative
uncertainty sampling seems to add points with low observed yield in the beginning
and only a few points with low observed yield in the end.

Figure 4.6 shows the observed yield plotted against the relative error, see Equation
(3.1), of (absolute) uncertainty sampling and relative uncertainty sampling utilized
on fold 1 and 2 of the Merck data. The relative error was calculated on the training
points that have been added up till the 16-th iteration of the di erent strategies.
The fact that the predictions from (absolute) uncertainty sampling have more points
with a relative error of 2 illustrates that this strategy generates more predictions
with 0% yield, compared to relative uncertainty. (Absolute) uncertainty sampling
also seems to demonstrate more points with observed yields greater than 20% that
obtains a relative error lower than0:25. Relative uncertainty display more points
with observed yields lower than 20% that obtains a relative error lower tha@:25.

(a) Fold 1 (b) Fold 2

Figure 4.1: Thedierence gruse = mepany — realie uncertainty  of the means of

the RMSE between (absolute) uncertainty sampling without correlation simulations
and relative uncertainty sampling without correlation simulations as a function of
the number of points from the Merck data added to the training set. The means were
calculated from ten predictions. Random initialization was utilized, no correlation
simulation was applied. Fold 1 and 2, of in total ten folds, of the cross validation
are displayed. The red dotted line displays where the di erence is equal to zero and
the error bars show the 95% approximate con dence interval.
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(a) Fold 1 (b) Fold 2
Figure 4.2: The dierence predictive variability = ;Pecgircttzii\i/rz]etyvariability

e etve e, of mean predictive variability of (absolute) uncertainty sampling
without correlation simulations and relative uncertainty sampling without correla-
tion simulations as a function of the number of points from the Merck data that
have been added to the training set. Fold 1 and 2, of in total ten folds, of the cross
validation are displayed. The red dotted line displays where the di erence is equal

to zero and the error bars show the 95% approximate con dence interval.

(a) RMSE (b) Predictive variability

Figure 4.3: The average dierences gruse and  predicive variabiity  Of (absolute)
uncertainty sampling without correlation simulations and relative uncertainty sam-
pling without correlation simulations over all folds as a function of the number of
points from the Merck data that have been added to the training set. The red dotted
line displays where the di erence is equal to zero and the error bars show the 95%

approximate con dence interval.
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() Fold 1 (b) Fold 2

Figure 4.4: Area under precision-recall curve of (absolute) uncertainty sampling
without correlation simulations and relative uncertainty sampling without correla-
tion simulations on the Merck data.

(a) (Absolute) uncertainty sampling

(b) Relative uncertainty sampling

Figure 4.5: Observed (true) percent yield of points from the Merck data that have
been added to the training set in each iteration when utilizing (absolute) uncertainty
sampling without correlation simulations and relative uncertainty sampling without
correlation simulations. Only fold 1 is displayed but the other folds show similar
behaviors. The two methods are initialized with the same randomly sampled points.
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(a) Fold 1: (Absolute) uncertainty (b) Fold 1: Relative uncertainty
sampling sampling

(c) Fold 2: (Absolute) uncertainty (d) Fold 2: Relative uncertainty
sampling sampling

Figure 4.6: Observed yield plotted against relative error of the test set when uti-
lizing (absolute) uncertainty sampling without correlation simulations and relative
uncertainty sampling without correlation simulations applied on the Merck data.
Only fold 1 and 2 are displayed but the other folds shows similar behaviors. Macau
was trained by using points that have been added to the training set up till the
16-th iteration. That is, in total 1530 points, of the di erent sampling strategies.
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4.1.2 Uncertainty With and Without Correlation Simula-
tions

This section presents the results of the comparison between uncertainty sampling
with correlation simulations and uncertainty sampling without correlation simula-
tions obtained on the P zer data. The corresponding results obtained on the Merck
data is presented Appendix A.1.2.1. The results obtained on the Merck data are
similar to the results shown for the P zer data.

4.1.2.1 P zer Data

Figure 4.7 shows the di erence

_ uncertainty with correlation uncertainty without correlation
RMSE — RMSE RMSE

of the mean RMSE between uncertainty sampling with correlation simulations and
uncertainty sampling without correlation simulations obtained on fold 1 and 2, of
in total ten folds, of the cross validation. Figures 4.7a and 4.7b display these re-
sults for fold 1 and fold 2, respectively. The mean RMSEs were calculated from ten
predictions and the error bars display the 95% approximate con dence interval over
these predictions. Both sampling strategies were initialized with a random sample
of size 90 of the available data points, i.e., all data points except the ones in the
dedicated test set. For fold 1, as seen in Figure 4.7a, the strategy with the low-
est RMSE seems to be uncertainty sampling with correlation simulations until the
9th iteration (where the rst iteration is the random initialization and is denoted
as the Oth iteration), where 900 points have been added to the training set, when
uncertainty sampling without correlation simulations starts to yield a lower RMSE
compared to uncertainty sampling with correlation simulations. Until the 38th iter-
ation, where 3510 points have been added to the training set, uncertainty sampling
without correlation simulations seems to yield a lower RMSE for the majority of
the iterations but the di erence is close to zero with the majority of the di erences
taking on values betweerD:25< rvse < O.

For fold 2, as seen in Figure 4.7b, in the beginning, when a small number of points
have been added to the training set, uncertainty sampling with correlation simula-
tions seems to yield a lower RMSE. From the 14th iteration, where 1350 points have
been added to the training set, the best performing strategy in regard to RMSE
varies, although the performance is similar for the two methods. Figure 4.9a shows
the average (over all folds) di erence of mean RMSEs. This gure seems to indicate
that uncertainty sampling with correlation simulations yields a lower RMSE com-
pared to uncertainty sampling without correlation simulations until around 2000
points have been added to the training set, but the di erence is close to zero for
su cient number of points in the training set. After this point, the strategy which
yields lowest RMSE varies and, hence, it seems that no strategy performs signi -
cantly better than the other.

Figures 4.8a and 4.8b show the di erence

o o _ uncertainty with correlation uncertainty without correlation
predictive variability —  predictive variability predictive variability
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of the mean predictive variabilities between uncertainty sampling with correlation
simulations and uncertainty sampling without correlation simulations obtained on
fold 1 and 2, respectively. The di erence is displayed as a function of the number
of added points to the training set. The error bars display the 95% approximate
con dence interval across the multiple predictions.

For fold 1, as seen in Figure 4.8a, uncertainty sampling without correlation simula-
tions seems to yield a lower yield in the beginning but the range of the con dence
interval is larger compared to the subsequent iterations. From the 8th iteration
(where the rst iteration is the random initialization and is denoted as the Oth iter-
ation), where 810 points have been added to the training set, uncertainty sampling
with correlation simulations starts to yield lower variability compared to uncertainty
sampling without correlation simulations. However, starting at around the 20th it-
eration, where 1890 points have been added to the training set, the di erence seems
to be close to zero but still mostly negative. For fold 2, as seen in Figure 4.8b, un-
certainty sampling with correlation simulations seems to give the lowest variability
until the 10th iteration, where 990 points have been added to the training set. From
the 10th iteration, uncertainty sampling without correlation simulations seems to
yield the lowest predictive variability until iteration 18 when the di erence is close
to zero and starts to vary between being negative and positive. Figure 4.9b shows
the average (over all folds) di erence of mean predictive variability. This gure indi-
cates that the average di erence is mostly negative, i.e., uncertainty sampling with
correlation simulations seems to yield a lower variance, but the di erence is close to
zero for a su cient number of points in the training set. This illustrates that both
methods are equally consistent between iterations, i.e., both methods show similar
uncertainty in their predictions. Thus, neither method is superior to the other.

Figure 4.10 show area under the precision-recall curve (PR AUC) for fold 1 and 2
when a successful reaction (positive outcome) is de ned as a reaction with a yield
greater or equal to 5%. The performance seems similar, and the best strategy re-
garding PR AUC varies between each iteration. Figures 4.11a and 4.11b display the
added observed yield in each iteration for uncertainty sampling without correlation
simulations and uncertainty sampling with correlation simulations, respectively, uti-
lized on fold 1. Both strategies show a similar behavior, where at the last iterations
(from iteration 39 to iteration 45) the majority of the added points has yield below
30%.
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(a) Fold 1 (b) Fold 2
Figure 4.7: The di erence RMSE = ;r:\;ggainty lér&;gréainty without correlation of

the mean RMSEs between uncertainty sampling with correlation simulations and
uncertainty sampling without correlation simulations as a function of the number
of points from the P zer data that have been added to the training set. Fold 1
and 2, of in total ten folds, of the cross validation are displayed. The red dotted
line displays where the di erence is equal to zero and the error bars show the 95%
approximate con dence interval.

(a) Fold 1 (b) Fold 2

o e, e of the mean predictive variabilities between uncertainty
sampling with correlation simulations and uncertainty sampling without correlation
simulations as a function of the number of points from the P zer data that have
been added to the training set. Fold 1 and 2, of in total ten folds, of the cross
validation are displayed. The red dotted line displays where the di erence is equal

to zero and the error bars show the 95% approximate con dence interval.

59



4. Results

(a) RMSE (b) Predictive variability

Figure 4.9: The average (across all folds) dierences guse and

predictive variability  Of uncertainty sampling with correlation simulations and un-
certainty sampling without correlation simulation simulations as a function of the
number of points from the P zer data that have been added to the training set. The
red dotted line displays where the di erence is equal to zero.

() Fold 1 (b) Fold 2

Figure 4.10: Area under precision-recall curve of uncertainty sampling with corre-
lation simulations and uncertainty sampling without correlation simulations applied
on the P zer data.

60



4. Results

(a) Uncertainty sampling without correlation simulation

(b) Uncertainty sampling

Figure 4.11: Observed percent yield of points from the P zer data that have been
added to the training set in each iteration when utilizing uncertainty sampling with

correlation simulations and uncertainty sampling without correlation simulations.

Only fold 1 is displayed but the other folds show similar behaviors. Iteration O is
the initialization, which was done by random sampling.
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4.1.3 Uncertainty Compared to Random

This section presents the results of the comparison between uncertainty sampling
without correlation simulations and random sampling obtained on the Merck data.
The corresponding results obtained on the P zer data are displayed in Appendix
A.1.3.1. The results obtained on the P zer data are similar to the results obtained
on the Merck data, which are presented in this section.

41.3.1 Merck Data

Figure 4.12 shows the di erence

_  uncertainty random
RMSE — RMSE RMSE

of the mean RMSEs between uncertainty sampling without correlation simulations
and random sampling obtained on fold 1 and 2 of the Merck data. The approxi-
mate 95% con dence intervals are shown as error bars. For fold 1, as seen in Figure
4.12a, random sampling displays a lower mean RMSE, compared to uncertainty
sampling without correlation simulations until around iteration 8 (where the rst
iteration is the random initialization and is denoted as the Oth iteration or iteration
0), where 810 points have been added. From around iteration 17 and onward, where
1620 points have been added, uncertainty sampling without correlation simulations
starts to display a lower mean RMSE. The result of fold 2 is displayed in Figure
4.12b. During the rst six iterations (including the initialization), the strategy with

the lowest mean RMSE varies between each iteration. From the 6th iteration and
onward, uncertainty sampling without correlation simulations demonstrate a lower
mean RMSE. Furthermore, Figure 4.14a shows the average di erence over all ten
folds. Itillustrates similar di erences in RMSE as was displayed for fold 1 in Figure
4.12a, where random sampling displays a lower mean RMSE in the beginning, but
is also similar to fold 2 in Figure 4.12b since it shows a lower RMSE after the initial
iterations. The minimum average di erence is approximately 1:3. The results il-
lustrates that random sampling performs better than uncertainty sampling without
correlation simulations when the training set is small. As the size of the train-
Ing set increases, uncertainty sampling without correlation simulations consistently
illustrates better performance than random sampling.

Figure 4.13 shows the di erence

o o —  uncertainty random
predictive variability ~—  predictive variability predictive variability

of the mean predictive variability between uncertainty sampling without correlation
simulations and random sampling as a function of the number of points of the Merck
data that have been added to the training set. Only fold 1 and 2 are presented here
but the other folds show similar behaviors. The error bars show the 95% approximate
con dence interval. For fold 1, as seen in Figure 4.13a, uncertainty sampling without
correlation simulations demonstrate a lower mean predictive variability compared to
random sampling after the nine initial iterations (including the random initialization
which is denoted as the Oth iteration). Then the di erence mostly displays values
between 6andO0. Fold 2, see Figure 4.13a, shows a lower mean predictive variability
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of uncertainty sampling without correlation simulations after the 13th iteration.
Figure 4.14b shows the average di erence over all folds. It demonstrates a di erence
similar to both fold 1 and 2 and the minimum average di erence is approximately
3 which is obtained when 1530 points have been added to the training set. That
predictive variabiliy  €ventually becomes negative indicates that, as the training set
increases, uncertainty sampling without correlation simulations is more consistent
in its predictions than random sampling.

Figure 4.15a shows the mean RMSE obtained on fold 1 of the Merck data as a
function of the number of data points in the training set. The mean RMSE decreases
with an increasing number of points in the data and reaches a value aroubd in the
last iteration. Similar behaviors were also observed in the other folds. Moreover,
Figure 4.15b shows the mean predictive variability as a function of the number
of points in the training set. The mean predictive variability decreases with an
increasing number of iterations and ends with a variance arouri8. The other folds
demonstrate similar behaviors.

Figure 4.16 shows the area under the precision-recall curve (PR AUC) score as func-
tion of the number of data points of the Merck data that have been added to the
training set. Only the results of fold 1 and 2 are presented here but the other folds
show similar behaviors. For fold 1, as seen in Figure 4.16a, the sampling strategy
with the highest PR AUC score varies between each iteration until 7th iteration
(where the rst iteration is the random initialization and is denoted as the Oth iter-
ation). From the 7th iteration and onward, the PR AUC score of random sampling
stays lower than the PR AUC score of uncertainty sampling without correlation
simulations. The PR AUC scores reaches values betwe@86 and 0:97 in the end,
where the di erence between the methods should be due to the stochastic behavior
in the model since they in the end have the same training set. For fold 2, as demon-
strated in Figure 4.16b, random sampling displays a higher PR AUC score in the
beginning but uncertainty sampling without correlation simulations shows a higher
PR AUC score after the 8th iteration. The PR AUC scores for both strategies reach
values of about0:980Q

Figure 4.17 shows the observed yield that was added in each iteration of uncertainty
sampling without correlation simulations and random sampling. This is shown for
fold 1 but the other folds show similar behaviors. As demonstrated in previous
results and again seen in Figure 4.17a, uncertainty sampling without correlation
simulations adds a majority of points with yield lower than 40% in the last nine
iterations and a majority of points with yields lower than 10% in the last ve itera-
tions. Moreover, as seen in Figure 4.17b, random sampling instead add points with
di erent yields in each iteration, which is to be expected since it samples randomly
from the available points. Figure 4.18 show the two-sided p-value from a Mann-
Whitney U test between uncertainty sampling without correlation simulations and
random sampling. The p-value is shown for all number of data points of fold 1 and
2 after the initialization, i.e from 91 points in the training set and onward. For
both folds, the p-value is high in the beginning and decreases when the number of
points is increased, except for some spikes in the p-value. After around 250 points
have been added to the training set, both folds obtain a p-value lower tha®05.
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The p-value then stay below0:05 until it starts to increase when the last num-
ber of data points is added to the training set, which is to be expected since then
the two data sets contain the same points. This indicates that the sets generated
by uncertainty sampling without correlation simulations and random sampling are
signi cantly di erent, except in the beginning and the end.

(a) Fold 1 (b) Fold 2

Figure 4.12: The dierence  guse = et random of the mean RMSEs

between uncertainty without correlation simulations and random sampling as a func-
tion of the number of points of the Merck data that have been added to the training
set. Fold 1 and 2, of in total ten folds, of the cross validation is displayed. The red
dotted line displays where the y-axis is equal to zero and the error bars display the
approximate 95% con dence intervals.

(a) Fold 1 (b) Fold 2
i . ; — ncertain
Figure 4.13: The dierence _ predictive variability = ;re_dicti\lletyvgriability
T eive variabiiy  Of the mean predictive variabilities of uncertainty without cor-

relation simulations and random sampling as a function of the number of points

from the Merck data that have been added to the training set. Folds 1 and 2, of
in total ten folds, of the cross validation is displayed. The red dotted line displays

where the y-axis is equal to zero and the error bars display the approximate 95%
con dence intervals.
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(a) RMSE (b) Predictive variability

Figure 4.14: The average dierences pedgicive variabiiy and rRMsSE between
uncertainty sampling without correlation simulations and random sampling as a
function of the number of points from the Merck data that have been added to the
training set. The red dotted line displays where the di erence is equal to zero.

(a) RMSE (b) Variance

Figure 4.15: Mean RMSE and mean predictive variability of uncertainty sam-

pling without correlation simulations and random sampling over all predictions as
a function of the number of points from the Merck data that have been added to
the training set. Results for only fold 1 are shown but the other folds show similar

convergences.
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(a) Fold 1 (b) Fold 2

Figure 4.16: Area under precision-recall curve of uncertainty sampling without
correlation simulations and random sampling applied on the Merck data.

(@) Uncertainty sampling without correlation simulation

(b) Random sampling

Figure 4.17: Observed percent yield of points from the Merck data that have
been added to the training set in each iteration when utilizing uncertainty sampling
without correlation simulations and random sampling. Only fold 1 is displayed but
the other folds show similar behaviors.
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