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Non-linear time-dependent modelling of heterogeneous nuclear reactors
Applications to xenon oscillations in pressurized water reactors
FREDRIK ÖHRLUND
Department of Physics
Chalmers University of Technology

Abstract
This thesis is about time-dependent core-level neutronic simulations of nuclear re-
actors. In such systems, the neutron flux may oscillate in space and time due to
the production and consumption of given fission products, in particular Xenon-135.
This phenomenon is known as Xenon oscillations. A numerical simulator was devel-
oped to model such a phenomenon. The simulator numerically solves large systems
of non-linear equations, which in this case requires the use of implicit methods. The
way this has been accomplished uses techniques that are different from standard
practice. The tool capitalizes on a static solver earlier developed and uses the same
approximations in terms of spatial discretization and boundary conditions. The
simulator was demonstrated to produce physically-correct results when applied to
a realistic model of a pressurized water reactor. The simulator allows for time-
dependent perturbations defined in terms of insertions of control rod banks, and
the realistic PWR model includes realistic control rod insertions. Xenon oscillations
were predicted by the tool in some specific situations.

Keywords: Nuclear energy, Light water reactors, Xenon oscillations, Diffusion the-
ory, Non-linear dynamics, Newton method.
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1
Introduction

Nuclear power plants have been in large scale commercial use since the1950's. The
average age of all reactors in the world is approaching40 years, and the great ma-
jority of all reactors in operation in the western world are Light Water Reactors,
or LWRs [1], [2]. The behaviour of such reactors in normal operating and transient
conditions is well mastered, through the extensive accumulated operating experience
and thanks to the use of numerical simulations.

The physical phenomena underpinning the basic mechanism of energy production in
a nuclear reactor, i.e. a self-sustaining nuclear chain reaction, are such that a nuclear
reactor naturally prefers to be operated in steady-state conditions at all times [7,
p.8]. In general therefore, nuclear reactors are designed for steady-state operation,
where the control mechanisms, core geometry, fuel composition, etc, are all chosen
with this goal in mind. Part of accomplishing this goal is of course to minimize,
control or to otherwise avoid any transient behaviour of the reactor. There are how-
ever many parts of operating a reactor which unavoidably entail system transients.

Nuclear power plants in general, and the nuclear reactor cores contained within
them in particular, are both systems with complex dynamics. The latter system
has dynamics governed by the neutron transport equation. Numerically solving this
equation is done using stochastic methods or deterministic methods. Deterministic
methods, which are used in this thesis work, solve the governing balance equations
by �rst discretizing them in the appropriate phase-space.

One important part of the dynamics inherent to the operation of most types of
LWRs is the build up of Xenon-135, or135Xe, throughout the reactor core.135Xe is
what is referred to as a neutron poison, having a very high absorption cross-section.
It is produced in the core as part of the neutron chain reaction. Dealing with Xenon
is an important albeit well understood part of standard operating procedure. How-
ever, there is a phenomena that can occur that is associated with changing the state
of the reactor in unintended ways, called Xenon oscillations. Such oscillations are
highly undesirable. The objective of this Master thesis project is to build software
capable of numerically simulating the time-evolution of a typical LWR at the core
level, and to design and implement perturbations of the system capable of causing
Xenon oscillations.

The unintended ways of operating an LWR referenced above primarily involve chang-
ing the core power too frequently and with speci�c frequencies in time such that
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1. Introduction

oscillations of the 135Xe concentration between di�erent parts of the core become
ampli�ed. Xenon oscillations also require that there exists some kind of asymmetry
in the Xenon atomic density distribution, perhaps caused by a partial insertion of
control rods during power level adjustments. This is the reason why simulation of
control rod insertion was chosen as the means of inducing Xenon oscillations in this
project. One realistic scenario in which such conditions could arise is when reactors
are operated in so-called load-following conditions i.e. where the core power is set
to change according to the demands from the electrical grid. Lets brie�y consider
when load-following might be used in practice.

In many western countries today, a signi�cant portion of all power produced comes
from nuclear power plants. The country with the highest share of nuclear power
generation in the world in France, where in2021about 68% all power came from
nuclear. In Sweden, roughly30% of all domestic energy production comes from
nuclear, and together with hydroelectric power generation, it constitutes the base
energy production of the country. Since domestic power consumption varies signi�-
cantly on several di�erent time scales, perhaps most prominently on the time scale
of hours throughout the day and night cycle as well as on the time scale of weeks or
months throughout the seasons of the year, any system of domestic power produc-
tion must have the ability to vary its energy generation to match these variations in
demand. To do this, France regularly operates reactors in load-following conditions.
Moreover, the increasing share of energy production from intermittent sources, such
as from wind power, further increase the variability of the demands put on the other
sources of energy on the grid. The prospect of using load-following nuclear reactors
has been considered in Sweden in order to meet this increasing demand of �exibility
in energy production [3], [4], [5], [6].

1.1 Thesis Background & Objective

There are two topics that need to be discussed before the objective of this thesis
can be stated, since they constrain the scope of the thesis in essential ways. The
�rst topic is a software calledCORE SIM, and the second topic is of the mathematical
model used and its development.

1.1.1 About CORE SIM

In 2011, the task force on Deterministic REActor Modelling, the DREAM group, at
Chalmers University of Technology released a neutronic tool calledCORE SIM[9]. It
is aMatLabbased core-level neutronic simulator using two-group di�usion theory ca-
pable of handling a wide range of heterogeneous reactor cores in static and dynamic
cases in the frequency domain (i.e. for stationary �uctuations). Both critical and
subscritical systems with external neutron sources can be modelled. Furthermore,
the eigenfunctions of the system can be estimated.CORE SIMuses �nite di�erences
for spatial discretization of the the reactor core. The reactor core is speci�ed by the
user through the input data, consisting of a set of arrays whose shape and values
describe the geometry and materials properties of the core.
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1. Introduction

CORE SIMis not a tool for simulating the time-evolution of the state of a reactor
core. It can however calculate the steady-state �ux and e�ective multiplication
factor � eq(~r ); kef f which when paired with the input data su�ces to initialize time-
evolution. One of the goals of this thesis is to produce software capable of precisely
such time-evolution simulations.

1.1.2 About the Mathematical Model

The DREAM group is currently working on developing analysis methods to support
utilities in the determination of the occurrences of Xenon oscillations. PhD student
Kristo�er Pedersen is currently working on physics based Reduced Order Modelling
methods, or ROM methods, to help better understand Xenon oscillations as part
of his PhD-thesis [8]. These ROM methods need to be veri�ed by comparing their
predictions with real data, taken from real nuclear reactors. Unsurprisingly, large
quantities of such data is not readily available since nuclear reactors facilities have
secrecy concerns to consider. In order to compare the ROM predictions to other
methods, it was proposed that a time-dependent simulator for heterogeneous reac-
tor cores could be used.

This idea led to this Master's Thesis. The mathematical model used in the simulator
was therefore speci�cally chosen and designed such that the tool will complement
Kristo�er Pedersen's work1, while being general enough to warrant its own existence.
Since Xenon oscillations is a phenomena occurring over time spans of tens of hours,
and do not depend on many of the intricate details pertaining to the dynamics of
nuclear reactor cores2, the dynamical equations of such a system were simpli�ed in
important ways while still accurately describing the causes of such oscillations.

The mathematical model chosen is built from the standard di�usion equation us-
ing two energy groups for the neutron �ux, without delayed neutrons as they are
assumed to be in equilibrium at all times in the relevant time spans. The model
includes the e�ect of 135Xe on the reactor core through coupling to the thermal
neutron �ux macroscopic absorption cross-section. The mathematical model is also
equipped with a feedback term that models some state-dependencies of the reac-
tor. The mathematical model and all relevant details underpinning it are further
discussed in detail in chapter 2. The model itself is presented in section 2.4.

1.1.3 Thesis Objective

The thesis objective is twofold:
ˆ To develop a time-dependent three-dimensional heterogeneous solver in two-

group di�usion theory for modelling xenon oscillations. This solver should

1In fact if time permits, the simulator built here will be in turn be used to build a purely
data-based non-intrusive reduced order model to predict Xenon oscillations.

2Some examples of such disregarded details are the prompt neutron response and the thermo-
hydraulics.
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use the same input format, spatial discretization, spatial node enumeration
and boundary conditions as the softwareCORE SIM[9] and should perform the
time-integration based on the dynamical equations presented in section 2.4.

ˆ To apply the solver to a realistic model of a Pressurized Water Reactor and
generate time-signals with di�erent time-dependent perturbations applied to
the system.

To satisfy criteria in the �rst point, the algorithm for spatial discretization employed
by CORE SIMhas been used, and the node enumeration is done in an equivalent
fashion toCORE SIMas well. To ful�ll the criteria of applying the solver to a realistic
model of a PWR and also to ensure compatibility withCORE SIMinput data, one
data-set ful�lling both of these points has been used throughout development of the
time-dependent solver. The reactor model used throughout this work corresponds to
the OECD/NEA and US NRC PWR MOX/UO2 core benchmark [16]. This data-set
is from here on referred to as the development data-set3.

1.2 Physics of Light Water Reactors

Many of the mechanisms involved in the energy production in LWRs are essentially
similar to any other industrial application generating heat for electricity production.
Some bulk mechanisms in an LWR can be simplistically described as follows. As
the nuclear fuel in the reactor core produces heat, water �ows past the fuel and heat
transfers to the water, warming it up. This warmer water is subsequently used to
drive a generator, thereby producing electricity. It is still arguably the case that nu-
clear power generation is importantly di�erent from other technologies, essentially
for one reason: the level of complexity involved in the phenomena causing the heat
generation in the nuclear fuel.

Understanding the physics and dynamics of the heat producing nuclear chain reac-
tion occurring in the fuel and all the intricate details pertaining to it is certainly not
simple, at least not in the sense described above. In contrast to heating up a body
of water, it involves pure quantum mechanical phenomena such a the �ssioning of
uranium-235 nuclei, and the build-up and subsequent consumption of hundreds of
di�erent �ssion fragments or �ssion products, which are the new materials that are
produced as a result of said �ssion events. Depending on the material properties
of these �ssion fragments and the current state of the reactor, i.e. the current fuel
temperature, core �ow, core pressure, etc, the behaviour of the entire reactor can
be a�ected by the production of these new materials. One such �ssion product, the
properties of which are of great importance in LWR operation in general and this
thesis in particular, is the isotope135Xe. This so-called neutron poison is discussed
in section 1.3.

There are two primary types of LWRs, Pressurized Water Reactors (PWRs) and

3Dr. Abdelhamid Dokhane from the Paul Scherrer Institute, Switzerland, is acknowledged for
preparing the data of the OECD/NEA and US NRC PWR MOX/UO2 core benchmark used in
this work.
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Boiling Water Reactors (BWRs), both of which are so-called thermal reactors. This
name refers to the fact that they rely on thermal neutrons, or slow neutrons, to
induce new �ssion events and thereby sustain the chain reaction. Importantly, any
such �ssion event itself produces fast neutrons, not thermal neutrons, and in an
LWR fast neutrons alone cannot induce a su�cient number of new �ssion events.
Therefore, these fast neutrons need to be slowed down somehow. In general, the
process of slowing down fast neutrons to thermal speeds, so that they can cause new
�ssion events, is called neutron moderation. This is done by the moderator, which
in LWRs is the water that is �owing through the core. In essence the mechanism
behind the neutron moderation, i.e. the mechanism that causes fast neutrons to
slow down to thermal neutrons, is scattering. Water has a high scattering cross-
section, meaning that as neutrons move through the water they repeatedly collide
with water molecules, thereby losing energy.

While the thesis objective from section 1.1.3 only states the need to apply the
solver to a realistic model of a PWR, there should be no issue applying it to inputs
specifying a BWR as well. There are some properties that both are common to both
types of LWR reactors that should be known about going forward:

ˆ The geometry of an LWR reactor core is roughly cylindrical, where it makes
sense to speak of axial layers of the reactor core. The axial and radial length
scales are on the order of meters

ˆ So-called control rods can be inserted into the reactor core from the top towards
the bottom (for PWRs) or from the bottom towards the top (for BWRs). In
either case the amount of insertion is called insertion level, and control rods
are inserted in groups, called control rod banks.

1.3 Xenon Oscillations

Xenon oscillations are spatial oscillations of local power generation between regions
in a reactor core. The oscillations themselves typically have a period between15
and 30 hours and can therefore be di�cult to detect. In the worst case scenario, the
oscillations in local power could be of the sort that the total power level remains rela-
tively stable, while the local power in either of the core regions becomes dangerously
high at the peak of oscillation. Xenon oscillations are caused by several otherwise
independent mechanisms which in certain circumstances can act together. To un-
derstand this, �rst the evolution chain of 135Xe in a reactor is discussed together
with its e�ect on the chain reaction. Second, using this information, an idealized
situation in which oscillation would occur is presented.
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Figure 1.1: Evolution chain of 135Xe. Image taken from [10, p.176] with expressed
permission of the author.

The physical phenomena described in the following can all be found in the evolution
chain shown in �gure 1.1. The reason135Xe is called a neutron poison is because
it has a very high microscopic capture cross-section of� X = 2:7 � 106 barns at
thermal energies. Such neutron captures by135Xe leads to136Xe, which itself does
not matter for the neutron balance. This 'removal' of135Xe due to absorption is
called burn-o�. In other words, the higher the concentration of135Xe, the more the
neutrons are absorbed by it instead of inducing new �ssion events, which itself also
decreases the concentration of135Xe. The concentration of135Xe in the nuclear fuel
is itself increased by �ssion, as both135Xe is created from �ssion, but also through
� � decay into 135Xe of another �ssion fragment, Iodine-135, or135I4. In fact most
135Xe from �ssion is due to decay of135I, since the �ssion yields of the isotopes are
roughly 
 X = 0:002 and 
 I = 0:062 meaning only0:2% of �ssions result in 135Xe
while 6:2% lead to 135I. The half-life of 135I is roughly 6:7 hours, meaning that there
is a delay between �ssion and the increase of the135Xe concentration it causes with
a time scale of roughly6:7 hours. Finally, 135Xe undergo� � decay into 135Cs with
a half-life of roughly 9:2 hours. While the Cesium is irrelevant here, this decay of
course decreases the concentration of135Xe. These sources of decrease and increase
in the 135Xe concentration and the negative e�ect135Xe has on the nuclear chain
reaction are relevant to Xenon oscillations, which we turn to now [10, p.173-176].

Xenon oscillations between di�erent parts of the core would occur in the following
situation. Consider a homogeneous LWR running steadily at full nominal power,
when two local opposing perturbations that are equal in magnitude are applied si-
multaneously to the upper half, region I, and the bottom half, region II, respectively.
The perturbations thus cause the amount of �ssion events taking place, governed
by what is called the neutron �ux (see section 2.1), in region I to increase instanta-
neously. The opposing perturbation similarly causes the �ux in region II to decrease
instantaneously. Such changes then instantaneously change the availability of neu-
trons which instantaneously increases the burn-o� and thereby decreasing the135Xe
concentration in region I, while the opposite happens in region II where the135Xe
concentration starts increasing. Less135Xe in region I means less neutron poison

4Looking at �gure 1.1 one notices that 135I is actually obtained from the decay of Tellurium-135.
The half-life of 135Te is so small compared to135I that one can think of Iodine as being a �ssion
fragment instead, thereby ignoring the Tellurium altogether.
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that absorbs neutrons, which leads to increasing �ux, and the opposite leads to
decreasing �ux in region II. Since the initial perturbation caused a change in the
�ux initially, and 135Xe is produced due to �ssion with a delay of6:7 hours through
the decay of the initially produced135I, this causes an increase of the135Xe concen-
tration with some delay, while the opposite happens in region II where the initial
decrease of the �ux leads to a decrease of the135Xe concentration with some delay.
Since135Xe is a poison, less poison is thus made available in region I leading to a
decrease in �ux in region I, while more poison is made available in region II leading
to an increase in �ux. With some delay, the decrease in the �ux in region I leads
to an increase in the135Xe concentration in region I, while with some delay, the
increase in neutron �ux in region II leads to a decrease in the135Xe concentration
in region II. This pattern continues, and is the phenomena called Xenon oscillations
[10, p.178-180].

In less idealized situations, with more realistic perturbations such as control rod
insertions, oscillation could occur with di�erent phase shifts and amplitudes between
di�erent parts of the core, compared to what is described above. This is the case in
the results shown in chapter 4.
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2
Theory

In this chapter, the basic physical theory relevant to this project is presented, as
well as the applicable approximations used. This entails de�ning some basic physical
quantities and describing the neutron transport balance equation. The approxima-
tions described are the multi-group formalism, the di�usion approximation as well
as the �ux feedback term used to model the state-dependencies of the material prop-
erties of the reactor core. Furthermore, the coupled dynamics of the �ssion products
135I and 135Xe are described. Lastly, the dynamical equations obtained from apply-
ing the above approximations to the neutron transport equation as well as from
coupling the �ux, I-135 and Xe-135 equations, are presented.

2.1 Basic Physical Quantities

As mentioned in chapter 1, the dynamics of a reactor core are governed by the
neutron transport equation [10, chapter 3.3]. The terms appearing in this equa-
tion are de�ned in terms of the neutron density,n(~r ; ~
 ; E; t ). In the most general
case it is time-, energy-, angle and position dependent. Therefore, the quantity
n(~r ; ~
 ; E; t ) d3~r d2~
 dE gives the number of neutrons at time t, located within vol-
umed3~r about~r , with a direction within the solid-angled2~
 about ~
 and an energy
within the bin dE. The neutron density thus has units of number of neutrons per
unit volume per unit solid angle per unit energy.

The neutron density is used to de�ne the angular scalar neutron �ux as

 (~r ; ~
 ; E; t ) � v(E)n(~r ; ~
 ; E; t ) (2.1)

where the neutron speed is calculated usingv(E) =
q

2E
m . The angular scalar �ux

has units of neutrons per unit area per unit solid angle per unit energy per unit
time. Just like the neutron density, this quantity has a seven dimensional phase
space1. The angular scalar neutron �ux is the primary unknown quantity of the
neutron transport equation. However, before moving on to a discussion of the neu-
tron transport equation itself, let us de�ne two more quantities.

The scalar neutron �ux is de�ned in terms of the angular scalar �ux, averaged over
the two-sphereS2;

1Notice that the phase space is isomorphic to the space(~r ; ~v; t); where the neutron velocity ~v
describes the same d.o.f information as the pair( ~
 ; E ).
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2. Theory

� (~r ; E; t ) �
Z

S2
 (~r ; ~
 ; E; t )d2~
 ; (2.2)

It has units of number of neutrons per unit area per unit energy per unit time.
The physical signi�cance of this quantity on its own is somewhat unintuitive. One
can think of it as the average �ux of neutrons through all planes with all possible
orientations through the point ~r .

The last quantity to be de�ned is the neutron current density vector. Much like
the scalar neutron �ux, it is also de�ned in terms of an integral overS2 of the
angular scalar neutron �ux, but in this case the integrand is weighted by the vectorial
direction ~
 ;

~J(~r ; E; t ) �
Z

S2

~
  (~r ; ~
 ; E; t )d2~
 (2.3)

This neutron current density vector has the same units as the scalar neutron �ux,
namely number of neutrons per unit area per unit energy per unit time.

2.2 Neutron transport

In words, the neutron transport equation is a balance equation involving phenomena
that tend to increase and phenomena that tend to decrease the amount of neutrons
at a point in space, at a moment in time, of neutrons with a speci�c energy and
which are moving in a speci�c direction. Each term in the equation corresponds
a speci�c phenomena that causes such an increase or decrease and which can be
categorised as follows. Consider a small volumeV bounded by surfaceS � @V,
and consider the balance of neutrons withinV within a time interval dt. Expressed
in terms of the neutron density, this balance equation (per solid-angle and energy)
reads

Z

V
dV n(~r ; ~
 ; E; t + d t) �

Z

V
dV n(~r ; ~
 ; E; t ) =

Z

V
dV dt

@
@t

n(~r ; ~
 ; E; t )

= + production in V � disappearance in V� transfer through S
(2.4)

The above framework, color coding included, is illustrated in �gure 2.1. The cate-
gories of production, disappearance and transfer/streaming will be referred to with-
out further clari�cation from now on.

10



2. Theory

Figure 2.1: Illustration and color coding of the phenomenological categories of
neutron balance. The distinction between production and disappearance might seem
pointless at �rst, since one can be described as the negative of other. However,
the distinction has some merit since certain phenomena, such as �ssion, can only
ever contribute positively to the neutron balance, while other phenomena, such as
scattering, can contribute positively or negatively.

The neutron transport equation is in no sense only applicable to nuclear reactors, but
instead describes the motion and material interaction of neutrons in general. There
are several equivalent formulations of it, including the integro-di�erential form [11,
eq 2.29], the integral form [11, eq 2.42] and the characteristic form [11, eq 2.51]. The
equation presented now is a version of the integro-di�erential formulation where all
delayed neutron precursors are assumed to be in equilibrium at all times2.

The neutron transport balance equation at phase space point(~r ; ~
 ; E; t ), state3:
"

1
v(E)

@
@t

+ ~
 � ~r + � t (~r ; E; t )

#

 (~r ; ~
 ; E; t ) =

=
� (E)
4�

Z

R+
� p(E 0)� f (~r ; E0; t)� (~r ; E0; t) dE 0

+
Z

S2

Z

R+
� s(~r ; E0 ! E; ~
 0 ! ~
 ; t) (~r ; ~
 0; E0; t) d2~
 0dE 0:

(2.5)

A proper interpretation of each term appearing in equation 2.5 will be given at
the end of this chapter in section 2.5, alongside the presentation of the version of
this equation that this thesis aims to solve. This �nal version of the equation is
obtained from this fully general transport equation by the introduction of several
approximation schemes, as well as by the explicit coupling of it to the dynamical
equations describing the concentration of135Xe. For the remainder of this chapter
therefore, the goal will be to present said approximation schemes and coupling, with
the ultimate goals of arriving at, as well as motivating the validity of, the dynamical
equations treated in this thesis.

2The referenced literature for the neutron transport equation, which is excellent, develops the
theory of neutron transport together with the dynamics and coupling of the concentrations of
precursors of delayed neutrons in an intimate fashion. When such precursors are in equilibrium,
they are e�ectively absorbed into the �ssion term.

3An arbitrary source of neutrons s(~r ; ~
 ; E; t ) could exist. This is not considered here.
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2. Theory

2.3 Neutron transport approximation schemes

There are several aspects of the transport equation 2.5 that make numerical treat-
ments of it di�cult. Perhaps the most salient one being the seven-dimensional
continuous phase space of the dependent variable. It is the purpose of both the
multi-group formalism as well the di�usion approximation to mitigate this issue.
The multi-group formalism replaces the continuum ofE with a set of G energy
groups, thereby increasing the number of equations to solve by the same factor.
The di�usion approximation removes the dependence on~
 altogether by integrat-
ing any directional information over S2, leaving only di�usive net neutron motion
information behind. This reduces the phase space to the four dimensions of(~r ; t),
making numerical simulation much more feasible. Moreover, present in equation 2.5
are several factors describing material properties having phase space dependencies.
These dependencies are here modeled by a �ux feedback term as well as by the cou-
pling to Xe-135. All of these topics are discussed in this section one-by-one followed
by putting it all together at the end, where the dynamical equations that are to be
solved are presented in detail.

2.3.1 Multi-group formalism

The multi-group formalism in itself is nothing but an energy-discretization, whereby
the subspaceR+ of the phase space is divided into a set of disjoint energy bins
Bg � [Eg; Eg� 1] such that they union to the subspace

1[

g= G

[Eg; Eg� 1] = R+ : (2.6)

By convention the energy decreases with the indexg and the bin indexed byg is
referred to as energy groupg. Notation-wise, the resulting energy-discretized vari-
ables follow the convention thatX (E 2 [Eg; Eg� 1]) ! X g [11, chapter 3.1].

When the multi-group formalism is employed, the appropriate number of energy
groups to use varies dramatically with the application. Primed by the discussion
from section 1.2 on the mechanisms responsible for sustaining a nuclear chain reac-
tion in LWRs, the prospect of using two energy groups, one for fast neutrons and
one for thermal neutrons, hopefully seems intuitive and plausible. Such a two-group
model is exactly what is used here. Thus, moving forward, the dependence onE of
any previously seen variables, such as� (~r ; E; t ) and � a(~r ; E; t ), can now be consid-
ered to have been exchanged for an indexg, giving � g(~r ; t) and � a;g(~r ; t). The new
quantities � 1(~r ; t); � a;1(~r ; t) will be referred to as the fast (scalar neutron) �ux and
the fast (macroscopic) absorption cross-section, respectively, while� 2(~r ; t); � a;2(~r ; t)
will be referred to as the thermal �ux and thermal absorption cross-section, respec-
tively. Note that for two-group formalism the energies at the boundary of the two
bins areE0 = 1 ; E1; E0 = 0, meaning that only the cut-o� energy between fast and
slow neutrons is free to be chosen. Intelligently choosing this cut-o� allows one to
assume that �ssion events only ever produce fast neutrons. This is also assumed to

12



2. Theory

be true.4

Transforming the transport equation from its continuous energy representation to a
discrete energy representation using multi-group formalism should be done without
changing the neutron balance. This can be done by preserving reaction rates, which
are quantities of the quantities of the form

� f (~r ; E; t )� (~r ; E; t ) and � s(~r ; E0 ! E; ~
 0 ! ~
 ; t) (~r ; ~
 ; E; t ); (2.7)

as well as preserving neutron currents. Transforming to the multi-group transport
equation thus entails, in principle at least, integrating the equation over each energy
bin while adhering to the constraint that each macroscopic cross-section should be
integrated with respect to the angular scalar �ux on that bin. In practice however,
due to several di�erent drawbacks associated with using the angular �ux as the
weighing function, the scalar �ux is used instead [11, p.74].

In general the group-averaged scalar �ux� g, generic macroscopic cross-section� �;g

and inverse neutron speed1
vg

can then be expressed in a multi-group formalism as5

� g(~r ; t) =
Z Eg� 1

Eg

� (~r ; E; t ) dE

� �;g (~r ; t) =

REg� 1
Eg

� � (~r ; E; t )� (~r ; E; t ) dE

� g(~r ; E; t )

1
vg

=

REg� 1
Eg

1
v(E ) � (~r ; E; t ) dE

� g(~r ; E; t )

(2.8)

In order to introduce some standard notation as well as to lay some ground work
for the next section on di�usion, the expression for the group-averaged macroscopic
scattering cross-section� s(~r ; E0 ! E; ~
 0 ! ~
 ; t) is now given special attention. For
isotropic media this cross-section only depends on� � ~
 0 � ~
 . It can therefore be
expanded in Legendre polynomialsPl (� ) as

� s(~r ; E0 ! E; ~
 0 ! ~
 ; t) = � s(~r ; E0 ! E; �; t ) =
X

l2 N

2l + 1
4�

� sl (~r ; E0 ! E; t )Pl (� )

(2.9)
where the expansion coe�cients are

� sl (~r ; E0 ! E; t ) = 2 �
Z 1

� 1
� s(~r ; E0 ! E; �; t )Pl (� ) d� (2.10)

The �rst two coe�cients, namely � s0(~r ; E0 ! E; t ) and � s1(~r ; E0 ! E; t ), are
referred to as the isotropic scattering cross section and the anisotropic scattering

4This means that the neutron energy spectrum� (E) that appear in the transport equation
2.5, which in two-group theory become� g, is assumed to satisfy� 1 = 1 ; � 2 = 0 . Therefore, this
quantity itself does not appear in the �nal equations. Only its e�ect of removing all production of
thermal neutrons from �ssion remains.

5It should be mentioned that producing these "averaged" cross sections is quite involved [11,
ch.3]
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cross section, respectively. These two terms alone are often su�ciently accurate for
reactor calculations, and can be used to approximate the total group-averaged cross
section as

� s;g0! g(~r ; ~
 0 ! ~
 ; t) �
1

4�
[� s0;g0! g(~r ; t) + 3 � � s1;g0! g(~r ; t)] (2.11)

where� s0;g0! g(~r ; t) and � s1;g0! g(~r ; t) are both evaluated using the given formula for
group-averaged cross-sections. The meaning of the indicesg0 ! g follows from the
group-average formula for� s(~r ; E0 ! E; ~
 0 ! ~
 ; t) [11, p.78-81].

2.3.2 The Di�usion approximation

The Di�usion approximation in reactor theory is the assumption that a certain
relationship between� and ~J, called Fick's law, holds true. The validity of this as-
sumption, in turn, presupposes a long list of quite restrictive assumptions. However,
derivations starting from these assumptions lead to results which, after further con-
sideration, makes it clear that some of them can be relaxed, thereby extending the
applicability of Fick's law and the di�usion equation derived with it [10, p.100-110],
[14, p.125-132]. Fick's law states that6

~Jg(~r ; t) = � Dg(~r ; t) ~r � g(~r ; t); (2.12)

where Dg(~r ; t) is called the di�usion coe�cient of group g, having units of length.
For the sake of completeness, at this point the de�nition of the group-averaged
di�usion coe�cient is given;

Dg(~r ; t) =

REg� 1
Eg

D(~r ; E; t )





 ~r � (~r ; E; t )






 dE






 ~r � g(~r ; t)








(2.13)

As was mentioned in the introduction to this section, applying the di�usion ap-
proximation to the transport equation entails integrating the equation overS2, i.e.
applying

R
S2 d2~
 to the equation. Looking at each term in equation 2.5, we see im-

mediately that the fourth term just gets multiplied by 4� . Recalling the de�nition
of the scalar neutron �ux from equation 2.2, we see that the integration of any term
whose sole dependence on~
 comes from g(~r ; ~
 ; t) has the e�ect of simply exchang-
ing  g(~r ; ~
 ; t) with � g(~r ; t). This leaves only the second and �fth terms requiring
further treatment.

To integrate the second term, note that~
 is independent of~r and recall the basic
result from vector calculus~r � f (~r ) ~A (~r ) = ~A (~r ) � ~r f (~r ) + f (~r ) ~r � ~A (~r ), giving that
~
 � ~r  g(~r ; ~
 ; t) = ~r � ~
  g(~r ; ~
 ; t). We get that

Z

S2

~
 � ~r  g(~r ; ~
 ; t) d2~
 = ~r �
Z

S2

~
  g(~r ; ~
 ; t) d2~
 = ~r � ~Jg(~r ; t); (2.14)

6One of the initial assumptions that is eventually relaxed is that of steady-state conditions.
Here the time-dependence is included from the start.
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where equation 2.3 was used in the �nal step. Fick's law now gives

~r � ~Jg(~r ; t) = � ~r � Dg(~r ; t) ~r � g(~r ; t) (2.15)

This term is referred to as the streaming term in the di�usion equation. It physically
corresponding to transfer type phenomena7.

Integrating the sixth term can be done by assuming8 both an isotropic medium as
well as the further assumption of isotropic scattering in the lab frame [11, p.205].
Using the same Legendre expansion as was introduced in equation 2.9 this means
� s(~r ; E0 ! E; ~
 0 ! ~
 ; t) = 1

4� � s0(~r ; E0 ! E; t ). This of course makes the integra-
tion trivial;

Z

S2

Z

S2

Z

R+
� s(~r ; E0 ! E; ~
 0 ! ~
 ; t) (~r ; ~
 0; E0; t) d2~
 d2~
 0dE 0

=
Z

S2

Z

R+
� s0(~r ; E0 ! E; t ) (~r ; ~
 0; E0; t) d2~
 0dE 0

=
Z

R+
� s0(~r ; E0 ! E; t )� (~r ; E0; t) dE 0 =

GX

g0! g

� s0;g0! g(~r ; t)� g(~r ; t)

(2.16)

At this point, every term in the transport equation 2.5 that is ultimately relevant
to this thesis has been treated using the di�usion approximation scheme, giving us
the di�usion equation. It is now is stated in its most general form, using general
multi-group formalism, without precursors9;

"
1
vg

@
@t

� ~r � Dg(~r ) ~r � � t;g (~r ; t)

#

� g(~r ; t) =

� g(~r )
GX

g0=1

� g0(~r )� f;g 0(~r ; t)� g0(~r ; t)+

GX

g0=1

� s0;g0! g(~r ; t)� g(~r ; t)

(2.17)

Further discussion of the terms in the equation is done in the �nal section of this
chapter, when all details are in place.

It was mentioned at the beginning of this section that Fick's law is only valid under
certain conditions, and in turn the di�usion equation as well. The assumptions
made in the literature for the derivation of the di�usion equation are the following:
and in�nite and homogeneous medium without neutron sources, isotropic scattering
in the lab frame, steady-state conditions and slowly varying �ux as a function of
position. These restrictions are however relaxable, such that Fick's law can be
considered valid over distances of a few mean free paths of the neutrons, which is
su�cient for the types of situations considered here [10, p.105-106], [11, ch.4.1].

7Looking back at �gure 2.1 this term corresponds to all green type phenomena. This might
seem intuitively clear, given its close resemblance to a standard Laplacian type term.

8It is mentioned that this way of introducing the di�usion approximation is equivalent to a more
rigorous mathematical approach relying of �rst deriving the P1 approximation of the transport
equation and making one further approximation on the anisotropic transfer of neutrons [11, ch 4.1]

9The source term that was mentioned in footnote 3 would now have the formsg(~r ; t).
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2.3.3 Feedback term

Feedback coe�cients, also called reactivity coe�cients, can be used to model any
variation of the material properties of the system, caused by variations of the state
of the system. There are several standardized types of coe�cients corresponding
to cross-section changes due to changes in reactor core pressure, fuel temperature,
gaseous voids in the coolant, and more [10, p.167].

The choice of feedback coe�cients to approximate such material property depen-
dencies is an important one, since it potentially allows for substantial reductions in
computational cost and complexity without substantial loss in physicality, or be-
cause it is necessary to make a speci�c simulation possible when certain data is
unavailable, etc. In essence, this is done by replacing the exact material property
dependencies of the state within some region of the state space, with some super-
position of so-called feedback terms which are linear or of low order in the feedback
coe�cient and the state variables.

The dynamical equations treated in this thesis employs a single feedback term with
linear dependence on the �ux� g(~r ; t). The feedback coe�cient itself should be un-

derstood to have the general structure� g! g0(~r ) = �
@� a;g 0(~r )

@�g
f g(~r )10 wheref g(~r ) is an

arbitrary shape function, here taken as the equilibrium state �uxf g(~r ) � � eq;g(~r )11.
This incurs on the feedback term a functional dependence of the equilibrium state
�ux of the system. The value of

@� a;g 0(~r )
@�g

is assumed to be known and the feedback
coe�cient has units of a macroscopic cross section. Using all of the above, the �ux
feedback term can be written in full generality as

� g! g0(~r )( � g(~r ; t) � � eq;g(~r )) = �
@� a;g0(~r )

@�g
� eq;g(~r )( � g(~r ; t) � � eq;g(~r )) ; (2.18)

The value of� g! g0(~r ) describes the variation in reaction rate of energy groupg0 due
to variation of the �ux of energy group g. It should be noted that the second term
in equation 2.18 is time-independent, contributing an a�ne term to the system of
equations from the perspective of time-integration.

2.3.4 Xenon Dynamics & Coupling

This is the last component of the dynamical equations that needs to be explained.
From a computational point of view it is arguably the most interesting component
as well, since it provides the equations with a non-linear term. The coupling of the
dynamics of the135Xe and 135I concentrations to the scalar neutron �ux comes into
play as the time-dependence of the thermal macroscopic absorption cross-section

10Due to limitations in the development data-set, only a single number inputted asdSIGa_dphi
to the solver have been available during development in place of the space and group dependent
quantities

@� a;g 0(~r )
@�g

. The software has been written with the general quantities in mind however,
and in all following discussions of theory and numerical implementations the general quantity is
considered.

11The steady-state or equilibrium state, � eq;g(~r ), is further discussed in section 2.4.
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� a;2(~r ; t), modelling the e�ect of 135Xe on the chain reaction as a neutron poison,
an e�ect that was discussed in section 1.3. The macroscopic cross-section in energy-
group g of reaction type � due to all present species labeledX with atomic con-
centrations NX (~r ; t) and with associated� -reaction microscopic cross-section� �X;g ,
can be generally expressed as [11, p.30]

� �;g (~r ; t) =
X

X

NX (~r ; t)� �X;g : (2.19)

Since here only the e�ect of species135Xe on the thermal absorption macroscopic
cross-section is considered, some simplifying notation is introduced. Using the no-
tation

N135 Xe(~r ; t) � X (~r ; t) and � a135 Xe;2 � � X ; (2.20)

and assuming that the thermal absorption cross-section of the fuel without any poi-
soning, denoted� a;2;wox (~r ), is time-independent, the total time-dependent thermal
absorption cross-section can be written

� a;2(~r ; t) = � a;2;wox (~r ) + � X X (~r ; t): (2.21)

This coupling introduces the need to simulate the time-evolution of the concentration
of 135Xe. Given the discussion of the dynamics of135Xe from section 1.3 one realizes
that those dynamics are themselves dynamically coupled to the concentration of
135I. Using the quantities de�ned there, the dynamics of the Iodine concentration,
denotedI (~r ; t), can be expressed as

@
@t

I (~r ; t) = 
 I

X

g
� f;g (~r ; t)� g(~r ; t) � � I I (~r ; t); (2.22)

where� I is the decay constant for135I to decay to 135Xe, deducible from the known
half-life of T1=2 = 6:7 hours as� I = ln 2

T1=2
. Similarly, from the known half-life of 135Xe

being9:2 hours, its decay constant can be deduced, denoted� X . Furthermore, with
the discussion in section 1.3 still in mind, with special emphasis on the concept of the
burn-o� of the Xenon due to absorption which itself is described by the absorption
reaction rate, the dynamical equation for the135Xe concentration is expressed as

@
@t

X (~r ; t) = 
 X

X

g
� f;g (~r ; t)� g(~r ; t) + � I I (~r ; t) � � X X (~r ; t) � � X X (~r ; t)� 2(~r ; t):

(2.23)
It should certainly be noted that this equation is non-linear if one considers� 2(~r ; t)
to be an independent variable, due to the �nal term on the RHS. Equations 2.22 and
2.23 together constitute the complete dynamical equations of the135Xe concentration
in the �nal model under consideration.

2.4 Dynamical Equations to be solved

The dynamical equations that this thesis pertains to are now presented. There is
some new notation in the equations here that is clari�ed below. These equations
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are obtained from the neutron transport equation 2.5 by introducing the two-group
formalism12, the di�usion approximation 13, the feedback term14 and the Xenon cou-
pling15. The equations state that:

1
v1

@
@t

� 1(~r ; t) =
h
~r � D1(~r ; t) ~r + � � 0

f; 1(~r ; t) � � a;1(~r ; t) � � r (~r ; t)
i
� 1(~r ; t)

+ � � 0
f; 2(~r ; t)� 2(~r ; t)

+ � 1! 1(~r )( � 1(~r ; t) � � eq;1(~r )) + � 2! 1(~r )( � 2(~r ; t) � � eq;2(~r ))
1
v2

@
@t

� 2(~r ; t) = � r (~r ; t)� 1(~r ; t) +
h
~r � D2(~r ; t) ~r � � a;2;wox (~r ; t)

i
� 2(~r ; t)

+ � 1! 2(~r )( � 1(~r ; t) � � eq;1(~r )) + � 2! 2(~r )( � 2(~r ; t) � � eq;2(~r ))

� � X X (~r ; t)� 2(~r ; t)
@
@t

I (~r ; t) = 
 I � 0
f; 1(~r ; t)� 1(~r ; t) + 
 I � 0

f; 2(~r ; t)� 2(~r ; t) � � I I (~r ; t)

@
@t

X (~r ; t) = 
 X � 0
f; 1(~r ; t)� 1(~r ; t) + 
 X � 0

f; 2(~r ; t)� 2(~r ; t) + � I I (~r ; t) � � X X (~r ; t)

� � X X (~r ; t)� 2(~r ; t):
(2.24)

As per the thesis objective (see section 1.1.3), these equations are solved using
Marshak boundary conditions;

~Jg(~r b; t) � ~nb =
1
2

� g(~r b; t); 8t; (2.25)

where ~r b is a point on the system boundary and~nb is the outwards normal at
that point. This boundary condition is invoked as part of the spatial discretiza-
tion, discussed in section 3.1. While solving for� g(~r ; t); I (~r ; t) and X (~r ; t), all other
quantities are known at all times16. It is mentioned at this point that any and all
time-dependencies of the di�usion coe�cients and cross-sections are strictly simul-
taneous step function changes due to insertion of withdrawal of control rod banks.
In between such discrete changes to the system, they can all be thought of as time-
independent with known values, and when denoted without time-dependence, such
an intermediate �xed value is considered. The new notation appearing here is the
e�ective multiplication factor -scaled �ssion cross-sections and the removal cross
section, the latter de�ned in terms of the scattering cross-sections and the �uxes;

� 0
f;g (~r ; t) �

� f;g (~r ; t)
kef f

(2.26)

� r (~r ; t) � � s0;1! 2(~r ; t) �
� s0;1! 2(~r ; t)� 2(~r ; t)

� 1(~r ; t)
(2.27)

12See section 2.3.1 and equations 2.8,2.11 and 2.13 in particular.
13See section 2.3.2 and equation 2.17 in particular.
14See section 2.3.3 and equation 2.18 in particular.
15See section 2.3.4 and equations 2.22 and 2.23 in particular.
16A caveat is that actually only � a;2;eq(~r ) � � a;2;wox (~r ) + � X X eq(~r ) is assumed known at all

times. � a;2;wox (~r ) has to be computed after solving for the steady-state and calculatingX eq(~r ).
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To calculate the time-evolution according to equations 2.24, �rst the steady-state
and e�ective multiplication factor � eq;g(~r ) and kef f are found by solving 2.24 with
vanishing time derivatives and without any control rod perturbation. It is enough
to solve for the equilibrium �ux because the equilibrium concentrationsI eq(~r ) and
X eq(~r ) can then be found by direct calculation. Setting the time derivatives in 2.24
to zero, rearranging the equation and expressing the two �ux equations in matrix
form gives the equations for� eq;g(~r ) and kef f as the eigenvalue problem17:

 "
~r � D1(~r ) ~r

~r � D2(~r ) ~r

#

+

"
� � a;1(~r ) � � r (~r )

� r (~r ) � � a;2;eq(~r )

#!"
� eq;1(~r )
� eq;2(~r )

#

= �
1

kef f

"
� � f; 1(~r ) � � f; 2(~r )

#"
� eq;1(~r )
� eq;2(~r )

#

()
�

~r � D (~r ) ~r + � (~r )
�
~� eq(~r ) = �

1
kef f

� F(~r )~� eq(~r )

() M (~r )~� eq(~r ) = �
1

kef f
� F(~r )~� eq(~r )

=) � M (~r )� 1� F(~r )~� eq(~r ) � A (~r )~� eq(~r ) = kef f
~� eq(~r )

(2.28)
In general, the operatorA (~r ) = � M (~r )� 1� F(~r ) has an in�nite set of eigenvalue and
eigenvector pairskn ; ~� n (~r ). Solving this eigenvalue problem for the eigenvalue and
eigenvector pair corresponding to the largest eigenvalue, sayk0 > k n� 1, gives the
fundamental mode18 which is the steady-state �ux and the e�ective multiplication
factor [11, p.112]. With these quantities, the equilibrium concentrations ofI eq(~r )
and X eq(~r ) are calculated from equation 2.24 with vanishing time derivatives, which
after rearrangement gives the equilibrium concentrations as:

I eq(~r ) =

 I

� I

"
� f; 1(~r )

kef f
� eq;1(~r ) +

� f; 2(~r )
kef f

� eq;2(~r )

#

X eq(~r ) =

 X

� X + � X � eq;2(~r )

"
� f; 1(~r )

kef f
� eq;1(~r ) +

� f; 2(~r )
kef f

� eq;2(~r )

#

+
� I I eq(~r )

� X + � X � eq;2(~r )
(2.29)

At this point equation 2.24 can be solved for the time-evolution of� g(~r ; t); I (~r ; t)
and X (~r ; t). The numerical implementation of the steady-state solver and the time-
dependent solver is the topic of the next chapter. For the sake of completeness, a
brief discussion of the physical interpretation of the terms appearing in equations
2.24 and 2.28 is now given.

2.5 Interpretation & Discussion of terms

An interpretation of the terms appearing in equation 2.24 can be done by inter-
preting the e�ect of the matrix operators de�ned in the second step of equation

17The de�nition of the matrix quantities in the second step is given by matching terms between
the �rst and second steps of the �rst equivalence. Furthermore, M (~r ) �

�
~r � D (~r ) ~r + � (~r )

�

18Only this solution is of interest here, motivating the use of kef f and � eq;g(~r ) in equation 2.28
instead of the general expression.
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2.28 when acting on an arbitrary �ux state ~� (~r ; t) = [ � 1(~r ; t); � 2(~r ; t)]T . The phe-
nomenological categories of transfer, production and disappearance referred to here
were introduced in equation 2.4 and �gure 2.1.

The �ssion operatorF(~r ) gives the total local �ssion reaction rateF(~r )~� (~r ; t). Multi-
plied by the average number of neutrons produced by �ssion� , which is here assumed
spatially invariant due to limitations in the development data-set, this operator gives
the local production of neutrons due to �ssion of the state as� F(~r )~� (~r ; t). When
multiplied by the �ssion yield 
 I the �ssion operator gives the total local production
of 135I as 
 I F(~r )~� (~r ; t). Similarly, 
 X F(~r )~� (~r ; t) gives the total local production of
135Xe. Regarding the scaled �ssion operatorF0(~r ) = 1

kef f
F(~r ), from a physical per-

spective this essentially changes the physical system such that it is exactly critical.
Criticality is an important topic in reactor theory in general but it is not essential to
this thesis, as all time-evolution simulations use thekef f -scaled �ssion cross-sections
meaning the system at the start of the simulations is always critical. For this reason,
the topic of criticality is not discussed further in this report.

The streaming operator ~r � D (~r ) ~r gives the total local transfer of neutrons as
~r � D (~r ) ~r ~� (~r ; t), and is due to the motion of neutrons through the boundary of an
in�nitesimal volume about ~r . For computational considerations this term requires
special attention due the the spatial derivatives. After spatial discretization using
�nite di�erences as in CORE SIMas discussed in section 3.1, the matrix that this
operator corresponds to has a non-trivial and non-standard banding structure.

The operator19 � (~r ) gives the local production and disappearance of fast and ther-
mal neutrons due to absorption and scattering as the two components of� (~r )~� (~r ; t).
From the discussion of the Legendre expansion coe�cients (equation 2.10) and the
de�nition of the removal cross section� r (~r ) given in equation 2.27, it is clear that
� r (~r ) describe the net scattering of neutrons from the fast group to the thermal
group.

The feedback term� g! g0(~r )( � g(~r ; t) � � eq;g(~r )) linearly models the dependency of
the macroscopic absorption cross-section� a;g(~r ; t) on the current �ux state relative
to the equilibrium �ux. The total core power P = P(t) is a functional of the state
variable ~� (~r ; t) where P[~� ] =

R
core d3~r � (~r )

P G
g=1 � f;g (~r )� g(~r ; t). From this expres-

sion, it is easy to see thatP[~� ] � P[~� eq] = P[~� � ~� eq], and it follows that the current
power level relative to equilibrium power at any one point in space at any one mo-
ment in time is directly proportional to � g(~r ; t) � � eq;g(~r ). This gives some indication
that this feedback will vary with the current power relative to steady-state power in
such a way that it tends to draw the state towards the steady-state with a strength
that increases with deviation from the steady-state.

19Unlike the �ssion operator and the streaming operator, this operator does not have a stan-
dardized name
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3
Numerical Implementations

This chapter is divided into four main sections. The �rst section is primarily on
spatial discretization, whereCORE SIMis followed closely to ensure the requisite
compatibility as per the thesis objective from section 1.1.3. The second section is
on numerically solving the steady-state problem de�ned in equations 2.28 and 2.29.
The third section is on numerically solving the time-dependent non-linear equations
2.24 in detail, taking up the bulk of this chapter. This section introduces some
standardized mathematical formalism for solving large systems of non-linear equa-
tions. Time-discretization methods of the dynamical equations are discussed, with
particular focus on the implicit Crank-Nicholson method and the implicit backward
Euler method, both of which are implemented. The Newton iterations at the heart
of the time-integration algorithm are discussed, with accompanying discussions of
the residual vector~H (~x) of the time-discretized dynamical equations and the corre-
sponding JacobianJ ~H (~x), for any time-discretization method. The implementation
of time-dependent perturbations in the form of control rod bank insertions are dis-
cussed. The inclusion of variable time-stepping is discussed. The fourth section
is on the time-integration implementation in MatLab, and speaks in terms of code
instead of mathematics. Pseudo-code for the time-integration algorithm is given,
accompanied by a discussion of some of the details of algorithm.

3.1 Spatial Discretization Algorithm

The algorithm employed here is described in detail in the article published alongside
the release ofCORE SIM[9], and an even more detailed description is available in
a document distributed together with CORE SIM. Therefore, only a basic outline of
the algorithm that closely follows the article is given here.

The algorithm for spatial discretization presumes that any three-dimensional system
consists ofN adjacent volumes, or nodes, arranged in an array where noden has
cartesian indexes(I; J; K ), i.e. n = n(I; J; K ). The dynamical equations from
section 2.4 are spatially-averaged on each of these nodes, resulting in systems of
equations involving all nodes. As with the multi-group formalism from section 2.3.1,
the de�nition of the node-averaged quantities ensure the preservation of reaction
rates. Any dependence on~r is replaced by a dependence on noden where
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3. Numerical Implementations

� g;n(t) �
1
Vn

Z

Vn

� g;n(t) d3~r (3.1)

� g;n(t) �
1

Vn

R
Vn

� g;n(t)� g;n(t) d3~r

� g;n(t)
(3.2)

A valid1 3D-system hasNx � 3; Ny � 3 and Nz � 3 nodes along each cartesian
dimension andN � NxNyNz nodes in total. The node enumeration is generally
done by iterating through the (I; J; K )-indices of the inputted arrays such that the
IJ -planes are stored contiguously in memory and such thatK = 1; ::; Nz. This
follows the standard that node enumeration in thez-direction goes from the inlet
to the outlet of the reactor core.

The node-averaging transforms the steady-state equations 2.28 for the �ux state
variable ~� (~r ) = [ � 1(~r ); � 2(~r )]> into a set of 2N coupled equations for the quan-
tities f � 1;ngN

n=1 and f � 2;ngN
n=1 . This motivates introducing notation for the total

transformed �ux state variable ~x 2 R2N , de�ned in terms of the node enumeration
as

~x �
h
x1 � � � xN xN +1 � � � x2N

i >
=

h
� 1;1 � � � � 1;N � 2;1 � � � � 2;N

i >

() xn+( g� 1)N = � g;n;
1 � n � N

g = 1; 2

(3.3)

Later on when treating the time-dependent case, the node-averaged system state~x
will be rede�ned to include the node-average transformed state variablesI (~r ; t) and
X (~r ; t).

The node-averaging induces a transformation of all terms in the equations found in
section 2.4. Most terms in the dynamical equations 2.24 are identical in form to
the ones found in the steady-state equations 2.28 and 2.29, allowing us to focus on
the latter for now. The induced transformation of the matrix elements in equation
2.28 for any one node-enumeration trivially gives a diagonal matrix with the node-
averaged macroscopic cross-section values along the diagonal. The only exception
is the streaming operator, which is now given special attention.

By using a �nite di�erence scheme, using the box-scheme2, and by invoking Marshak
boundary conditions (see equation 2.25) at the periphery of the system, the node-
averaged streaming term can be approximated according to equation 3.4 using the
so-called coupling coe�cientsa@

g;n; b@
g;n; c@

g;n found in table 3.1;

�
1
Vn

Z

Vn

~r � Dg(~r ; t) ~r � g(~r ; t) d3~r =

=
X

@= x;y;z

h
a@

g;n(t)� g;n(t) + b@
g;n(t)� g;n+1 (t) + c@

g;n(t)� g;n� 1(t)
i (3.4)

1N@ � 3 is necessary for the spatial �nite di�erence scheme.
2This is the assumption that the scalar neutron �ux in the center of each node equals the

node-averaged value
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b@
g;n a@

g;n c@
g;n

If node n � 1 does not exist
� 2D g;n

(� @)2
D g;n +1

D g;n + D g;n +1

2D g;n

(� @)2

�
D g;n +1

D g;n + D g;n +1
+ � @

4D g;n +� @

�
0

If nodes n � 1 and n + 1 both exist
� 2D g;n

(� @)2
D g;n +1

D g;n + D g;n +1

2D g;n

(� @)2

�
D g;n +1

D g;n + D g;n +1
+ D g;n � 1

D g;n + D g;n � 1

�
� 2D g;n

(� @)2
D g;n � 1

D g;n + D g;n � 1

If node n + 1 does not exist
0 2D g;n

(� @)2

�
D g;n � 1

D g;n + D g;n � 1
+ � @

4D g;n +� @

�
� 2D g;n

(� @)2
D g;n � 1

D g;n + D g;n � 1

Table 3.1: Coupling coe�cients in the @= ( x; y; z)-direction for node n. As
seen in the RHS of equation 3.4, these coe�cients are the elements of the matrix
corresponding to the spatially discretized streaming operator� ~r � D (~r ) ~r . For
a general three-dimensional system, the resulting streaming matrix has non-trivial
banding structure.

It should be mentioned that any and all matrices representing operators that act on
the total system state~x have to be stored as sparse matrices at all times, including
during initialization. This is by necessity due to RAM-constraints.

3.2 Steady-State Solver

Since all individual matrix elements appearing in the �rst equality in equation 2.28
except for the elements of streaming operator transform into diagonal matrices of
sizeN � N and the elements of the transformed streaming operator can be found
using table 3.1, it is clear that the same steps as in 2.28 give the transformed steady-
state equations in the form of the eigenvalue problemA ~x = k~x, where the de�nition
of terms is analogous to those introduced in the �nal equality of the equation. The
matrix in this eigenvalue problem,A 2 R2N � 2N , is thus A = ( M � 1)( � � F).

As was mentioned in section 2.4, the steady-state solution~xeq and e�ective multi-
plication factor kef f corresponds to the pair of eigenvector and eigenvalue with the
largest eigenvalue. To solve this system of equations one needs to be able to evaluate
M � 1, which is done by means of LU-decomposition ofM , such that

LU = PMQ ; (3.5)

whereP and Q are row and column permutation matrices, respectively. This pre-
serves sparsity of the matrixM and allows its inverse to be evaluated through
backward and forward substitutions as

�
M � 1

�
~y = Qf U n[Ln(P~y)]g: (3.6)

Thus, the result of the matrix-vector operationA ~x can be evaluated as a vector
function of any state~y as

~A (~y) � Qf U n[Ln(P(� � F~y))]g (3.7)
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As in CORE SIM, the LU-decomposition is done by calling[L,U,P,Q] = lu(M) in
MatLab[18]. At this point the steady-state solver written here deviates fromCORE
SIM. The solution to the eigenproblem~xeq; kef f is obtained by calling the function
eigs in MatLab, whereasCORE SIMuses a hand-coded Arnoldi-Krylov method to
obtain an arbitrary number of higher eigenstates as well as the fundamental mode.
To ensure compatibility with CORE SIM, a limited version of the Arnoldi-Krylov
method for calculating only the fundamental mode has been implemented as well.

When the eigenproblem has been solved giving~xeq; kef f , �rst the system is scaled
to be critical, secondly the physical values of the steady-state �uxes are obtained
by scaling them to the total reactor power through a functional relationP[~xeq], and
then thirdly the physical values for the node-averaged states corresponding toI eq(~r )
and X eq(~r ) are calculated according to equation 2.29. More speci�cally, the follow-
ing procedure is applied:

The �rst step is to scale the �ssion cross-sections by the e�ective multiplication
factor according to equation 2.26:

� 0
f;g;n �

1
kef f

� f;g;n (3.8)

The second step is to enforce that the total power produced by the reactor in the
steady state equals full nominal powerPwr. This gives the power-scaling coe�cient
PwrScaling as:

PwrScaling =
Pwr

P N
n=1 � nVn

P 2
g=1 � 0

f;g;n xeq;n+( g� 1)N

=) ~� eq � PwrScaling � ~xeq;
(3.9)

whereVn = DxDyDz and � n are the volume and steady-state power per �ssion event
of noden, respectively. Here, all ofPwr,Dx ; Dy; Dz and � n

3 are input-data.

The third and �nal step of the steady-state solver is to �nd the node-averaged values
of the concentrations of135I and 135Xe from equations 2.29, which at this point have
been transformed into

I eq;n =

 I

� I

h
� 0

f; 1;n � eq;1;n + � 0
f; 2;n � eq;2;n

i

X eq;n =

 X

h
� 0

f; 1;n � eq;1;n + � 0
f; 2;n � eq;2;n

i
+ � I I eq;n

� X + � X � eq;2;n
:

(3.10)

3.3 Time-dependent Solver

The general total state~x of the reactor core, which was originally de�ned in equation
3.3, is now re-de�ned by straight-forwardly appending to it the node-averaged values

3For clarity, as � � f;g;n is provided as input, the expected data is actually � n
� .
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of the concentrations of135I, denoted I n and 135Xe denotedX n , in that order. The
general dynamical state vector~x(t) 2 R4N obtained is thus de�ned as

~x(t) �
h
x1(t) � � � x4N (t)

i >

=
h
� � � � 1;n (t) � � � � 2;n (t) � � � I n (t) � � � X n (t) � � �

i >

() xn+( k� 1)N (t) =

2

6
6
6
4

� 1;n (t); k = 1
� 2;n (t); k = 2
I n (t); k = 3
X n (t); k = 4

3

7
7
7
5
; 1 � n � N:

(3.11)

To simplify expressions when appropriate, the equivalent decomposition of the total
dynamical state ~x(t) into each of the four dynamical variables~x i (t) 2 RN ; i =
1; 2; 3; 4 will be used, where

~x(t) =
h
~x1(t) ~x2(t) ~x3(t) ~x4(t)

i >
=

h
~� 1(t) ~� 2(t) ~I (t) ~X (t)

i >
: (3.12)

Following the notational standard for time-dependent non-linear systems established
in [12, ch.3], the system dynamics that are to be time-integrated can in their most
general form be written in terms of a relation between the time-derivative of the
system state and a vector-valued function of the state as well as time;

d~x(t)
dt

= ~F(~x(t); t): (3.13)

Any eventual linear part of these dynamics, described by a linear time-dependent
operator4 L(t), can be separated from any non-linear part denoted~N (~x(t); t), giving
the general decomposition [12, p.19]

~F(~x(t); t) = L(t)~x(t) + ~N (~x(t); t): (3.14)

Recalling the discussions from sections 2.4, 3.1 and 3.2 and looking back at the
general expressions for the dynamical equations 2.24 where the �rst and second
equations are now multiplied byv1 and v2, respectively, it is clear that all terms
appearing in the system of equations are linear except for the non-linear coupling
terms5 � v2� X

~� 2(t) � ~X (t) and � � X
~� 2(t) � ~X (t) in the second and fourth equations

and the a�ne feedback terms � g! g0

�
~� g(t) � ~� eq;g(t)

�
in the �rst and second equa-

tions. Furthermore, all individual linear terms appearing in equations 2.24 except
the streaming terms are transformed into diagonal matrices of sizeN � N , due to
the node-averaging and the streaming operator matrix elements can be found using
table 3.1 just as before. These terms taken together give rise to4N � 4N matrices,
which except for the streaming matrix is �lled with blocks of diagonalN � N -
matrices. For now it is stated as a fact that the linear operatorL(t) 2 R4N � 4N

is explicitly known at all times from the input-data alone, where discussion of the

4It should perhaps be mentioned that the sparsity pattern of this operator is time-independent
and is always highly sparse, having only 0.0043% nonzero elements for the development data-set.

5The Hadamard product ~w = ~v � ~u is just element-wise multiplication, corresponding to .* in
MatLab.
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time-dependent perturbations simulating control rod insertions, which are causing
all time-dependencies ofL , are postponed until section 3.3.3.

By choice, the a�ne feedback term is grouped together with the properly non-linear
coupling terms in the total non-linear contribution to equation 3.14, which evidently
lacks any explicit time-dependence, i.e.~N (~x; t) = ~N (~x). This term is expressed as
a matrix N 2 R4N � 3N multiplied by a vector ~f (~x(t)) 2 R3N , the latter containing
essentially all non-linearity of the system dynamics and is de�ned as

~f (~x(t)) �
h
(~x1(t) � ~xeq;1) (~x2(t) � ~xeq;2) ~x2(t) � ~x4(t)

i >
: (3.15)

All nonzero elements of the matrixN then consist of six di�erent diagonal matrices
N pq 2 RN � N , where N 11; N 12; N 21 and N 22 have the appropriate feedback coe�-
cients along their diagonals whileN 23 and N 43 are both simply the identity matrix
scaled by the appropriate factors for the two coupling terms, i.e

N gg0 = diag(
h
� � � vg� g0! g;n � � �

i
); g; g0 = 1; 2

N 23 = � v2� X 1N � N and N 43 = � � X 1N � N :
(3.16)

The resulting expression for the non-linear term is:

~N (~x ; t) = N~f (~x (t)) =

2

6
6
6
4

N 11 N 12

N 21 N 22 N 23

N 43

3

7
7
7
5

2

6
4

~x1(t) � ~xeq;1

~x2(t) � ~xeq;2

~x2(t) � ~x4(t)

3

7
5 (3.17)

With the time-dependence of~x suppressed, equation 3.14 expressed in these new
quantities become

~F(~x; t) = L(t)~x + N~f (~x): (3.18)

Now we turn to the issue of time-integration of equation 3.13, starting with the
time-discretization.

3.3.1 Time-discretization methods

Discrete times are denotedtm and the time-step at timem is here de�ned asdtm �
tm+1 � tm . The time-step denotes �nite quantities. Any quantity evaluated at time
tm is denotedy(tm ) = ym . A generic form of the time-discretized equation 3.13
can be written using a �rst-order expansion of the time-derivative and a weighted
average of the RHS evaluated attm+1 and tm as

~xm+1 � ~xm

dtm
= � ~Fm+1 + (1 � � )~Fm (3.19)

where the weighting parameter� 2 [0; 1] speci�es the time-discretization method
itself [12, p.19].

Here, both the Crank-Nicholson method where� = 1
2 as well as the backward Euler

method where� = 1 have been implemented. Both are implicit methods and both
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are handled with the same method of time-integration, namely Newton iterations,
as in equation 3.25. The systems of non-linear equations that need to be solved in
each time-step for each of the methods are presented in the following, together with
a brief discussion of their respective properties. Except for some very speci�c tasks,
the Crank-Nicholson scheme turns out to be generally preferable here and can be
considered the primary method used for time-integration.

3.3.1.1 The Crank-Nicholson method

For � = 1
2 , equation 3.19 expanded using equation 3.18 gives

"

1 �
dtm

2
L m+1

#

~xm+1 �
dtm

2
N~f m+1 =

"

1 +
dtm

2
L m

#

~xm +
dtm

2
N~f m (3.20)

The Crank-Nicholson method is second order accurate in time [11, p.181]. This al-
lows the use of large time-stepsdtm such that typical Xenon oscillation simulations
have execution times of no more than a few minutes. This is why Crank-Nicholson
is preferred here.

Crank-Nicholson is vulnerable to slowly damped numerical oscillations, particularly
when a system undergoes a very sharp transient [15]. The control rod perturbations,
discussed in section 3.3.3, strongly su�er from this problem. It is crucial for the
sake of the simulation as a whole that this problem is alleviated somehow. The
implemented solution to this problem comes in the form of variable time-steps and
variable time-discretization method, and this is discussed in section 3.3.4.

3.3.1.2 The backward Euler method

For � = 1, equation 3.19 expanded using equation 3.18 gives
h
1 � dtmL m+1

i
~xm+1 � dtmN~f m+1 = ~xm (3.21)

The backward Euler method, also referred to as simply the Implicit method, is only
�rst order accurate in time. For physical accuracy to be guaranteed, this method
requires time-stepsdtm so small that the execution time of typical Xenon oscillation
simulations is on the order of days. However, this method is immune to numerical
oscillations, and it can be used to dampen such oscillations. This is further discussed
in section 3.3.4.

3.3.2 Time-integration method

Time-integration of the system dynamics speci�ed by equation 3.13 using any time-
discretization method parameterized by� , corresponds to repeatedly solving the
system of equations 3.19 to obtain the future state~xm+1 given the present state~xm

and the time-stepdtm . The algorithm that has been produced for this purpose relies
on expanding the residual~H (~xm+1 ) of equation 3.19 to �rst order about the current
state ~xm . Using that ~H (~xm+1 ) = 0 and then iteratively solving the obtained linear
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equation involving the JacobianJ ~H (~x) for � ~x, the solution ~xm+1 = ~xm + � ~x is ob-
tained. These iterations constitute the foundation of the produced time-integration
algorithm and are therefore discussed in more detail now.

Equation 3.19 can be rearranged to~xm+1 � �dt m
~Fm+1 = ~xm + (1 � � )dtm

~Fm for
any time-discretization method parameterized by� . The RHS, now denoted~b =
~b(~xm ; dtm ; � ), is independent of the future state and can thus be treated as a constant
vector when solving this equation for~xm+1 . Moving the RHS of this equation to the
LHS and expanding terms using equation 3.18 gives the de�ning expression for the
residual vector of this problem

~H (~x ) �
h
1 � �dt mL m+1

i
~x � �dt mN~f (~x ) � ~b: (3.22)

Clearly ~H (~x )
�
�
�
~x = ~x m +1

= ~0 since this is equivalent to equation 3.19 for any� . Solving

3.19 for~xm+1 given~xm and dtm is thus equivalent to solving the equation~H (~x ) = ~0.
To solve the latter equation, the residual is expanded about the current time-step

~H (~x ) = ~H (~xm ) + J ~H (~xm )� ~x + O
�
� ~x2

�
(3.23)

Evaluating this at ~xm+1 where ~H (~xm+1 ) = 0 and truncating the expansion at �rst
order gives

J ~H (~xm )� ~x ' � ~H (~xm ): (3.24)

Iteratively solving this linear matrix equation for � ~x to �nd ~xm+1 is known as Newton
iterations [12, p.26-27], which as iterations ink can be formulated in this case as

~xm+1
k+1 = ~xm+1

k + � ~xk ; where ~xm+1
0 = ~xm and where � ~xk solves

J ~H (~xm+1
k )� ~xk = � ~H (~xm+1

k )
(3.25)

The core of the implemented time-integration algorithm are Newton iterations as
in equation 3.25. They require evaluating the Jacobian and solving the linear equa-
tion involving the Jacobian at each iteration. The structure of the node-averaged
time-dependent system of non-linear equations treated in this thesis allows the Ja-
cobian to be found analytically. Furthermore, the structure of the Jacobian enables
evaluating it in a computationally cheap way for any state~x . Some e�ort has gone
into taking maximal advantage of this, resulting in a somewhat delicate but highly
e�cient way to evaluate the Jacobian. For this reason, the Jacobian is now treated
in detail, both analytically and regarding the details of the implemented evaluation.

It should be noted that this method of performing the time-integration is di�erent
from the standard practice method using predictor-corrector approach, as one can
read about in [11, p.178-182]. The reason for this is the non-linear nature of the
dynamical equations that can be handled using a non-linear solver instead of the
classical approach.

3.3.2.1 About the Jacobian, J ~H (~x )

As is known from any course on elementary vector or multi-variable calculus, the
elementsJij (~x ) of the JacobianJ ~H (~x ) 2 R4N � 4N of the vector function ~H : R4N !
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R4N are

Jij (~x ) �
@Hi (~x )

@xj
(3.26)

The �rst task here is to �nd the Jacobian of the residual in equation 3.22. The third
term, � ~b, of the RHS vanishes, and the �rst term on the RHS has the formA ~x i.e.
a constant square matrixA times the input vector ~x of the residual. The Jacobian
of such an expression is simply the matrixA itself, which can easily be shown6. We
thus have that

J ~H (~x ) =
h
1 � �dt mL m+1

i
� �dt mJN~f (~x ): (3.27)

The Jacobian of the non-linear term requires special attention. Looking back at
equations 3.15, 3.16 and 3.17 it is clear from inspection that for the purposes of
calculating the Jacobian, the a�ne feedback term is more appropriately thought of
as the sum of a constant vector, which vanishes, and a term which is just a con-
stant square matrix times the input vector. The feedback term thus contribute as a
constant matrix � �dt mN � to the Jacobian, with nonzero elements speci�ed by the
previously de�ned diagonal matricesN 11; N 12; N 21 and N 22 occupying theN � N -
blocks ofN � as indicated by their indices.

The non-linear coupling between the thermal �ux and the Xenon concentration gives
the only non-constant contribution � �dt mN � to the Jacobian. The 4N nonzero
elements7 of N � = N � (~x ) lie along the four diagonals which are contained within
the N � N -sized blocks and which have the values as indicated by

N � (~x ) = � � X

2

6
6
6
6
6
6
6
4

. . . . . . . . .

. . . v2~x4
. . . v2~x2

. . . . . . . . . . . .

~x4
. . . ~x2

3

7
7
7
7
7
7
7
5

(3.28)

The Jacobian J ~H (~x ) can thus be expressed in terms of a matrixJ1 and a state-
dependent matrix J2(~x ), both of which are de�ned through the following analytic
expression of the node-averaged Jacobian

J ~H (~x ) = J1 + J2(~x ) �
h
1 � �dt m

�
L m+1 + N �

�i
� �dt mN � (~x ) (3.29)

The matrix J1 is always constant throughout any one set of Newton iterations
since dtm ; � and L m+1 are all then �xed. Evaluating the full Jacobian J ~H at any
intermediate step can therefore be done by updating the small number of variable
elements ofJ ~H from the previous step. Maximally contiguous indices for the variable
Jacobian elements can easily be found from the sparse matrixN � in MatLaband such
an index-array can be used throughout the simulation. Moreover, as is made clear in

6For example, using Einstein notation; The result @xj
@xk

= � jk immediately gives that @Aik x k
@xj

=

A ik
@xk
@xj

= A ik � kj = A ij .
7A caveat to this is that not even all of these elements in the full Jacobian are variable; any

element corresponding to a re�ector node has vanishing Xenon-concentration always. This reduces
the actual number of nonzero elements even further in a predictable way.
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section 3.3.3, the matrixJ1 remains constant also in-between Newton iterations in
the vast majority of cases. To summarise; in this implementation the Jacobian can
always be evaluated exactly and this is cheap enough to never signi�cantly a�ect
overall performance.

3.3.3 Time-dependent Perturbations - Control Rods

Collections of control rods called banks with individually speci�able insertion levels
can be inserted into the reactor core. All banks are inserted simultaneously for any
amount of time until they are all simultaneously withdrawn. Rods can be inserted
either from the top or from the bottom. For an individual node a rod is considered
either fully inserted or not inserted at all at any one time. The presence of a control
rod in a node is modelled as a fractional change to the cross-sections and di�usion
coe�cients of that node. The fractions by which each material property should
change are speci�ed as an input to the solver, and a complete speci�cation of the
nodes that belong to each bank is also an input to the solver. For the development
data-set, the fractions were obtain from [13].

The insertion of the control rods thus have the e�ect of transforming the system
matrix without the perturbation, denoted as L, according to

L 7! L 0 = L + � L (3.30)

Therefore the total time-dependence ofL(t) due a control rod perturbation, where
insertion happens att = t i and withdrawal happens att = tw , can be expressed
using Heaviside step functions as

L(t) = L + � (t � t i )� (tw � t)� L (3.31)

If the corresponding discrete time-steps of insertion and withdrawal have indices
mi and mw , the time-discretized version can be expressed using Kronecker delta
functions as

L m = L +
�
� m

m i <m 0<m w

�
� L ; where � m

m i <m 0<m w
�

mw � 1X

m0= m i +1

� m
m0 (3.32)

The reason for the exact index bounds will be made clear shortly, in the next section.
The induced transformation on the system dynamics, equation 3.13, is straight-
forward. The following general expression for the residual, equation 3.22, and for
the Jacobian, equation 3.13, for any time-stepdtm and time-discretization method
� , are

~H m (~x ) =
h
1 � �dt m

�
L +

�
� m+1

m i <m 0<m w

�
� L

�i
~x � �dt mN~f (~x )

�
h
1 + (1 � � )dtm

�
L +

�
� m

m i <m 0<m w

�
� L

�i
~xm � (1 � � )dtmN~f m

Jm
~H (~x ) = J1 +

�
� m

m i <m 0<m w

�
� J1 + J2(~x );

(3.33)

where the de�nition of the induced transformation term in the Jacobian is� J1 �
� �dt m � L . At this point, all quantities that are ever used throughout the simulation
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have been introduced. It remains to discuss how the quantities� L are calculated.

The value of any material property of type� at node n when the node is occupied
by a control rod is denoted� in

�;n and otherwise it is denoted� out
�;n . The fractions that

need to be inputted are the single numbers� � that satisfy

� � =
� in

�;n � � out
�;n

� out
�;n

=) � in
�;n = (1 + � � )� out

�;n : (3.34)

With the insertion levels of every bank also speci�ed in the options of the solver, the
matrix L 0 = L + � L is calculated from scratch, the same way thatL is calculated.
The matrix � L is then calculated simply as� L = L 0 � L .

3.3.4 Variable time-step dtm

It was mentioned in sections 3.3.1.1 and 3.3.1.2 that the control rod perturbations
discussed above have a strong tendency to produce numerical oscillations when using
Crank-Nicholson time-discretization, and that it is absolutely necessary to �x this
problem for the simulations to work properly. This is a well known issue with the
Crank-Nicholson method and several ways of damping the oscillations have been
proposed [15]. Many of the proposed solutions involve running a relatively small
number of extremely short time-steps immediately as the sharp system transient is
engaged, using the Crank-Nicholson method. Another typical ingredient to the pro-
posed solutions involve taking one or perhaps two initial steps using the backward
Euler method, thereby strongly damping the oscillations. This latter method is al-
lowable while preserving the global second order accuracy of the entire simulation
since the local error of the backward Euler method is still second order [15, p.814].

What is a good solution to the problem of numerical oscillations varies with the
perturbation. For this reason, the standard options of the solver allows two sets of
fast time-steps, each with its owndtm and � , to be used immediately as a pertur-
bation is applied to the system. If such a set or sets are chosen to be used, as soon
as control rods are inserted or withdrawn, all of the time-steps of the �rst set are
executed, immediately followed by the entire second set.

This explains the index bounds appearing in equation 3.32. Any perturbation is con-
sidered to happen at a speci�c moment in time with time-step indexmp, and then
to be felt by the system in the next time-step with indexmp + 1 and all subsequent
time-steps until withdrawal. This is necessary to ensure that the time-discretized
dynamical equation 3.19 are solved in the correct way at the exact moment of inser-
tion/withdrawal. The following equations illustrate the issue here by showing the
correct residuals before, at, and after the moment of perturbation. The quantities
� ,dtmp � 1; dtmp and dtmp +1 can all be di�erent for each of the residuals, due to the
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versatility of the solver:

tmp � 1 ! tmp : ~H mp � 1(~x ) =
h
1 � �dt mp � 1L

i
~x � �dt mp � 1N~f (~x )

�
h
1 + (1 � � )dtmp � 1L

i
~xmp � 1 � (1 � � )dtmp � 1N~f (~xmp � 1)

tmp ! tmp +1 : ~H mp (~x ) =
h
1 � �dt mp (L + � L)

i
~x � �dt mp N~f (~x )

�
h
1 + (1 � � )dtmp L

i
~xmp � (1 � � )dtmp N~f (~xmp )

tmp +1 ! tmp +2 : ~H mp +1 (~x ) =
h
1 � �dt mp +1 (L + � L)

i
~x � �dt mp +1 N~f (~x )

�
h
1 + (1 � � )dtmp +1 (L + � L)

i
~xmp +1 � �dt mN~f (~xmp +1 )

(3.35)

3.4 Time-integration in MatLab with pseudo-code

The heart of the solver is the algorithm for time-evolution, and in terms of computing
time, the most important part of this algorithm is the code for solving the large
sparse system of linear equations found in equation 3.25.MatLabis equipped with
many di�erent direct solvers and iterative solvers for large matrix equations, and
has �ow-charts in its documentation with proposals for which solver to use in what
circumstance [17]. After extensive testing, the fastest reliable method that has
been found is the combination of using an incomplete LU-decomposition to obtain
preconditioner matricesL and U followed by solving the matrix equation using the
iterative method called the generalized minimum residual method [19], [20]. The
exact function calls are

[L; U ] = ilu (J ~H (~x ))

[� ~x; � ] = gmres(J ~H (~x ); � ~H (~x ); 10; tolGMRES; 200; L; U )
(3.36)

The pseudo-code for the time-integration algorithm is the following:

Update all quantities & function handles associated with~H (~x )

Update J ~H (~x )

[L; U ] = ilu (J ~H (~x ))

[� ~x; � ] = gmres(J ~H (~x ); � ~H (~x ); 10; tolGMRES; 200; L; U )
~x = ~x + � ~x

while Objective(~x) > tolNEWTON:

Update J ~H (~x )

[L; U ] = ilu (J ~H (~x ))

[� ~x; � ] = gmres(J ~H (~x ); � ~H (~x ); 10; tolGMRES; 200; L; U )
~x = ~x + "(~x; � ~x)� ~x

end

(3.37)
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The objective function is simply the norm of the current residual i.e:

Objective(~x) =





 ~H (~x )








2
(3.38)

With this objective function, it is straight-forward to programmatically assign an
acceptable tolerance to the Newton iterations as the error associated with the chosen
time-discretization method � and current time-step dtm themselves if one were to
take a step from the equilibrium state to the equilibrium state without perturbation:

tolNEWTON= tolNEWTON_scaling�

�





 [1 � �dt mL]~xeq � �dt mN~f (~xeq) � [1 + (1 � � )dtmL]~xeq � (1 � � )dtmN~f (~xeq)








2
(3.39)

The factor tolNEWTON_scalingallows the user to relax or tighten these constraints
as desired.

In the while-loop, the quantity � ~x is used to �nd the next iterate as ~x = ~x +
"(~x; � ~x)� ~x. The function "(~x; � ~x) �nds the minimum of f (� ) = Objective(~x + �� ~x)
on the interval [0; 2] using the MatLaboptimizer-function fminbnd.
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4
Results

This chapter shows some results that have been obtained with the solver. First is the
main result of this thesis: a demonstration of induced Xenon oscillations by means
of control rod insertion. Secondly, a benchmark of the dependence of the solver
on the size of the time-stepdt is shown, where the same simulation as in the �rst
section is repeated one additional time, using adt that is two orders of magnitude
smaller.

4.1 Simulation: Inducing Xenon oscillations

The simulation shown here uses a time-step ofdt = 900 seconds and consists of
three parts. First the system is initialized to the steady-state~x0 = ~xeq and 2:5
hours are simulated, where the system should and does remain stationary. Sec-
ondly, control rod banks A,B,C and D [16] are inserted to an insertion level of50%
for two hours. The simulation uses two sets of fast time-steps, the �rst set consists
of 2 backward Euler steps withdt = 0:1 seconds, while the second set consists of50
Crank-Nicholson steps withdt = 0:0001seconds1. Thirdly, after the rods are with-
drawn and both sets of fast time-steps have been executed once again,48 hours of
simulation are carried out. This entire simulation took2 minutes and18 seconds of
wall time2, which includes real-time updating of the plots every iteration. The �nal
two graphs, shown in �gures 4.3 and 4.4, extend the third part of the simulation to
498hours of simulation time, not all of which is shown. This entire simulation took
19 minutes and57 seconds of wall time.

Throughout the simulation, there are seven quantities that are calculated. The
�rst four quantities are meant to visualize the time-dependence of the total state

~x (t) =
h
~� 1(t) ~� 2(t) ~I (t) ~X (t)

i >
, and are de�ned as the unitless core-averaged

quantities relative to the corresponding core-averaged equilibrium quantities

~� 1(t) �
< ~� 1(t) > core

< ~� 1;eq > core

; ~� 2(t) �
< ~� 2(t) > core

< ~� 2;eq > core

;

~I (t) �
< ~I (t) > core

< ~I eq > core

; ~X (t) �
< ~X (t) > core

< ~X eq > core

;

(4.1)

1The reason the longer time-step set comes �rst is to make the backward Euler method imme-
diately damp the oscillations due to the perturbation.

2This was measured using a machine equipped with an i7-12700k CPU (at factory clock settings)
and Corsair Vengeance RAM at 3200MHz and CL16.
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These four quantities are shown in �gure 4.1. In the graph, the three aforementioned
parts of the simulation are clearly visible, �rst the system is in a steady-state for2:5
hours, until time t = 0. At this point, the control rods are inserted, resulting in an
immediate drop in �ux. Throughout the insertion period therefore, the burn-o� of
Xenon is decreased, leading to an increase in the Xenon concentration. Furthermore,
the lower �ux leads to a decrease in Iodine production from �ssion, lowering the
Iodine concentration. At t = 2 hours, the rods are withdrawn, and the system is
subsequently free except for the feedback term which tends to draw the �ux towards
the steady-state. The dynamics of the system after withdrawal show signs of the type
of phenomena described in detail the section 1.3 on Xenon oscillations, indicating
that Xenon oscillations of only the fundamental mode have been induced by the
control rod perturbation.

Figure 4.1: Plot of the core-averaged quantities for the simulation usingdt = 900
seconds. The three aforementioned parts of the simulation are clearly visible. It
should be noted that the variations about the equilibrium values of the fast and
thermal core-averaged �uxes overlap almost perfectly throughout the simulation.

The �fth quantity is speci�cally meant to measure and visualize the time-dependence
of spatial Xenon power oscillations and is called axial shape index, orASI . It is
de�ned as the di�erence between the power produced in the bottom and the top of
the reactor relative to the total power produced in the reactor3:

ASI (t) �
Pbottom [~� (t)] � Ptop[~� (t)]

P[~� (t)]
: (4.2)

This quantity is unitless, and it takes on values in the range[� 1; 1]. A larger positive
value indicates that a larger fraction of all power is produced in the bottom half of
the reactor, and vice-versa. TheASI (t) is shown in �gure 4.2. The graph shows
how the perturbation causes an axially asymmetric deviation of the steady-state of
the reactor, and axial spatial oscillations are observed after withdrawal. It should
be noted that the equilibrium state is already strongly shifted towards the bottom
of the reactor, having anASI of roughly ASI eq � 0:2025.

3Power calculations as a functional of the �ux state ~� (t) were discussed in section 2.5
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Figure 4.2: Plot of the axial shape index for the simulation usingdt = 900 seconds.
Notice that the range of the y-axis is limited and its direction reversed. The reversal
of the axis allows the graph of theASI to be interpreted in a more natural way,
where points further down in the graph indicate that a larger fraction of all power
is produced in the bottom of the reactor, and vice-versa.

The sixth and seventh quantities are also meant to measure and visualize Xenon
oscillations. Throughout the simulation, the thermal �ux is measured repeatedly at
two points of the reactor which are so-called parity points. The graph of the parity
quantities is shown in �gure 4.3. Both these quantities are once again unitless as
they are measured relative to their equilibrium state values. In order to understand
what these quantities are, consider the cylindrical reactor of the development data-
set to be centered about the origin. The thermal �ux� 2(~r ; t) would then have parity
function � 2(� ~r ; t). Here, a point~r was chosen in the middle of the �rst octant, lo-
cated in the top half of the reactor, meaning the parity point� ~r is located in the
bottom half of the reactor. In order to be able to appreciate the behaviour of the
parity points, the third part of the simulation was extended signi�cantly, running
all the way to t = 500 hours. For comparison, the corresponding extendedASI is
shown in �gure 4.4.

Because of the clearly visible damping of the oscillations, the data pastt = 350
hours is not shown as the oscillations become to small to be seen. Clearly, the
oscillations are not opposite each other, as would have been the case for equal and
opposite perturbations like those described in section 1.3. In the case shown here,
the much more realistic perturbation of half-way control rod insertion is applied
instead. We do see a clear time-independent phase shift in the oscillations between
the two halves of the core. We also see a variation of the relative amplitude between
the two halves.
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Figure 4.3: Plot of parity quantities for the simulation using dt = 900 seconds,
extended to simulate until t = 500 hours. The �nal 150 hours of simulation is not
shown due to the damping. Notice that the range of the y-axis is extended compared
with the graph of the core-averaged quantities shown in �gure 4.1.

Figure 4.4: Plot of axial shape index for the simulation usingdt = 900 seconds,
extended to simulate until t = 500 hours. The �nal 150 hours of simulation is not
shown due to the damping. Notice that the y-axis range is even more limited than
before, compared to the graph in �gure 4.2. The graph shown here is meant to be
compared with the graph of the parity quantities.

Given the prior discussion on Xenon oscillations from section 1.3 and the graphs
shown in �gures 4.1, 4.2, 4.3 and 4.3, it is concluded that Xenon oscillations have
been successfully induced.

4.2 Benchmark: Dependence of the solver on dt

In this benchmark, a simulation using a time-stepdt = 9 seconds and which is oth-
erwise identical to the one from section 4.1 is shown. To make comparison fair, only
every100th data-points were stored, meaning that the two graphs contain the same
number of points, taken at the same times. The graphs corresponding to the ones
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