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Prospects of Normalizing Flow-Based Differentiable Particle Filters in Target Mod-
elling

Taking target modelling in complex and diverse target environments to the next
level

Gustav Mosséen

Simon Nygren

Department of Mathematical Sciences

Chalmers University of Technology and University of Gothenburg

Abstract

Accurate target modelling is essential for modern air surveillance, particularly in
the face of increasingly dynamic and unpredictable target behaviour, such as that
exhibited by hypersonic missiles and UAVs. Traditional tracking methods, includ-
ing Kalman Filters, Interacting Multiple Model (IMM) filters, and Particle Filters
(PF), rely heavily on known target dynamics and are often limited in adaptabil-
ity. This thesis explores the potential of Differentiable Particle Filters (DPFs), and
in particular Normalizing Flow-based DPFs (NF-DPFs), as a data-driven alterna-
tive for modelling and tracking targets with unknown or highly non-linear dynamics.

To address these challenges, a NF-DPF was implemented for radar-based target
tracking. The filter was designed as a fully differentiable architecture that learns
both the proposal distribution and the system dynamics using conditional normaliz-
ing flows based on the RealNVP framework. It incorporates optimal transport-based
differentiable resampling and was trained end-to-end using a combination of a block-
wise Evidence Lower Bound (ELBO) loss and the RMSE in position, velocity, and
acceleration. The training was conducted on target data generated from stochas-
tic differential equations (SDEs) simulating a range of motion patterns, including
turning and accelerating trajectories. The NF-DPF was benchmarked against a
bootstrap PF and a IMM filter across three experiments with increasing data com-
plexity and variations in filter state dimensionality.

Results showed that the NF-DPF provided competitive performance in low-dimensional
settings and under specific dynamic behaviours, particularly turning trajectories
that were not well captured by the IMM’s filters. However, it struggled to outper-
form the IMM in more complex scenarios involving higher-dimensional state repre-
sentations. This performance gap was largely attributed to the increased difficulty
of learning high-dimensional transition and proposal distributions, combined with
computational limitations such as a restricted number of particles.

The results highlight both the potential and current limitations of NF-DPFs for
target modelling and contribute to the growing body of research exploring the in-
tegration of flexible, learning-based models into particle filtering frameworks for
defence and surveillance applications.

Keywords: Differentiable Particle Filter, Target Tracking, Normalizing Flow
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Nomenclature

Below is the nomenclature of indices, parameters, and variables used throughout

this thesis.

Indices
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Variables

Xy

Index for a particle

Discrete time step

Parameter set for the Proposal NF
Parameter set for the Dynamic NF
Number of particles

Standard deviation of noise

Drag coefficient

Reference area

Initial mass of the target

Mass burn rate

Thrust

Density of the surrounding fluid
Frequency of normal acceleration oscillations (wobbling frequency)

Amplitude of normal acceleration oscillations

Target state vector at time ¢, typically containing position, velocity
(and possibly acceleration)
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xii

Estimated state vector at time ¢

Measurement vector at time ¢, e.g., [r, 0, vr}

Time step for iteration

Time discretization step (measurement interval)

Weight /probability of the ith particle at time ¢

Cartesian coordinates of the target’s position

Components of the target’s velocity in the x and y directions
Components of the target’s acceleration in the x and y directions

Components of the target’s acceleration in the normal and tangen-
tial directions

Range measurement

Bearing angle

Radial velocity

Non-linear state-transition model

Measurement model

Proposal density used in the particle filtering algorithm
Process noise at time ¢

Measurement noise at time ¢
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1

Introduction

or estimation of its current state based on measurements and predictions. It

can describe a wide range of quantities, be it the exhaust temperature of a
rocket booster, the value of a stock market share or the position of an aircraft. In
the context of air surveillance the state X most often refers to the position, velocity
and acceleration of an airborne target [1]. Knowing the state of a target is a ne-
cessity in reliable defence and surveillance applications, and is used for interception
and awareness of potential threats.

T arget tracking is the recursive prediction of a dynamical system’s future state,

The importance of accurate target modelling techniques has increased significantly
due to the escalation of geopolitical tensions, which have been significantly intensi-
fied by the Russian invasion of Ukraine in early 2022 [2]. This conflict has seen an
unprecedented reliance on aerial warfare, with missiles, drones and UAVs playing a
central role [3], [4]. The widespread deployment of these systems has highlighted the
need for target models capable of handling highly dynamic and evasive behaviours.
Traditional tracking methods struggle to predict and adapt to the evolving tac-
tics employed in modern air combat, underscoring the necessity of data-driven ap-
proaches that can learn and generalize across diverse and unknown target types.

Flexible target modelling would enhance tracking capabilities, leading to faster re-
sponse times, quicker deployment of countermeasures, and a reduced window for
potential threats. This reliable real-time awareness could have big societal impacts,
contributing to the safekeeping of people and infrastructure. Even outside the con-
text of defence applications, efficient target modelling is a necessity. Advancements
in the field could enhance robotics by enabling more accurate tracking of people and
objects to improve assistance and interaction. In autonomous vehicles, they could
contribute to increased safety by enabling more precise tracking of other vehicles,
obstacles, and pedestrians.

1.1 Problem Definition

In practical applications, even though the target’s underlying state X, at time ¢
changes continuously in time, radar measurements are typically recorded at discrete
intervals, leading us to consider the time-discretized version X; € Rf, t =0,1,2, ...,
where f is the dimensionality of the state. At each t we therefore seek the estimate
X, € R/, which is to be as close as possible to X;. In modern air surveillance, this
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estimate is based on techniques of combining likelihoods from measurement models,
with predictions from state-transition models. These are constructed with the goal
to accurately estimate the targets current state [5]. The state-transition model f
describes how the target’s state evolves over time, that is, its current state X, based
on its previous state X;_q,

Xo = f(Xe1) + W3, (1.1)

where W, € R’ is some stochastic process noise drawn from a zero mean Gaus-
sian noise distribution. The measurement model A transforms the state X; into
measurement coordinates Y; € R™,

Yy = h(Xy) + Vi, (1.2)

where V; € R™ is a zero mean Gaussian noise with known covariance and m de-
notes the number of measurement components. The complete dynamical system
is referred to as the state-space model and includes the state-transition model in
Eq. (1.1) and the measurement model in Eq. (1.2).

An accurate state-space model requires both a precise state-transition model and a
reliable measurement model. Since the measurement model is typically well-defined,
based on our equipment for which we have detailed specifications, the overall accu-
racy largely depends on the state-transition model. This usually requires extensive
knowledge of the target’s dynamics, as well as the goals of the controller. In cases
where this state-space model is known, the problem of target tracking is simplified
and can be addressed by standard methods [6].

1.2 Background

The simplest target tracking method is using a single state-transition model, which
for example describes a constant velocity (CV) of the target with some small pertur-
bations. The case of constant acceleration (CA), and constant turn (CT) can also
be modelled by a single filter. These are sufficient in cases of a single, predictable
trajectory. In the case of a linear state-transition and measurement model with
additive Gaussian process noise and measurement noise, a closed form solution to
the filtering problem exists and is given by the Kalman Filter (KF) [7].

The single filter approach works in cases where target dynamics exhibit just one
distinct mode of operation. In cases where the target operates in multiple distinct
modes and transitions between them unpredictably, such as a drone alternating be-
tween straight flight and hovering or a missile undergoing sudden acceleration, single
model filtering may be insufficient. Such dynamics are better modelled by multiple
filters, each describing one distinct dynamic mode. This modelling setup is referred
to as multiple model filtering [8]. A widely used type of multiple model filter is the
Interacting Multiple Model filter (IMM), which typically consist of some combina-
tion of CV-, CA-, and CT-Kalman filters. The final state prediction is then either
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a combination of the filters individual state predictions, or simply the prediction of
the filter which describes the dynamics the best.

In scenarios where the state-transition and measurement models are non-linear, al-
ternative methods have been proposed to address the filtering problem. Non-linear
extensions to the Kalman filters such as the Extended Kalman Filter (EKF) and
Unscented Kalman Filter (UKF) work by linearizing the dynamics and approximat-
ing the state distributions using a set of weighted particles respectively [9], [10].

The multiple-model filtering setup, even when including EKFs and UKFs, has in-
herent limitations. For instance, the number of filters is limited, and performance
declines beyond a certain threshold [8]. Moreover, the filters rarely capture the true
underlying dynamics and typically rely on approximate models that are only suf-
ficiently accurate for specific scenarios. In scenarios where the non-linearity of the
dynamics and measurements or the non-Gaussianity of the noise is not adequately
addressed, Particle Filters (PF) have been introduced. Particle filters operate by
maintaining a set of weighted hypothesis of the current true state. These hypothesis
or particles are propagated through the state-transition model and are conditioned
on the measurement, therefore putting no restrictions or assumptions on the shape
of the noise [11]. Accurately representing the range of potential true states typi-
cally requires a large number of particles. This increased demand for computational
resources is a well-known drawback of particle filters. Another shortcoming is par-
ticle degeneracy, where much of the weight is concentrated to only a few particles,
thereby oversimplifying the distributions and losing important details [12].

The methods discussed so far rely on partially or completely known target dynam-
ics. However, in most practical scenarios, particularly in target tracking for defence
applications, many parameters of the state-space model are unknown. This is es-
pecially true when tracking adversarial targets, which are unlikely to move in a
cooperative or predictable manner. But what fundamentally prevents an observer
from knowing the target’s dynamics? The first part of the challenge arises from the
broad range of possible target types, including military and civilian aircraft, missiles,
projectiles, as well as smaller objects such as birds and UAVs. Inferring the target
class could provide valuable constraints on its state-transition model, yet classifica-
tion itself is a non-trivial problem and does not fully resolve the ambiguity. Even
within the same target type, motion can vary significantly with different modes of
operation. This diversity in target dynamics necessitates modelling approaches that
are both flexible and expressive, capable of adapting to highly non-linear, stochastic,
and time-varying dynamics.

For this, data-driven approaches such as the Differentiable Particle Filter (DPF) of-
fer a promising avenue. Differentiable particle filters are particle filters where some
or all models of the system are trained. The models are generally parametrized by
neural networks. These models can approximate the state-transition model, pro-
posal dynamics, the measurement model, or all of them simultaneously. The key
advantage of DPFs is their ability to learn representations directly from data, rather
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than relying on hand-tuned or assumed system models. This is particularly useful in
scenarios where the true state-space dynamics are partially or completely unknown,
or where the dynamics are highly non-linear and therefore difficult to formulate. By
training on historical or simulated data, the learned models can generalize across a
range of target behaviours and improve tracking performance [13], [14], [15].

The types of neural networks which has been historically employed in DPFs are
vanilla artificial neural networks, meaning standard feed-forward architectures with-
out explicit invertibility constraints. They are inherently non-invertible, preventing
explicit density estimation. This limits their ability to model uncertainty and learn
flexible proposal distributions, making them less effective in complex scenarios. Nor-
malizing flows (NF) offer a solution by being explicitly invertible and allowing direct
likelihood evaluation, enabling more expressive and adaptable proposal distributions

[16].

The implementation of differentiable particle filters has been recently explored in
a series of articles by Chen et al. [13], [16]. The second article focuses exclusively
on Normalizing Flow-based Differentiable Particle Filter (NF-DPF), which are of
particular interest for this thesis. It presents the general prospects of NF-DPFs by
a series of experiments, with promising results. The experiment of highest relevance
is a localization task of a visually obstructed disk. This experiment assumes some
quantity of the system (in this case the velocity of the disk) is known, and the task
is to estimate its position in every time step t.

In contrast, the problem of target modelling allows no obvious assumptions about
the target’s velocity, making the task significantly more complex. However, the
adaptability of NF-DPF in learning structured distributions from data in localization
tasks suggests that similar methodologies can be adapted to track objects under more
uncertain conditions.

1.3 Aim

The aim of this Master’s thesis is to evaluate the potential of differentiable particle
filters in the target modelling context as a more efficient and adaptive alternative to
multiple model filtering and non-differentiable particle filter approaches. Emphasis
will be put on differentiable particle filters where the networks are Normalizing Flow
(NF), since these have not been sufficiently explored by other researchers. This thesis
will build upon the work by Chen et al., presented in [16], by extending the NF-DPF
to more complex tracking scenarios, where target dynamics are partially unknown.
Specifically, the goal is to approximate the posterior probability density function
(pdf), defined as

p(Xe | You), (1.3)

where Yj.; denotes the sequence of measurements from time 0 to time ¢. In Bayesian
filtering, this notation represents the conditional probability density of the state
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X, given all measurements up to time £. This is achieved by training a DPF on
a diverse set of target trajectories, enabling it to learn approximations of both the
state-transition model and the proposal dynamics.

To achieve this, a differentiable particle filter is proposed, where the neural networks
are parametrized with normalizing flows. In addition, an interacting multiple model
filter is developed, which serves as the primary algorithm for target modelling, and
also a non-differentiable particle filter is implemented. The thesis aims to compare
these three approaches using metrics that assess accuracy, uncertainty, and com-
putational efficiency. Through these comparisons, the viability of normalizing flow
based differentiable particle filters for complex target modelling contexts is to be
determined.

1.4 Delimitations

To guarantee a reasonable and focused scope some delimitations have been made.
First of all, all trajectories and filters are assumed to be constrained to a two dimen-
sional plane, defined by some unknown and arbitrary elevation angle ¢. This plane
is spanned by the x- and y-axes. Further this constrains the possible state vector of
the target to X = (x,y, vy, vy, ay, a,) or similarly X = (x,y, v, vy, a,, a;) if acceler-
ation is formulated in the normal-, and tangential direction relative to the target.
Different variations and subsets of this state vector is considered in the different
experimental setups. The measurement model is defined in polar coordinates, con-
sisting of range r, bearing 6 and radial velocity v,.. Therefore the proposed method
is only applicable to the types of radars capable of providing this information.

Further, the employed framework assumes no missing radar measurements. The
measurements are also assumed to be collected at a fixed and equally spaced inter-
val of 1 second. Additionally, only the online filtering setup is considered, where
state estimation is performed sequentially using only past and current measure-
ments. That is, at each time step ¢, the state estimate is conditioned on the avail-
able measurements up to t: p(X; | Yo.), rather than the full measurement sequence
Yo.r. This filtering approach enables real-time tracking but does not leverage future
observations, which could otherwise refine state estimates in a smoothing framework.

The study does not take into account the problem of multiple-target tracking, al-
though successful results in the limited single-target case would prove useful in the
extended case as well. The setup with multiple targets becomes a trivial extension
if the number of targets and their relation to the measurements are known.

The NF-DPF will be trained and evaluated on a limited set of dynamics, specifically
on various realizations of Stochastic Differential Equations (SDEs) that simulate the
behaviour of highly manoeuvrable hypersonic missiles across different operational
modes, including acceleration and turning manoeuvrers. Furthermore, compatibil-
ity with Saab’s current target-modelling pipelines will not be considered, and the
measurement, model is assumed to be known.
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1.5 Report Guide

The remainder of the report follows the structure outlined below. Chapter 2 es-
tablishes the theoretical foundations of the research, covering target modelling and
tracking, statistical concepts, and relevant machine learning contexts. Chapter 3 de-
tails the research methodology, including data generation, filter development, eval-
uation metrics and the conducted experiments. Chapter 4 provides a detailed de-
scription of the developed NF-DPF, focusing on an explanation of each component.
Chapter 5 presents the research findings along with an analysis of the conducted
experiments. Chapter 6 discusses the implications of these outcomes, and Chapter
7 concludes the report while outlining potential directions for future research.
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Theory

reviewing existing methods for state-space modelling in the context of target

tracking. It then provides an overview of the machine learning perspective
relevant to the thesis. Finally, the chapter presents the statistical framework, used
in the implementation and evaluation of the proposed filtering techniques.

T his chapter begins by outlining the theoretical foundations of the research and

2.1 State-Space Modelling

This section provides an overview of the modelling approaches currently used, or
which are potentially applicable in target tracking. The first subsections will present
single-filter techniques. The section will proceed by introducing Stochastic Differ-
entiable Equations, often used for data generation is introduced.Finally a method
that utilizes several filters for a more accurate prediction is introduced.

2.1.1 State-Space Preliminaries

In a Bayesian framework, the true latent state at time ¢ is denoted by X;, and
its estimate inferred from observations is denoted by X,. The estimate is obtained
from the posterior probability density function (pdf), which in the filtering context
represents the marginal pdf of the current state X, given all measurements up to
time ¢. This posterior pdf is defined as:

(X | You), (1.3)

where Yp, is the sequence of measurements from time 0 to time ¢ [5]. Each measure-
ment can either be a scalar or a vector containing m components. The sequence of
all measurements up to time ¢ can then be written as an ordered set:

}/E):t: [%7"'7}/;5]7 }/:f ERmu (21>

where each Y; is a measurement vector at time ¢. If the posterior pdf in Eq. (1.3)
is known, an estimate of the state X, at time ¢ can be derived. Filtering aims to
compute this posterior, or an approximation of it, from which state estimates are
extracted.
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What follows is the exact calculation of the pdf p(X; | Yo.;) which results in def-
initions of the measurement model and the state-transition model also called the
motion model introduced in Eq. (1.1) and Eq. (1.2) respectively. By splitting the
measurement term in Eq. (1.3) into two parts, the expression becomes:

(Xt | You) = p(Xi | Y2, You1), (2.2)
which with Bayes’ theorem can be rewritten as [17]:

p(Y} | Xt7Y():t—1)p(Xt | Yo:t—l)
p(Ye | Yoi—1) ’

which, given that the measurement density is conditionally independent of previous
measurements when the state X; is known, can be simplified to:

(Xt | You) = (2.3)

p(Kﬁ ’ Xt)p(Xt ‘ YE):tfl)
p(Y: | You—1) '

As a result, the posterior pdf p(X; | Yo.) is proportional to the product of a likeli-
hood, p(Y; | X}), referred to as the measurement model, and a prior, p(X; | Yo.i—1)-
This represents the combination of predictions from state-transition models with
the likelihood from measurement models, as previously described. That is,

p(Xy | You) = (2.4)

p(Xe | Your) o< p(Yy | Xi) p(Xe | Youe1)- (2.5)

This proportionality is sufficient because the posterior pdf is normalized by dividing
by the marginal likelihood (evidence), p(Y; | Yo.,—1), which does not depend on the
state X;. As a result, for inference or sampling purposes, the unnormalized form
captures the correct posterior shape, and the normalization constant can be com-
puted separately if needed.

The prior p(X; | You—1) is found by marginalizing over the previous state X; ;.
By assuming that the target dynamics fulfil the Markov property [18], we get the
Chapman-Kolmogorov equation [19],

P(Xe | Yor) = [ (X0 | Xeot) p(Xit | You 1) dXor, (2.

the integral propagates the density p(X; 1 | Yo.4—1) at time ¢ — 1 through the pdf
p(X: | Xi—1), which is our state-transition model. Using Eq. (2.4) and Eq. (2.6), we
can express the posterior density p(X; | Yo.), as a function of the previous poste-
rior p(X;_1 | You—1), the state-transition model p(X; | X;_1), and the measurement
model p(Y; | X;). If initialized with a prior density p(Xy) we therefore have a recur-
sive way of calculating the posterior pdf.

An alternate way of writing the state-transition and measurement model, which
will be used frequently in this thesis, is given by Eqgs. 1.1 and 1.2, introduced in

8
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Section 1.1. The state-transition model f describes how the current state X; evolves
from the previous state X;_q,

Xi = f(Xiq) + We, (1.1)

where W; is some stochastic process noise drawn from a zero mean Gaussian noise
distribution. f(X;_1) typically represents everything deterministic, which can be
modelled, while W; represents everything which can not. The state is assumed to
follow the Markov Property, that is the state at time t is deductible from the state
at time ¢ — 1 alone [18]. The measurement model A transforms the state X; into
measurement coordinates Y;,

Yy = h(Xy) + Vi, (1.2)

where V; is a zero mean Gaussian noise with known covariance. Similar to the state-
transition model, h(X};) represents everything deterministic which can be modelled,
and V; everything which can not. Together, f and h define the state-space model.

2.1.2 Measurement Definition

In the two dimensional spatial space, which will be considered in this thesis, the
measurement vector at one time step ¢ is defined as Y; = (r, 0, v,.). The measurements
are noisy with deviations in range (r), bearing (#) and radial velocity (v,.). As
illustrated in Figure 2.1, range r is the distance to the target, bearing 6 refers to the
relative angle in the Cartesian plane between the y-axis and the target and radial
velocity v,, also called Doppler velocity, is the component of the target’s velocity
along the line of sight of the radar.

Yy
target 7
r vy -
0
target/ o
radar x radar ’
(a) Horizontal z-y plane which (b) Definition of velocity vector v, and ra-
the targets are constrained to, dial velocity v,, along with components v,
with definitions of r and 6. and v,.

Figure 2.1: Definition of introduced notations, (a) showing radar notations, and
(b) velocity notations.

In the two-dimensional setting considered in this thesis, the measurement vector at
time step ¢ is given by Y; = (7,0,v,). The non-linear measurement function A in
Eq. (1.2) (with subscript ¢ omitted for clarity) is defined as:
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r(X) VaZ+y?
hX)=|6(X)| = | arctan(z,y) |, (2.7)
v (X) (zvy +yvy) /1T

where r and 0 transform the state X into range r, and angle 6, respectively, and the
radial velocity v, is computed from the velocity components and range.

2.1.3 Data Generation

Experimental data for target modelling is traditionally generated by approximating
solutions to Stochastic Differentiable Equations (SDEs), describing target trajecto-
ries. If available, measurements are generated by applying the measurement model
in Eq. (1.2) at discrete time steps t.

Curvilinear-Motion Model

A curvilinear path describes the motion of a target moving along a curved trajectory.
It can also represent straight-line motion by setting the normal acceleration to zero,
a, = 0, or close to straight-line motion by setting the mean normal acceleration
to zero a, = 0. The standard curvilinear kinematics model presented by Rong is

defined as [20]:

z(t) = v(t) cos ¢(t), (2.8)
y(t) = v(t) sinp(t), (2.9)
o(t) = ag(t), (2.10)
o) = 2= (2.11)

Here, (z,y) represent the target’s position, with &(t),y(¢) being the change in = and
y at time t. Further, v is the speed, and ¢ is the heading angle. The terms a;
and a, correspond to the target’s tangential and normal accelerations, respectively.
The behaviour of a; and a,, determines the model’s dynamics, and is what defines
different target trajectories.

Approximation of SDEs

Solutions to the Curvilinear-Motion Model SDEs are approximated using the Euler-
Maruyama method, which extends the standard Euler method to stochastic dif-
ferential equations by incorporating a noise term driven by the underlying Wiener
process [21]. For a general SDE of the form:

dX; = f(Xp,t)dt + g( Xy, t) dW,,

where X, represents the state at time ¢, f(-) is the drift term, g(-) is the diffusion
term, and W, is the Wiener process, the Euler-Maruyama discretization updates the
state as:

Xivar = Xo + f( Xy, t) dt + g( Xy, t) AW, (2.12)

10
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where AW, ~ N(0,dt) is the increment of the Wiener process. This numerical
approximation is performed at discrete time steps of size dt over a total dura-
tion of T" seconds. To ensure synchronization with the radar measurement interval
Atragar € ZT, T is chosen as a positive integer multiple of At adar, i.6., T € Z7T.

Measurement Generation

Accurate and realistic measurement generation is essential for evaluating the per-
formance of the filtering techniques in target tracking. Measurements are assumed
to be generated from a known measurement model that relates the target state to
the measurements.

As defined in Eq. (1.2), at each time step ¢, the measurement Y; is given by
Y, = h(X;) + Vi, where h(-) represents the non-linear measurement function in
Eq. (2.7), and V; is the measurement noise. To reflect real-world sensor uncertainty,
measurement noise is modelled as an additive Gaussian process with V; ~ N (0, R;),
where R; is the covariance matrix describing the noise characteristics of the sen-
sor at time t. For the measurement model considered, the noise, and therefore the
covariance matrix R, is constant in time [22] and given by:

o2 0 0 1002 0 0
R=1|0 ¢ 0|=| 0 10> 0 [, (2.13)
0 0 o2 0 0 5.0?

with variances in range r in meters, bearing 6 in degrees and radial velocity v, in m/s.

2.1.4 Kalman Filter

When the functions f and h are linear, and the noise terms W; and V; in the state-
transition model Eq. (1.1) and the measurement model Eq. (1.2) are Gaussian, the
optimal solution to the filtering problem, is given by the Kalman filter (KF). The
Kalman filter is widely used for state estimation and signal processing [7]. It im-
proves estimation accuracy by constructing joint probability distributions between
predictions and observations [23].

The Kalman filter is a recursive estimator. The current state is approximated based
only on the estimated state from the previous time step X,_1 and the current ob-
servation Y;. Each iteration of the estimator consists of two phases, which are often
considered separately: Prediction and Measurement Update. For a discrete time-
series, the prediction step for the Kalman filter is defined as,

Prediction

Xt\tfl = F;Sthl\tfl + BiUz, (2.14)
Py = F;fpt71|tletT + Q- (2.15)

The prediction begins with estimating the current state X't“_l by applying the state
transition model F; to the previously predicted state Xt,1|t,1. When a control input

11
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U, is available, for example the acceleration of a car when estimating its position, it
is added to current state together with the control input model B;. The uncertainty
of the estimated current state are predicted as the estimate covariance P;_;. It gets
updated according to Eq. (2.15), where @), is the process covariance.

The measurement update step refines the predicted state by incorporating the mea-
surement Y;, which in the car example could be an odometer reading, a measurement
of the total distance the vehicle has travelled. This information is then used to cor-
rect the current estimated state Xt|t_1.

Measurement update

Y, =Y — H Xy, (2.16)
St = HtPt|t—1HE + Ry, ( )
Ky = Py H"S; ", (2.18)
Xt\t = Xt|t—1 + K.Yy, ( )
Pt\t = (I - Kth>Pt\t—1- ( )

The residual Y; quantifies the difference between the observed data and predicted
measurement Htf(t,H, where H,; is the measurement model which maps the state to
the measurement space. The measurement model is then also used for obtaining the
measurement covariance Sy, where the observation covariance R; are added. The
Kalman gain K; from Eq. (2.18) determines how much the predicted state should
be corrected based on the new measurement. A high Kalman gain results in larger
corrections, while a low gain leads to smaller ones. The updated state estimate tht
and its corresponding covariance P, are then computed using the Kalman gain, as
shown in Eq. (2.19) and (2.20). The recursion is initialized by specifying an initial
state estimate X0|0 and its covariance FPyjo.

2.1.5 Extended Kalman Filter

The Kalman Filter, is the optimal filtering technique only under certain conditions
[9]. It relies on the assumptions of linear models and Gaussian distributions [7].
The Extended Kalman Filter (EKF) expands the regular Kalman filter by linearizing
either one or both of the transition and the measurement model around the current
state estimate. The EKF operates on the non-linear system:

Xi = f(Xy1, Up) + W,
Y, = h(Xy) + V..

Where f(X;_1,U;) is the non-linear transition model with added process noise W; ~
N(0,Q;), and h(X;) is the non-linear measurement model with added measurement
noise V; ~ N(0, R;). Since the system equations are non-linear, the KF cannot
be applied directly, as matrix operations such as multiplication and inversion are
not valid for general non-linear functions. Instead, EKF linearizes the function by

12
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computing their first-order Taylor series approximation around the current state as
follows [23]:

of
F,=— , (2.21)
0X Xy 1je-1.Ue
oh
H =— . 2.22
AT 22

The EKF implementation therefore replaces F; and H; in Eq. (2.14)-(2.20) of the
original KF with the linearizations in Eq. (2.21) and (2.22).

2.1.6 Unscented Kalman Filter

The Extended Kalman Filter has been widely adopted for non-linear state esti-
mation due to its ability to handle non-linearities through first-order Taylor series
expansion [10]. However, its reliance on local linearization introduces approxima-
tion errors, which can lead to divergence in highly non-linear systems [24]. To
address these limitations, the Unscented Kalman Filter (UKF) was introduced by
Julier and Uhlmann, providing a more accurate alternative through the Unscented
Transform (UT) [24]. The UKF replaces the Jacobian-based linearization of the
EKF in Eq. (2.21) and Eq. (2.22) with a sigma-point sampling approach, capturing
the system’s higher-order statistics more effectively. A set of 2n + 1 sigma points
{X; }?20 are deterministically generated around the current state mean Xt,l‘t,l and
covariance P;_j;_; as follows:

Xo=Xi 11, (2.23)

Xj = Xt—l\t—l + <\/(n + /\)Pt—lt—1> B .] - ]-) N (224)
J

Xj = Xt—l\t—l - (\/(n + )‘)Pt—1|t—1> ) ) j =n-+ 17 s 72n7 (225)
j—n

where n is the dimension of the state vector, and A is a scaling parameter control-
ling the spread of the sigma points. The square root of the covariance is typically
computed using a Cholesky decomposition [24]. Each sigma point X is propagated
through the non-linear transition function f(-), and the predicted mean and covari-
ance are computed as:

2n

Xt\t—l = Zw?f(Xj), (2'26)
j=0
2n

Pt = S (£(X,) — Xm) (FO65) = Koerr) + Qi (2.27)
j=0

where w{ and wj are the weights for the mean and covariance, respectively. The

notation Xt|t_1 and Py, refers to the predicted (prior) mean and covariance at time
t, before incorporating the measurement at time t. The measurement update will
not be presented here, but it follows an analogous procedure: a new set of sigma

13
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points is constructed based on the predicted state, propagated through the mea-
surement function h, and used to compute the predicted measurement distribution
and Kalman gain. Interested readers are referred to the complete algorithm in [25].
The transformed set of sigma points is used to reconstruct a Gaussian approxima-
tion of the predicted distribution, preserving only the first two moments (mean and
covariance), as visualized in Figure 2.2.

Non-linear
function o Mean
! _~ Original Gaussian after

passing it through 1
Best approximated
Gaussian

Original Approximate

Gaussian Gaussian

Figure 2.2: The UKF propagates a set of sigma points through the non-linear
state-transition function f to estimate the transformed mean and covariance.

2.1.7 Interacting Multiple Model

When the target dynamics cannot be accurately captured by a single model, or
when they switch unpredictably between different motion regimes, such as a drone
flying straight ahead or hovering, or a fighter jet performing sudden turns, it may

be necessary to employ multiple filters. A widely used approach for this purpose is
the Interacting Multiple Model (IMM) filter.

The IMM filter includes several filters and actively switches between or combines
the filters depending on the most optimal one at each time step [26]. The IMM filter
is composed of four processes: Interaction, Filtering, Model Probability Update, and
lastly State Estimation. A flowchart of the IMM described in this section is illus-
trated in Figure 2.3. The layout of the flowchart is inspired by the implementation
described in [27]. Due to the scope of this project, only the method for IMM built
with Kalman filter variations will be defined.

Interaction
The interaction process computes a weighted combination of the state estimates
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Xt1—1|t—1’ Pt1—1|t—1 X -1 Pl He—1je—1
[ Interaction
01 01 - Or Or
Xt—l\t—l’ Pt.1|z71 Xt—l\t—l’ Pt—’l\t—l
Y
Filter 1 Filter r
A} A7 r
Model Probability Update]
|
-
State Estimate ]
| J
- . ) N
Xyjes Ptl\t X Pt Heje Xiies Pyt

Figure 2.3: Flowchart of the Interacting Multiple Model (IMM) algorithm for
Kalman Filters.

from the previous time step using the series of equations below.

N SESIT I (2.28)
=1
wi; = W%C”l (2.29)
Xtoilhf—l = ing_1t—1wijv (2.30)
=
AP’ = (th—l\t—l - X?il\t—l) (th—l\t—l - Xtoillt—l)T’ (2:31)
P = S [P+ AP 23
=

where 7 is the number of filters, uf_,,_; is the dynamical model probability and 7%
is the static predefined model transition probability, representing the probability of
being in filter ¢ at time t — 1 and the probability of transitioning from model j to
model i respectively. The interaction process ensures that the initial condition for
each filter dynamically adapts to the previous most probable state.

Filtering
The filtering process passes Xtoiut_1 from interaction into each filter that returns the
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state estimate )A(Z‘t. In the case of a IMM with Kalman filters, this corresponds to
the state update in Eq. (2.19). In addition, the likelihood of each filter is calculated
based on the measurement Y; as follows:

A =p (Y;t | Xti|t’ tl\t) 5 (2.33)

which in return can be calculated as the Gaussian probability density function:

A= e (5 () (s0) " H). (2.34)

Jenas) A2

A general definition of the multivariate Gaussian PDF is provided in Section 2.3.2.

Model Probability Update
Next step is to update the model probability pi‘t according to the following:

_—
Mi _ cil\y
tit — _ ;Y
| T Ci\]

j=1Cj

(2.35)

which satisfies the property

State estimation

The final step is the prediction of the current state and covariance, where either a
combining or switching technique is used. In the combining approach, the predicted
states are interpolated using the corresponding model probabilities, as follows:

j=1
Simultaneously, the covariance matrix is calculated as follows:
oo : . . y o \T
Pt‘t - Z ,LL'th |:P12,]|t + (Xt]|t - Xt|t) (Xg‘t - Xt|t> :| . (238)
j=1

If the model instead switches, the state and covariance matrix correspond to those
of the model with the highest probability:

5

tht = ng':, Pt‘t = Ptj|t7 (239)
where:
j* = arg max i, (2.40)
J

This means that instead of blending the models, the IMM selects the state estimate
and covariance from the model with the highest posterior probability uiw assuming
that this model best represents the current system dynamics.
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2.1.8 Particle Filter

When tracking targets in complex environments, many real-world systems exhibit
non-linear dynamics and non-Gaussian noise, which are jot adequately captured by
the linearisation of the EKF and the sigma-point sampling of the UKF. In such
cases, the estimation accuracy of these filters degrades, sometimes severely. To ad-
dress this, Particle Filters (PFs) provide a more flexible alternative, able to handle
non-linearities and non-Gaussian noise [28].

The Particle Filter is a recursive Bayesian filtering method that approximates the
posterior distribution of a system’s latent state using a set of weighted samples, or
particles. Unlike the Kalman Filter and its extensions, which assume Gaussian dis-
tributions and rely on linearizations or moment approximations, the Particle Filter
is non-parametric and can represent arbitrary distributions, making it well-suited
for complex, multi-modal, or highly non-linear systems.

The PF approximates the posterior distribution p(X; | Y7.;) using a set of N weighted
samples {XZ, wi}Y | where each particle XZ € R? represents a candidate state at
time ¢, and its associated weight w! € R reflects the likelihood of that state given
the observations up to time ¢ [29]. The algorithm consists of three key steps: Prop-
agation, Weight Update, and Resampling. Additionally, a State Estimation step is
performed. An overview of the particle filter procedure is visualized in Figure 2.4,

and each step is described in detail below.

Propagation
Each particle is propagated forward using the system dynamics:

th = f(Xti—la Wt)a (241>

where f(-) is the non-linear state transition model that models the prior distribu-
tion f(-) ~ p(X/ | X/ ,). The input W is the process noise. Note that, similarly to
Kalman filters, the model can depend on a control input u; so f(-) = f(X7_,, ug, Wy),
however this is omitted to simplify the notation.

Weight Update
Once a new measurement Y; is received at time step t, the weights of the particles
are updated according to their likelihood [16]:

p(Y | X)p(Xi | Xi)
q(*thZ ‘ th—layvt)

, (2.42)

i 7
Wy X W_q

where p(Y; | th) is the likelihood density derived from some measurement model
h(:) ~ p(Y; | Xi) and (X} | X!_,,Y;) is the proposal density. In general, this
proposal distribution can differ from the state-transition model (prior density),
p(Xi | XI_,). However, in the Bootstrap Particle Filter, these two densities are
chosen to be the same, ie., (X! | X/ ,,Y;) = p(X¢ | Xi_,) [11], [30]. Under
this assumption, the weight update simplifies to depend solely on the measurement
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Figure 2.4: The particle filter algorithm from the initial distribution at time ¢ and
the three main steps. Step 1: The posterior distribution from the previous time step,
p(Xi_1 | Yi_1), is represented by a set of weighted particles. Step 2: The particles
are propagated through the motion model, yielding the prior p(X; | Y;—1). Step 3:
The weights are updated based on the new observation Y;, forming the posterior
p(X: | Yi). Step 4: If a significant weight imbalance is present, the posterior is
resampled, producing particles for the next iteration. Larger dots indicate particles
with higher weights.

likelihood density:
wi ocwi_y p(¥; | X7). (2.43)

The final step of the weight update is normalization, such that >~ | w?! = 1.

Estimation
The estimated state at time step t is computed as the weighted sum of the individual
particle states, yielding the posterior mean of the state:

N
Xy =Y w X, (2.44)
i=1
where w! are the normalized weights. This estimate coincides with the Bayesian

posterior expectation E[X; | Yo,]. The covariance matrix P, at time ¢ can be ap-
proximated using the weighted sample covariance of the particle set:

P= 3wl (R - %) (51— %) (2.5
=1
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Resampling

A problem for particle filters is weight degeneracy, which is when the weight dis-
tribution becomes highly skewed with a few particles having large weights, while
many have near-zero weights. When this occur, many particles contribute very lit-
tle, reducing the efficiency of the filter. To mitigate this, a resampling step is often
introduced. In this step, particles with higher weights are replicated, while those
with lower weights are discarded or moved toward high-probability regions. The
time step at which resampling can be triggered is determined based on a threshold
applied to the Effective Sample Size (ESS) metric,

1
ESSt - —N 4

. (2.46)

i=1 Wt
Resampling is performed when ESS falls below a predefined threshold, often set to
ESSpnin = % which can be interpreted as resampling being triggered when fewer
than half the particles are effectively contributing.

For clarity, after a new measurement Y, is introduced, the predicted particles in time
step t become the input particles (XZ — th‘_l) for the non-linear state transition
model in Eq. (2.41) at time step ¢t + 1. The particles are continuously resampled,
propagated, and assigned new probabilities, with the aim of converging toward the
true state X;.

2.2 Machine Learning Context

The following section introduces key concepts from the field of Machine Learning
(ML) that are essential for understanding the methods and discussions presented in
this thesis. It begins with a general overview of ML, with particular emphasis on
model architecture and training procedures. Special focus is given to the Differen-
tiable Particle Filter (DPF), a trainable extension of the traditional Particle Filter
(PF), which plays a central role in this work. Finally, the specific types of neural
networks used within the DPFs developed in this thesis are defined.

2.2.1 Machine Learning Preliminaries

Machine Learning is traditionally defined as the use of algorithms and statistical
models to identify patterns in data without being explicitly programmed for specific
tasks [31]. These models generalize to new, unseen data by applying the learned
patterns to make predictions or draw conclusions. At the core of many machine
learning models is the artificial neural network, a model composed of a series of
interconnected layers parametrized by ¢, where ¢ includes the weights w and biases
b. Each layer contain small computational units called neurons, which are connected
by the weights. The output of neuron ¢, denoted x;, in layer k + 1 is computed as
a weighted sum of the outputs from the neurons connected to it, indexed by j, and
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the weights w;;, as follows:

zi(k+1) =g, (% wi; xi(k) + bi>. (2.47)

Jj=1

Here g denotes the activation function, a non-linear transformation which allows the
model to learn more complex patterns. The activation function g can take several
forms, although the default is trending towards the Rectified Linear Unit (ReLU)
[32]. The bias term b;, together with the weights w;;, constitutes the set of pa-
rameters that are updated during training to allow the artificial neural network to
learn from data. By stacking several layers of neurons, artificial neural networks are
able to capture complex patterns in data. These deep architectures, known as Deep
Neural Networks (DNNs), form the foundation of the field of Deep Learning (DL)
[33].

Training of Machine Learning Models

Training an artificial neural network typically begins by defining a loss function L,
which quantifies how well the model’s output § = z(7T') aligns with the learning
objective. In supervised tasks, the loss often measures the difference between ¢ and
the true target y, while in more general contexts, such as variational inference, it can
encode other criteria like entropy, divergence, or policy optimality. Secondly, the
gradient V of the loss function with respect to the model parameters ¢ is computed,
that is OL/0p; for all parameters i in the network. An update step of magnitude
n, where 7 is referred to as the learning rate, is performed in the direction of the
negative gradient. This is the basis of the optimizer known as Stochastic Gradient

Descent (SGD) [34]:

i1 =@ —nVL(p). (2.48)

Another optimizer, which has become increasingly more popular in ML models is the
Adaptive Moment Estimation Optimizer (Adam). Instead of using a single global
learning rate for all parameters during training, the Adam optimizer adapts the
learning rate individually for each parameter and at each update step. It does so by
maintaining moving averages of both the gradients (first moment) and the squared

gradients (second moment), which often leads to faster and more stable convergence
[35].

The process of computing the loss with respect to the model parameters and updat-
ing the weights using an optimizer is known as back-propagation. Through successive
iterations of back-propagation, the model refines its parameters, gradually converg-
ing toward a configuration that minimizes the loss function.

Challenges in Machine Learning

One common challenge in machine learning is that models often fail to general-
ize to new, unseen data, instead learning patterns specific only to the training set
[32]. Techniques to encourage better generalization include training the models us-
ing batches, where a mean loss is computed over a set of data rather than a single
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instance of data [34]. This approach helps to prevent overfitting, reducing the risk
that the model merely learns the training data rather than the underlying patterns
of the dataset.

Additionally, the use of masking techniques can improve generalization. Masks ran-
domly block parts of the data from being propagated through the model, forcing
it to rely on smaller subsets of the input and thus promoting robustness. Another
common technique is dropout, where random model parameters are temporarily set
to zero during training, further preventing over-reliance on specific neurons or fea-
tures and encouraging the model to develop more distributed representations [36].

Another challenge in training machine learning models, particularly deep neural
networks, is the problem of exploding and vanishing gradients [37]. During back-
propagation, gradients can either grow exponentially large or shrink toward zero as
they are propagated through many layers. Exploding gradients can cause unsta-
ble updates to model parameters, leading to divergence during training. Vanishing
gradients, on the other hand, slow down learning dramatically, often preventing
the model from capturing long-range dependencies. To mitigate these issues, sev-
eral strategies have been developed. Gradient clipping is commonly used to ad-
dress exploding gradients by capping the magnitude of the gradients during back-
propagation [37]. To counter vanishing gradients, specialized architectures such
as Long Short-Term Memory (LSTM) networks [38] and Gated Recurrent Units
(GRUs) [39] have been introduced, which are designed to maintain stable gradients
over long sequences. Additionally, careful weight initialization methods and the use
of activation functions such as ReLLU can also help in maintaining healthy gradient
flow during training [40].

2.2.2 Differentiable Particle Filter

The Differentiable Particle Filter (DPF) extends the Bootstrap Particle Filter de-
scribed in Section 2.1.8 by using neural networks to learn the state-transition, and /or
measurement models, as well as the proposal distribution, directly from data. To
allow for back-propagation during training, the entire pipeline has to be differen-
tiable. This approach improves flexibility and allows the filter to handle complex,
non-linear, and partially unknown system dynamics. The following outlines how the
steps differ from the Particle Filter described in Section 2.1.8.

Prediction
The non-linear state-transition model f(-) is replaced by the differentiable state-
transition model g, (-, ), a neural network parametrized by ¢:

Xthtfl = gso(Xffutfp Wi) ~ p(Xf | Xtiq; ®), (2.49)

where W; is a stochastic noise process used to capture process uncertainty. As
previously noted in Section 2.1.8, the model may depend on a control input u,, but
this is omitted here for clarity. The measurement model h(-) ~ p(Y; | X}) is also
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made differentiable, typically via function ly4(-) [16], parametrized by 6, resulting in
the likelihood density:

p(Yy | X5 0) oc 1g(Ys, X7). (2.50)

In contrast to the Particle Filter, the proposal distribution is learned through a
differentiable network f,(-), parametrized by v, which proposes updated particles:

Xti\t = fw<Xti71|t—1vlftvUt) ~ q(th‘ | Xtifhyé;w)a (2.51)
where v, is the sampling noise v; ~ py,.

Weight Update

The weight update follows the same structure as in the general Particle Filter for-
mulation presented in Eq. (2.42). However, the densities are now dependent on the
trained models, given by:

p(Ys | X5 0)p(Xi | Xi_15 )

7 7
Wy X Wy_q

. (2.52)

Estimation

The final state estimation is calculated identically for both the particle- and dif-
ferentiable particle filter as the weighted sum of the individual particle states, in
accordance to Eq. (2.44).

Differentiable Resampling

Similarly to the PF, a primary challenge in the Differentiable Particle Filter (DPF)
is weight degeneracy, where a few particles dominate the distribution while others
have negligible influence. Unlike the discrete and non-differentiable resampling step
used in traditional PFs, the DPF requires a differentiable resampling mechanism that
supports gradient-based optimization. To achieve this, the Entropy-Regularized Op-
timal Transport (OT-resampling) framework is employed [41], [42].

In the context of resampling, the current set of weighted particles is interpreted as
a discrete source distribution:

N
p= Y i, (259
i=1

where X7 € R? is the i:th particle and & «; denotes the Dirac delta function centred

at XZ, representing a unit mass at that location. The target distribution is defined
as:

i .
UV = 7(5~j, (254)
SN X

where X/ € R? is the j:th resampled (equally weighted) particle. These particles
are initially treated as unknown interpolation targets and are computed through
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optimal transport. This setup interprets the weighted particles as a discrete source
distribution (a posterior approximation) and generates a uniformly weighted target
distribution, effectively redistributing particle mass while preserving the posterior
shape.

This setup is cast as an optimal transport (OT) problem, which seeks a transport
plan 7 € RV*¥ that minimizes the cost of moving mass from px to v. The cost of
transporting mass from Xg to X'tj is measured using the squared Euclidean distance,
forming a cost matrix C' € RV*YN where:

Ciy = |1 X} = X7|I°. (2.55)
The entropy-regularized OT problem is then formulated as:

7 =arg min ZWWC'U—i—sZWU log 7;;, (2.56)

mell(p,v
('u ,J 4]

where € > 0 is the entropic regularization coefficient, and II(x, ) denotes the set
of all joint distributions with marginals p and v. The entropy term ensures strict
convexity and enables efficient computation via the Sinkhorn algorithm [43], which
iteratively updates scaling vectors u,v € RY using:

. +1) M 14+1) _ v
K = exp (—0/5), u( ) = KU(Z)7 U( ) = W (257)

After convergence, the optimal transport plan is given by:
7w = diag(u) - K - diag(v). (2.58)

This transport plan is then used to interpolate the resampled particle states:
N A .
i=1

where each X7 is a convex combination of the original particles XZ’, Welghted by
the corresponding entries in 7*. After resampling, the X7 are reindexed as XJ to
continue the filtering procedure with consistent notation.

Unlike discrete resampling schemes that duplicate or discard particles based on a
multinomial draw, this differentiable resampling step continuously redistributes the
states according to 7*, preserving smooth gradients throughout the pipeline. This
makes it compatible with back-propagation and essential for training the DPF using
gradient-based optimization. For a complete and in-depth mathematical treatment,
readers are referred to the work by Corenflos et al. [42].

2.2.3 Normalizing Flows

Most Differentiable Particle Filters employ a standard neural network to predict
the next state [44]. However, a limitation of these networks is that they do not
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allow for density estimation. Normalizing Flow (NF) are a sequence of invertible
and differentiable mappings that allow the transformation of a simple probability
distribution (e.g., Gaussian) into a more complex one [45]. The transformations in
NF are called flows and range from simpler ones, such as Radial and Planar flows, to
more complex models like RealNVP, NeuralSDE and Masked Autoregressive Flows
[46].

Let X € R? be a latent variable drawn from the target distribution px(X). Let
Z € R4 be a random variable drawn from a known base distribution pz(Z). The
transformation Z = F(X) = Fg o--- 0o Fy 0 F1(X) denotes a composition of K
invertible functions, where each JF; represents a single flow in the sequence. The
composition operator o indicates that the functions are applied from right to left:
JF1 is applied first to X, followed by F», and so on, until the final transformation Fjy
is applied. The inverse transformation is denoted F~1(Z) = (Fxo---0oFp0F;) ' =
FiloF, oo Fg'(Z) where the individual inverse flows are applied in reverse
order. This inverse transformation enables the transformed random variable X to
be obtained from the latent variable Z, allowing samples to be generated from the

target distribution px(X) as:
X =FY2).

The change in volume is determined by the product of the magnitudes of the de-
terminants of the Jacobian matrices across all transformations [45]. The resulting
density transformation becomes:

OF(X)
oXT

px(X) = pz(F(X)) |det , (2.60)

where ag)g)T() is the Jacobian of F at X and can be rewritten as Jx(X). Using the

change-of-variable formula, |det J(X)| can be rewritten as |det Jz-1(Z)|"". The
final density transformation can be formulated as:

px(X) = pz(Z)|det Jr1(Z)| . (2.61)

Conditional Normalizing Flow

The Conditional Normalizing Flow (CNF) extends the Normalizing Flow (NF) by
making the transformation dependent on some external variable Y. This condition-
ing variable, which is either a scalar or a vector, can represent various information,
such as measurements (e.g., radar observations) or statistical parameters (e.g., the
mean and standard deviation of the current particle set). The transformation is
then defined as:

X=FYzY).
As previous, the transformation of density can be rewritten as:
px(X | Y) = p7(F(X; V) [det Jx(X; ). (2.62)
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The term |det J=(X;Y)| can be rewritten as |det Jz1(Z;Y)|™" using the change-
of-variable formula. The final density transformation can be formulated as:

px(X|Y) =pz(Z|Y)|det Jr (Z:Y)| 7" (2.63)

RealNVP

Real-valued Non-Volume Preserving (RealNVP) transformations provide a flexible
and invertible mapping for density estimation and generative modelling [47]. Unlike
alternative flows such as Radial and Planar, RealNVP utilizes affine coupling layers
to ensure transformations while maintaining invertibility. The steps for a single in-
verse RealNVP pass are outlined below and illustrated in Figure 2.5.

Z (V) 7

Z =) Z

o W,

Figure 2.5: Flowchart illustrating a single inverse pass through a RealNVP affine
coupling layer.
RealNVP Inverse Pass

1. The input variable Z is split into two parts: Z = [Z;, Zs).

2. One part remains unchanged (Z, = Z,), while the other is transformed using
a differentiable scale s function and a differentiable shift ¢ function:

Zy = (Z1 — ta(Z2) © exp(—s2(Z2)).

3. The transformation is then repeated with the roles of Z; and Z, reversed. This
ensures full expressivity while maintaining invertibility. Each transformation
step uses distinct scale and shift functions, resulting in four unique functions
(two scale and two shift functions) used in a complete RealNVP mapping.

4. The change in probability density under the transformation is determined by
the determinant of the Jacobian matrix. Since the Jacobian of the transfor-
mation is a diagonal matrix with:

J = diag(exp(—s(Z;))),
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the determinant simplifies to:

|det J| =) exp(—s(Z;)).

7

This term reflects how the probability density changes under the transforma-
tion. A value above 1 expands space, reducing density, while a value below 1
compresses space, increasing density.

5. After applying the inverse transformations, the resulting variable Z is mapped
back to the sample space as X = Z.

When RealNVP is applied as a flow in a Normalizing Flow model, the differentiable
scale and shift functions are typically parametrized by some fully connected arti-
ficial neural networks. In addition, in Conditional Normalizing Flows (CNF), the
conditional information Y is incorporated by concatenating it with the input Z;
before being passed into each scale and shift function, allowing the transformation
to adapt to external information.

2.3 Statistical Context

This section presents the core statistical tools used for both training and evaluating
the target tracking models developed in this thesis. It begins with the definition of
the Root Mean Squared Error (RMSE), a standard metric for quantifying estimation
accuracy. Next, the Gaussian log-density is outlined, which is essential for comput-
ing likelihoods in both Kalman and particle filters. The section then introduces the
Kullback-Leibler (KL) divergence, which serves as a measure of discrepancy between
probability distributions and is central to variational inference. Finally, the Evidence
Lower Bound (ELBO) is described in the context of differentiable particle filters.

2.3.1 Root Mean Squared Error

The Root Mean Squared Error (RMSE) is a distance measure between a true se-

A

quence X = [X1, Xo,..., X,,] and a predicted sequence X = [Xl, X, ... , Xpn|, where
n is the number of discrete time steps [48]. The Euclidean RMSE is defined as:

N (2.64)

1 ~
RMSE = \IHZ;HX—X

This metric computes the root of the mean squared Euclidean distances at each
time step. The squaring penalizes large deviations, and a larger RMSE indicates a
greater discrepancy between prediction and ground truth. To evaluate performance
across multiple independent runs, let RMSE; be the RMSE computed in run r, for
r=1,...,R. The sample mean RMSE over R runs is:

N,
RMSE = - > RMSE,, (2.65)

r=1
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and the sample standard deviation of the RMSE is:

1 R — 2
ORMSE = J Y ;(RMSET ~ RMSE) . (2.66)
These statistics provide both a central measure of accuracy and its variability across
runs.

2.3.2 Density Estimation of a Gaussian Distribution

As described in the standard multivariate Gaussian formulation [49], the probability
density function (PDF) for a multivariate normal density in d dimensions can be
stated as:

p(Y) = W12|E|1/2 exp <—;(Y — )Y - ,LL)) , (2.67)

where p is the mean, or location, of the distribution and X is the covariance matrix,
or scale, of the distribution. Taking the logarithm and using logarithm properties
will give the general log-density function for a Gaussian-distributed vector Y of
length d,

d 1 1 _
logp(Y) = — 3 log(2m) — S log [T = S(V — )T 7Y — ). (2.68)

If one assumes no correlations between variables, meaning ¥ is diagonal, one can
reduce the equation to:

1 1 & (Y — )
Y)= exp|—=>) ——|, 2.69
)= P i, o, p( PR (209
where p; and o; is the mean and standard deviation in dimension ¢. Taking the
logarithm and using logarithmic properties of the reduced equation will give the
general log-density function for an independent Gaussian-distributed vector Y of
length d,

d d 1 d )/Z_ i2
logp(Y) = —3 log(2m) — Y logo; — 5 > M
=1

i=1

(2.70)

0;

In the context of a known measurement model defined over (r, 8, v,), the parameters
i; and o; correspond to the mean and standard deviations of the noise in each
range, bearing, and radial velocity component. The vector Y in this case represents
the residual between the measurement and the predicted measurement, obtained
by transforming the state estimate )A(Z into measurement space using the non-linear
measurement function h(-) defined in Eq. (2.7).
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2.3.3 Kullback-Leibler Divergence

The Kullback-Leibler (KL) divergence is a measure from information theory that
quantifies the discrepancy between two probability distributions. Given two con-
tinuous probability density functions p(x) and ¢(x), where p is typically the true
distribution and ¢ an approximation, the KL divergence from ¢ to p is defined as

[50]:
L(pllq) = /p(w) log (gg;) dz. (2.71)

For discrete probability distributions, where p(i) and ¢(i) denote the probabilities
of outcome 7, the KL divergence is given by the sum:

KL(pllq) = Zp 10g<8>. (2.72)

The KL divergence is always non-negative and equals zero if and only if p = ¢
everywhere in the domain of definition. It is important to note that KL divergence
is not symmetric; that is, KL(p||¢) # KL(g||p) in general.

2.3.4 Evidence Lower Bound in Particle Filters

In the context of particle filtering, the ELBO objective can be used to train com-
ponents such as proposal distributions and transition models. By maximizing a
variational lower bound on the marginal log-likelihood of observations, the model
can be optimized end-to-end. A differentiable particle filter constructs a proposal
distribution g, (Xy.r | Y1.7) and evaluates the ELBO:

p(Y;f | Xt§9)ap(Xt | Xt—l?@)
Q(Xt | Xt—l;Yt;w) 7

T
1ng(}/1:T) Z qu/) Zlog

t=1

(2.73)

where p(Y; | Xy;0) is the observation likelihood, p(X; | X;_1;¢) is the learned prior
dynamics, and q(X; | X;_1,Y;%) is the learned proposal distribution. The inner
term,

log p(Y: | X¢;0) +1logp(X: | Xi—15¢) —log( Xy | Xio1, Y 9), (2.74)

can be interpreted as the log importance weight in a sequential Monte Carlo setting.
This makes the ELBO particularly natural for differentiable particle filters (DPFs),
which approximate the posterior using a weighted particle set.

Block-wise ELBO Computation

In practice, a block-wise ELBO is computed over short segments of the trajectory
to avoid gradient instability. The KL divergence term defined in Eq. (2.72) between
the learned proposal and prior model is for particle 7 estimated using:

KL = log ¢( X} | X!}, Yi;9) —logp(X | Xi 15 9), (2.75)
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and the expected log-likelihood under the particle distribution:
A N . A .
E, [log p(Y: | Xi;0)] ~ Y wilogp(Yi | X7:0). (2.76)
i=1

Combining Eq. (2.75) and (2.76) over a block of length K yields:

torK-1 N N ‘
ELBOpoa = »_ > wj [logp(Y; | X};0) — KLi] | (2.77)

t=to i=1

which is averaged over multiple such blocks to compute the final training loss. This
ELBO framework aligns with recent works on differentiable particle filters [16], [41]
and [42].
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Methodology

in Section 1.3 (Aim). It begins with an overview of the information collec-

tion process for both the state-space modelling and machine learning contexts
covered in Chapter 2. Next, the target equations and data generation process are
described, followed by the selection and development of the filtering techniques. The
metrics used to evaluate the filters are then presented. Thereafter, the experimental
setup is described. The chapter concludes with insights into the software and hard-
ware used in development and evaluation.

T his chapter outlines the methodology used to achieve the objectives defined

3.1 Information Collection

The project began with an extensive information-gathering phase to develop a de-
tailed understanding of the thesis objectives. Given its intersection between state-
space modelling and machine learning, research from both fields was essential.

To deepen the understanding of state-space modelling and target tracking, the Tar-
get Tracking Team at Saab was consulted. Additionally, literature on interacting
multiple model- and particle filters was reviewed to complement our knowledge. In
parallel, relevant machine learning models were studied, particularly normalizing
flows, due to their applicability to our problem.

A thorough analysis of the NF-DPF implementation by Chen et al., was also con-
ducted [16]. Since this research is motivated by the promising results of their model,
it was crucial to gain a deep understanding of their methodology and rationale. This
involved dissecting their entire implementation, including experiments, datasets, and
code.

3.2 Data Generation

All experimental data was generated by approximating solutions to Stochastic Dif-
ferential Equations (SDEs), modelling missile dynamics, followed by the creation of
synthetic measurements. The SDEs are defined as the normal and tangential ac-
celeration terms in the curvilinear-motion model in Egs. (2.8)-(2.11). This section
presents the specific acceleration terms used in the curvilinear motion model SDE to
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represent different trajectory types, along with the corresponding parameters, and
initial conditions. It also details the method for generating the synthetic radar mea-
surements. The following three sections detail the models for the constant velocity-,
the turning- and the accelerating cases.

This pipeline produces a dataset with nine dimensions per measurement time, con-
sisting of the true state [z, y, vy, vy, @y, a;] and the measurement [r, 6, v,|. To reiter-
ate, the goal of the filtering problem is to approximate the true 6-dimensional state
from the 3-dimensional measurement, given the observations available so far.

3.2.1 Constant Velocity Target

The first set of trajectories were modelled using acceleration terms that assumes a
constant, yet noisy, velocity of the target. This was achieved by assuming that the
thrust and drag of the target cancel each other out in every time step t¢.

In reality, drag would still be present, and maintaining a constant velocity would
require some control input to counteract it. The tangential acceleration a; is defined
as (where the subscript ¢ refers to the tangential direction, not time),

ai(t) = oy dWr, (3.1)

where dW; represents an increment of a Wiener process (standard Brownian motion),
modelling continuous-time Gaussian noise. The acceleration is therefore a stochastic
process with zero mean and standard deviation proportional to o,v/dt, where dt is the
time step. This formulation captures random fluctuations in tangential acceleration
over time. For the constant velocity trajectory, the normal acceleration is given by:

a,(t) = 7sin(wt) + 0,dW,(t). (3.2)

This represents periodic oscillations, some kind of turbulence, with frequency w and
amplitude 7, with a additional increment of a Wiener process, modelling continuous-
time Gaussian noise with a mean of 0 and a standard deviation of o,V dt.

3.2.2 Turning Target

The turning target acceleration terms is similar to the constant velocity definition,
but includes an additional term wu,(t) in the normal acceleration. The additional
term represents an external control input applied to the target, accounting for ma-
noeuvring effect. The tangential acceleration is once more defined as:

at(t) = O'tth, (31)
and the normal acceleration is defined as,

a,(t) = Tsin(wt) + 0, dW,(t) + u, (1), (3.3)
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where u,(t) is 0 for all but some intervals starting at t,,, with duration Ti,,, where
it is set to the magnitude upae. This magnitude is uniformly drawn with a random
sign to allow both left and right turns. This additional normal acceleration is non-
zero during 0, 1, or 2 intervals per trajectory, defined by the probabilities p., . and
p2..., to prevent the model from learning a fixed pattern.

3.2.3 Accelerating Target

The last set of trajectories is modelled using acceleration terms that accounts for
thrust, opposing drag, and stochastic noise. In the accelerating case, the tangential
acceleration is given by:

e pupACp

“ll) =00 T 2m)

+ o dWi(t), (3.4)

where each term reflects a force acting on the target. The first term represents
thrust, which depends on the exhaust velocity ¢, the burn rate m, and the current
mass m(t). The second term models drag, which is proportional to the square of the
tangential velocity v;, the reference area A, the drag coefficient C'p, and the fluid
density p, all scaled by the inverse of twice the current mass, 1/(2m(t)). Finally, the
third term captures stochastic noise, modelled as a Wiener process dW; with zero
mean and standard deviation Ut\/ﬂ- The mass of the system evolves as:

m(t) = mgy — rt, (3.5)

where myg is the initial mass and m is the constant burn rate. The normal accelera-
tion is once more given by:

an(t) = 7sin(wt) + o, dW,. (3.2)

3.2.4 Trajectory Generation

A trajectory is obtained by selecting the acceleration terms used in the curvilinear-
motion model SDE, specifying a parameter set and initial conditions, and approxi-
mating its solution using a numerical method. The different acceleration terms have
already been presented; this section details the remaining aspects.

Choice of Parameters

The parameters remained constant across all trajectory types and represent prop-
erties of the medium and target. The need for precise values were low since most
parameters do not alter the trajectory’s characteristics but rather affect the magni-
tudes of velocities and accelerations. The process noise in the normal and tangential
direction, defined by the scale factors o,, and o;, was defined as,

O =0, = O0y=0,=0,=0=0,

which reduced the covariance of the noise to isotropic form. This streamlined the
implementation of the NF-DPF. All parameters were chosen to represent a highly
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manoeuvring hypersonic missile. The exact selected values are presented in Ap-
pendix A.

Choice of Initial Conditions

The solution to any SDE is undefined without a set of initial conditions. For the
conducted experiments, the initial conditions were uniformly sampled within pre-
defined ranges for xg, yo, vo, and ¢, where xy = z(0), and similarly for the other
variables. This ensures that the trajectory set does not develop a dominant class
that the filter could learn naively. Instead, the filter must generalize across a diverse
range of trajectories, each starting from a unique position. The ranges were varied
for the different experiments conducted. For example, in the case of non-accelerating
targets a higher initial velocity vy was used. the exact initial conditions used are
presented in the upcoming experiments section.

Approximation of SDE

The respective SDEs were solved using the Euler-Maruyama method, as defined in
Eq. (2.12), with a sufficiently small time step of dt = 0.01 to ensure numerical
accuracy. The trajectories were simulated for 30 seconds, T' = 30. The true states
corresponding to the 30 time steps at which measurements were available were saved,
the states at all other time steps were discarded.

3.2.5 Measurement Generation

To generate synthetic measurement data, the true states were first collected at
discrete time steps, corresponding to the assumed sensor sampling rate of At .qar =
1/s. Thereafter, the measurement function h in Eq. (2.7) was applied to transform
the true states into measurement space and finally Gaussian noise, sampled from
N(0, R), where R is the radar covariance defined in Eq. (2.13), was added to each
measurement. Examples of the three sets of trajectories along with the generated
measurements are presented in Figure 3.1.

3.3 Model Selection and Implementation

In the upcoming sections the three implemented filtering techniques, NF-DPF, IMM
and PF, are introduced. In addition to detailing the implementation, the motiva-
tion behind each filter is stated. The chapter begins with a brief overview of the
development process that guided the design. This is followed by a more detailed
description of the development of each filter.

The development of all filters followed the same overarching principles. Initially,
implementations which addresses similar problems techniques were researched. As
introduced in Section 3.1, the NF-DPF proposed by Chen et al., heavily influenced
the implementation of the NF-DPF model employed in this thesis [16]. In addition
to the NF-DPF, the IMM-filter was developed as a benchmark model. Lastly, the
bootstrap particle filter was constructed as an additional benchmark model by re-
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Figure 3.1: Examples of target trajectories and their corresponding measurements.
(a) displays two constant velocity targets generated by the SDE described in Sec-
tion 3.2.1, along with their noisy radar observations. (b) illustrates two turning
targets and their measurements, generated using the SDE in Section 3.2.2. (c)
presents two accelerating targets and their measurements based on the SDE in Sec-
tion 3.2.3. (d)-(f) illustrates the velocity magnitude, as reflected in the measurement

spacing in (a)-(c).

moving the dynamic and proposal models from the NF-DPF. This PF served as a
baseline, and was used to evaluate the effects of the dynamic and proposal models
in the NF-DPF.

3.3.1 Normalizing Flow - Differentiable Particle Filter

As introduced in Section 2.2.2, a DPF operates by first initializing particles, (a set
of hypothesis of the current true state). The particles are then propagated through
consecutive state-transition and proposal models. In this NF-DPF implementation,
the particles are moved through 3 models. This is visualized in Figure 3.2. The
first model is a naive Motion Update Model which moves the particles based on
their current state and spreads them based on some noise. This is followed by the
normalizing flow models Dynamic NF and Proposal NF, in which the latter gets
access to the current measurement. Thereafter the Measurement Model is used to
calculate a likelihood for each particle. The particle weights are updated using the
likelihood and the Jacobian determinants from both NFs. The final state predic-
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tion for the time step X, is made as the weighted average of all particles. In the
beginning of each time step the particles are potentially resampled, i.e. moved to
high-probability areas. The Dynamic NF and Proposal NF are trained by evaluat-
ing a loss function and updating the model parameters. The following paragraphs
outlines the design processes of some components of the model and justifies some of
the final design choices. Chapter 4 provides an in-depth description of the developed
NF-DPF model.

Motion ModelHDynamic NF]—»[Proposal NF]—>
O,

Figure 3.2: Flowchart of the three models that the particles X in the NF-DPF are
propagated through in each time step t.

Particle Initialization

The implementation of the NF-DPF' for this thesis was based on the NF-DPF im-
plementation introduced by Chen et al. [16]. The model in the paper was (among
a few other setups) used to solve a localization problem. Since this differs from
the problem of target tracking, where the current velocity is unknown, substantial
modifications had to be made. The data generation processes was changed to the
setup described in the previous section. The particle were initialized as noisy vari-
ations of an initial state estimate. This initial estimate consists of approximating
the position, velocity and acceleration. The initial positional estimate is simply the
first radar measurement, converted from polar to Cartesian coordinates. The initial
velocity is estimated as the change in position between the first and second measure-
ment. The acceleration is assumed to be zero because estimating it from the first
n > 3 measurements was inefficient. A small n provided unreliable estimates while
a larger n delayed the first state estimation, so assuming zero acceleration enables
estimation from the second measurement onward. This initial state estimate was
then used as the mean around which the particles were uniformly distributed. This
resulted in the initialized particle set.

Motion Update Model

The Motion Update Model works by first propagating each particle deterministically
based on its current state, followed by the injection of zero-mean Gaussian noise.
The full model is detailed in Section 4.2.2. This additive noise serves two primary
purposes: it captures the stochastic accelerations arising from the Wiener-process
terms in the target SDEs and encourages exploration to mitigate particle degeneracy
and preserve diversity. In the ground-truth trajectories, independent Gaussian noise
was added to the normal and tangential acceleration components, a,, and a;. These
perturbations propagate through the curvilinear equations of motion, Eqs. (2.8)—
(2.11), affecting all state components (x, y, Vs, Uy, @y, a;). To reflect this, the motion
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model noise must induce similar variations across the state.

To obtain the Motion Update noise, zero-mean Gaussian acceleration perturba-
tions were injected at each integration step and propagated through the kinematic
equations. Single integration yields velocity noise that grows as v/ M dt, where
M = Atiaqar/dt = 100, while double integration provides the closed-form expres-
sion for the position noise [21]. In the data generation, each integration step of
length dt = 0.01 adds an independent acceleration term a*®® ~ N(0, 0v/dt). Accu-
mulating the noise over one measurement interval At,.q.r = 1 gives the equivalent
process-noise standard deviations for the Motion Update Model:

Oacc = O-\/%7
Ovel = 0 dt VM,

U _ﬁdﬁQ¢MMJ+U@M+1)
pos — 6

The standard deviation of the process noise at the small, but finite integration time
step dt was set to o = 20, which resulted in the following:

(Uposa Ovel, Uacc) = (368, 20’ 20)

The values above account only for process uncertainty and were found to produce
insufficient spread in practice, as shown by a series of Monte-Carlo experiments,
which models uncertainty by repeated experiments [51]. Instead, the noise standard
deviations were determined through a hyper-parameter tuning procedure using Grid
Search [52]. Each standard deviation op,s, Oyer, 0pn, 0r Was defined by:

c=a+p|V]. (3.6)

This formulation balances a fixed noise level a with a velocity-dependent term S|V ],
where ||V|| is the norm of the velocity components in the state. This dependence
ensures the particles are spread out more, when the target moves faster. The grid
search was performed using the PF with the same number of particles as in the
NF-DPF, with the objective of identifying motion update parameters that produce
accurate and sufficiently diverse particle distributions for both filters. Since the nor-
malizing flows in the NF-DPF are used to refine these distributions, selecting optimal
parameters using the PF, without any learned components, provides a strong base-
line. The search proceeded sequentially: first o,,s was optimized, followed by oy
using the current optimal values of aps and B,0s. Finally o, and o, were tuned in
the same manner. To further refine the values, the entire process was repeated using
the best values found in the first iteration.

These velocity-dependent adaptive standard deviations were found to significantly
improve the performance of the PF. However, in the case of non-accelerating tar-
gets, introducing velocity-dependent noise into the NF-DPF degraded performance.
The added uncertainty from the § term introduced an additional challenge for the
normalizing flows to learn, making generalization more difficult during training. As
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a result, for non-accelerating scenarios, the [ term was set to zero, and the « term
was tuned empirically, with the values found in the grid search as baseline.

For accelerating targets, the a and [ values obtained from the grid search were
used. In the accelerating setting, the velocity-dependent noise scaling aligned with
the increased complexity and introduced more effective particle spread. The full list
of noise parameters used for the NF-DPF can be found in Appendix D.2.

Proposal Logic

The method of passing observations into the Proposal NF was revisited multiple
times during the development of the NF-DPF. Initially, the observations were pro-
vided to the Proposal NF as raw measurements in polar coordinates, i.e., [r, 8, v,].
However, it became apparent that the Proposal NF did not leverage the information
contained in these measurements.

To improve this, the observations were converted to Cartesian coordinates before
passed to the Proposal NF. This transformation was aimed at more directly relating
the state with the observation, thus enabling a clearer interpretation (although the
model should ideally be able to learn this conversion itself). However, even after
converting the measurements to Cartesian coordinates, the Proposal NF still did not
effectively utilize the information contained in the observations. This shortcoming
indicated that simply providing a direct mapping from polar to Cartesian coordi-
nates was insufficient for the Proposal NF to capture the underlying dynamics. As
a result, an alternative approach, where the input to the Proposal NF was redefined
as the distance between the particles and the current observation, was explored.
This representation serves to simplify the corrective process by offering a clear, dis-
crepancy vector, thereby encouraging the network to align the particles more closely
with the measurement. Even though this method improves the correction process,
it is acknowledged that the optimal method to incorporate the observations into the
Proposal NF may not yet have been found.

Resampling Logic

Since the NF-DPF was trained end-to-end, all intermediate steps of the filter had to
be fully differentiable. Therefore the fully differentiable resampling scheme Entropy-
Regularized Optimal Transport resampling, as presented in Section 2.2.2 was imple-
mented. Entropy regularization introduces a smoothing effect on the transport plan
by adding an entropy term to the OT problem. This promotes numerical stability
and ensures smoother gradients during back-propagation. In contrast to the OT-
resampling implementation by Chen et al., the resampler is formulated without any
clamping operations. Clamping refers to restricting the values of gradients or other
quantities within a fixed range [37]. While this can improve numerical stability, it
also suppresses finer variations in the gradients, potentially hindering learning. For
this reason, clamping was omitted in this implementation.

In general, particle filters aim to minimize the number of resampling steps, as in-
frequent resampling indicates well-tuned state-transition and measurement models

38



3. Methodology

that successfully avoid weight degeneracy [29]. However, with a Motion Update
Model such as the one used in this implementation, which deliberately spreads out
the particles, weight degeneracy becomes inevitable. This is because many particles
are intentionally propagated into low-probability regions, on the off-chance that one
of them lands near the next true state. Moreover, unlike in many standard particle
filter setups, the state of the particles in our implementation does not fully capture
the trajectory over future time steps, due to the inherent stochasticity of the targets.
In scenarios such as the target tracking presented in this thesis, a greater reliance
on exploration becomes essential.

A major drawback of the OT-resampler is its high memory usage. Since all interme-
diate steps, especially the iterations within the Sinkhorn loop, must be temporarily
stored to compute gradients during back-propagation, a significant amount of mem-
ory is required. This limits the maximum number of particles n, as the memory usage
grows with O(n?). Other differentiable resampling methods, such as soft-resampling
[53], which introduces a trade-off between a uniform weight distribution and the pre-
vious distribution, help alleviate the memory issue. However, the OT-resampler still
produced more promising results and was therefore used in the implementation.

Loss Function

The loss functions used in the training of DPFs are generally grouped into two
categories, likelihood-based and task-specific. The likelihood-based loss function
utilized in the training of the NF-DPF was the Evidence Lower Bound (ELBO)
loss in, which was derived for the general DPF and tasked to learn the dynamic
and proposal distributions [54], [55]. The ELBO loss is defined as the negative
of the block ELBO from Eq. (2.77), meaning that minimizing the ELBO loss is
equivalent to maximizing the block ELBO. Task-specific losses include the Root
Mean Square Error (RMSE), a distance measure between the predicted and true
state as defined in Eq. (2.64). Separate RMSE-losses were defined for position,
velocity and acceleration. The complete loss function is for the general case, as
suggested in similar setups, some combination of task-specific RMSE and likelihood-
based ELBO-loss [42], [56],

E(W; ’QD) = apos 'CpRCl)\j[SE + Qlyel 'C\E/{eli/[SE + Olace %{Cl{:/[SE + AOELBO EELBO) (37)

where « are the weighting factors of the respective terms. All terms depend on the
parameter sets ¢ and . The factor are constructed to satisfy the property,

Qpos + Qyel + Qace + @ELBO = 1.

The values of a; were inspired both by the implementation in Chen et al.[16], and
by empirical exploration. In designing these factors, it is essential that no single
objective dominates the optimization process. If one term were to dominate, for in-
stance by being minimized in isolation while causing the other objectives to worsen,
the overall performance would be compromised. Achieving the right balance among
the objectives is non-trivial because the loss terms operate on different scales. For
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example, ELBO values for accelerating trajectories were discovered to reach the or-
der of hundreds, while acceleration RMSE values remained in the tens. Therefore,
the final weighting factors were determined empirically by considering the relative
importance of each objective and balancing their contributions.

The inclusion of all terms in the loss function were justified by an ablation study
in which one term was systematically excluded at a time and the effects on con-
vergence were examined. The results indicated that the combination of all terms
yielded the best convergence. Further experiments explored dynamically weight-
ing the loss terms by making the factors «; a function of the epoch number. The
hypothesis was that some terms or combinations of terms could guide the training
toward a minimum, while other might be better suited for refining the parameters
once the filter was near the minimum. Setups explored included the initial use of
solely task-specific RMSE-losses with a later transition to incorporating the ELBO
term, and a linear increase of the ELBO factor with the epoch number. Neither
approach improved convergence. It was also observed that the combination of met-
rics improved the minimization of the ELBO component compared to solely training
with the ELBO term (that is, with agrgo = 1).

3.3.2 Particle Filter

The Bootstrap Particle Filter (see Section 2.1.8) was developed as a benchmark
model to the NF-DPF, and used to study the effects of the normalizing flow. The
PF is a stripped-down version of the NF-DPF, created by removing both the dynamic
and Proposal NFs from the filter. The result was a PF that propagates particles
solely using the Motion Update Model. This makes the filter even more reliant on
exploration, that is, the deliberate spreading out of particles, and consequently, it
requires a larger number of particles to maintain performance. The complete PF
is not presented, as it constitutes a simplified version of the NF-DPF, however, its
structure is illustrated in Figure 3.3.

@ Motion Model \X
O,

4[Measurement Model};
@ Weight Updatew wi

Figure 3.3: Flowchart of the implemented Particle Filter, including the Motion
Update Model, the Measurement Model and the Weight Update.

.
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3.3.3 Interacting Multiple Model Filter

As the IMM filter is a widely used method for target tracking [26], it serves as a suit-
able benchmark model for evaluating the NF-DPF. The IMM, implemented in this
thesis, was constructed, according to Section 2.1.7, using a set of EKF filters, which
are described in Section 2.1.5. Filter and parameter choices are problem-specific and
were therefore tuned for the three experiments considered in this thesis.

Choice of Filters

Due to the non-linearity of the measurement function h in Eq. (2.7), standard
Kalman Filters are inapplicable, as they require both the state-transition and mea-
surement models to be linear. Furthermore, UKFs showed no significant improve-
ment over EKFs, suggesting that the linearized measurement model was sufficient to
capture the relevant dynamics. This experiment will not be presented. However, it
is reasonable to expect, that for problems with stronger non-linearities, UKFs would
be necessary. As a result, five EKFs were used in the IMM filter.

Filter Variations

The transition model F; was implemented both as a Constant Velocity (CV) and a
Constant Acceleration (CA) filter. The first set of filters assumed that the target
travels at a constant velocity. In this case, the transition model FFV disregards any
influence of acceleration to the position and velocity, and was therefore defined as :

10 At 0 00
01 0 At 00
00 1 0 00
CvV __
=100 0 1 00 (38)
00 0 0 00
00 0 0 0 0

The other set of EKFs, assumed Constant Acceleration (CA) of the target [57].
When taking acceleration into consideration, the transition model FF4 was ex-
tended, and defined as:

1 0 At 0 0.5A#? 0
01 0 At 0 0.5A¢2
00 1 0 At 0
CA __
B = 00 0 1 0 At (3.9)
00 0 0 1 0
00 0 0 0 1

No Constant Turn (CT) filters were implemented. CT filters typically model a con-
stant rate of change in the heading angle ¢, suitable for scenarios with steady circular
motion. In this work, turning targets are described using the normal acceleration
term in Eq. (3.3). In the curvilinear motion model defined by Egs. (2.8)—(2.11),
with v(¢) approximately constant, the normal acceleration a,(t) directly induces a
constant change in the heading angle ¢. This formulation captures the same effect
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that CT filters aim to represent. As a result, the CA filters already fully describe
the turning dynamics, and implementing separate CT filters was not justified.

In addition to the transition matrices, the IMM filter also requires a process noise
covariance matrix (); for each filter 7, as well as a shared measurement noise covari-
ance matrix R. This was implemented using multiple CV-EKFs and CA-EKFs,; each
assigned a distinct process noise covariance matrix to represent different levels of
uncertainty. By combining these filters, the IMM could effectively capture a range of
target dynamics, even when no single transition filter described the motion perfectly.

Filter Interaction

After selecting the filters and their corresponding covariance matrices, the transi-
tion probability matrix 7% and the choice between the switch or combine method
for the IMM were determined using the hyper-parameter optimization method grid
search. Since the number of transition probabilities increases quadratically with the
number of filters, simplifying the structure of this matrix is essential for practical
implementation. As a result, the diagonal elements 7 were assumed to be equal
and treated as a hyper parameter, while the remaining elements were distributed
uniformly. For each combination of interaction method and transition probability
matrix, the IMM was evaluated on a set of trajectories to identify the configuration
that yielded the lowest positional RMSE. The combine method, where the predicted
state is an interpolation of multiple filters was chosen.

Final Model Overview

The architecture of the developed IMM-filter is presented in detail in Appendix B.
This includes the utilized filters, transition probabilities, initialization of covariances
and chosen switching/blending technique.

3.4 Evaluation Metrics

The following section covers the metrics used to evaluate the filters during the ex-
periments. Initially some definitions are introduced. The true state, at time step ¢,
is in the general case defined as X; = |24, Y, Vs t, Uyt, Qn, 1), Where the elements
in brackets are the true state vectors in the respective dimensions. The predicted
state vector (with particle superscript @ for the PF and NF-DPF), at time ¢ is in
the general case similarly defined as X; = (2], ¢i, 0,9} ,,a’ . a; ], where the first
subscript of a§f2 denotes tangential acceleration and the second subscript denotes
time step t. For the particle-based PF and NF-DPF, the final state prediction P;, at
time step t, is given by the weighted average over the particles defined in Eq. (2.44).
The final state prediction is therefore also 6-dimensional, at eagh time step. For the

IMM filter, the final state prediction is just the current state X;.

The evaluation of the filtering techniques was performed by evaluating how close,
the predicted state X; generated by each filter, was to the true state X, for every
time step ¢, and trajectory in the test dataset. This was achieved by some soon to
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be defined accuracy measure, computed over all experiments. Lastly, the computa-
tional viability of the three filters was examined. The evaluation metrics are defined
explicitly in the following sections.

3.4.1 Accuracy Measure

The accuracy measure used to evaluate the difference between the final predicted
state vector X and the true state vector X was the Euclidean Root Mean Square
Error (RMSE), as defined in Eq. (2.64). The mean of the RMSE over the entire test
data set was calculated according to Eq. (2.65). The RMSE was computed inde-
pendently for position, velocity, and acceleration, effectively providing three distinct
performance metrics. Additionally, the standard deviation of the RMSE across mul-
tiple runs was also calculated according to Eq. (2.66), to quantify the consistency
of the results. For all models, the first 3 time steps were disregarded in the RMSE
calculation, since filters, and corresponding state estimates, were assumed to be still
converging.

It is worth noting that calculating the Wasserstein distance between the predicted
posterior distribution p(X | Y") and the true posterior distribution p(X | Y") would
have be advantageous, as it directly quantifies the quality of the posterior approx-
imation [58]. However, such a comparison is generally intractable and addressing
this difficulty constitutes the core motivation of this project. While the distribution
p(X) is tractable, the distribution of interest is the conditional posterior p(X | Y),
which cannot be explicitly obtained [59]. Therefore, evaluating the models using
RMSE was both a practical and justified choice, given the scope and constraints of
this thesis.

3.4.2 Computational Viability Measure

The evaluation concluded by assessing the computational viability of the three fil-
tering techniques. Since all filters were implemented as online methods, ensuring
real-time operation on a reasonable computational budget was essential. This re-
quired both a short execution time and a manageable memory footprint. Execution
time was defined as the time from receiving a new radar measurement to generating
a prediction for a single target. It was considered acceptable if significantly faster
than the 1-second interval between radar measurements in this setup. Additionally,
the average time to execute an entire iteration, corresponding to one time step, was
recorded for the filtering techniques.

The DPF implementation introduces additional latency: after receiving a measure-
ment, particles are first (optionally) resampled and then propagated through all
unconditional models before the measurement update is performed. To enable true
online operation, it is reasonable to pre-compute all stages up to the conditional
proposal normalizing flow, allowing it to trigger immediately upon measurement ar-
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rival. This reordering would reduce the delay and improved the model’s suitability
for real-time use.

When profiling the NF-DPF, no gradient information was saved, since the gradi-
ents are solely used for training. All computational metrics were recorded under
settings tuned to minimize RMSE in position, velocity, and acceleration. However,
in practice, it might have been beneficial to reduce the number of particles, allow-
ing for slightly increased RMSE in exchange for lower runtime and memory demands.

3.5 Experiments

After the data had been generated, the filters defined, and the evaluation criteria
formulated, a number of experiments was set up and performed. The experiments
were formulated to evaluate the models performance, on the three datasets, which
corresponds to evaluating the models ability to accurately track targets moving in a
number of distinct ways. The first case was tracking constant velocity targets, the
second, highly manoeuvring targets, with unexpected turns of random duration and
magnitude, and the third, hyper-sonic and accelerating missiles. Before detailing
each experiment, the parameters and settings that remained constant across cases
is outlined.

Most hyper-parameters and filter architectures remained constant across all experi-
ments, as to maintain uniformity and allow for efficient evaluation. There are a few
exceptions, were filters have been tuned and configured to the current experiment,
like varying the state dimension between them. This will be detailed further in the
subsequent sections. The IMM filter maintained the same set of filters and config-
urations across all experiments, using a 6-dimensional state for both accelerating
and non-accelerating data. This is reasonable, as the IMM combines CV and CA
filters, which often ensures that at least one filter effectively captures the underly-
ing dynamics. For all experiments, the initial conditions were varied between data
samples to encourage the NF-models to learn a distribution that reflects real-world
variability, where strict assumptions cannot be made.

For the three experiments, data was generated according to the descriptions in Sec-
tions 3.2.4 and 3.2.5, using the SDEs defined for the constant velocity, turning and
accelerating cases. The ranges from which the initial conditions xq, vy, vo, and
¢o were drawn for each experiment are defined and presented in Tables C.1, C.2,
and C.3.

An important aspect of the experiment methodology was to use a Out-Of-Sample
(OOS) data pipeline [60]. This is the method of training the trainable models on one
set of data (the training data), and evaluating how well it generalizes on a seperate
set of data the testing data. This approach ensures the model doesn’t learn specific
patterns in the training samples, but rather learns the underlying general dynamics.
In addition to the training and testing data, a third dataset is generated, referred to
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as the validation data. The model is never trained on this dataset but is continuously
evaluated on it to guide hyper-parameter tuning and model configuration choices.
For all three experiments, the final datasets contained 8000 trajectories each, split
into 6400 for training, 800 for validation, and 800 for the final evaluation of the filters.

The IMM and PF filters, as they are not trainable, were only evaluated on the 800
trajectories in the test dataset, recording the metrics defined in Section 3.4.

3.5.1 Experiment 1 - Constant Velocity Trajectory

The first experiment was set up to evaluate how well the filters capture a target
moving with nearly constant velocity, as described by the SDE in 3.2.1. It is worth
mentioning that “constant velocity” trajectories do not imply a truly constant ve-
locity. Instead, they are modelled as missiles with no thrust or drag, meaning that
changes in velocity arise solely from the wobble and the stochastic Wiener processes
in the a, and a; terms. Even when accelerations are small, the tracking problem is
still far from trivial. The target experiences large fluctuations in position and veloc-
ity due to the stochastic noise terms. Furthermore, the uncertainties introduced by
the measurement model remain substantial. Including this scenario, as one of the
experiments, was therefore justified.

In Experiment 1, both the NF-DPF and PF approximate the target state using a
reduced 4-dimensional state vector, instead of the general 6-dimensional state. This
reduction omits acceleration terms and simplifies the learning task. This modelling
choice is justified by the fact that the targets exhibit negligible average acceleration,
with a mean acceleration close to zero throughout the trajectory. While this prior
knowledge about the data may introduce a risk of data leakage, it was used here to
isolate and evaluate model performance under simplified, lower-dynamic conditions.
Furthermore, the acceleration loss term Lgygy was not evaluated, and the loss
function depended solely on L¥ysr, Liyse, and Lrrpo. Consequently, the RMSE
in acceleration was excluded from the final evaluation in Experiment 1.

3.5.2 Experiment 2 - Turning Trajectory

The second experiment was designed to evaluate the filters’ performance in tracking
targets which make unexpected turns, as modelled by the SDE in Section 3.2.2. This
setup required the models to account for sudden changes in dynamics, effectively
increasing the need to maintain a broader distribution, particularly for the particles
in the NF-DPF and PF. Despite this, the added noise in the Motion Update Model
for the NF-DPF and PF was kept the same as in Experiment 1. Although a larger
spread could be beneficial in this scenario, the responsibility of adapting to these
dynamics was left to the normalizing flows. The targets have small tangential ac-
celerations and were therefore once more, with the same justification, modelled by

a reduced state of 4 dimensions X, = [2, 9, 0, 0y]. Again, the term L}gp wWas not
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evaluated, and the filters were not assessed based on RMSE in acceleration.

3.5.3 Experiment 3 - Accelerating Trajectory

The third experiment considers the full missile dynamics defined in Section 3.2.3,
which simulates accelerating hypersonic missiles. In this final experiment, the full
6-dimensional state vector was used. This significantly increases the degrees of free-
dom, that is, the number of dimensions the model must approximate. As a result,
a higher number of particles is required. The task becomes substantially more chal-
lenging because errors in acceleration estimations quickly propagate through the
system. Even if the state of a particle accurately reflects the position and velocity
of the target, an incorrect acceleration estimate can cause rapid divergence.

3.6 Software and Hardware

All filters were defined and evaluated using the Python programming language. The
neural networks were implemented with the PyTorch framework. Result visual-
ization was constructed using Python’s Matplotlib library. The training was in its
entirety carried out on a pair of NVIDIA L40S 48GB GPUs, and one NVIDIA A100
80GB GPU. The profiling was conducted using the time.perf counter() function in
Python. The CPU used for all experiments was an Intel Xeon Processor (Icelake)
with 24 physical cores and AVX-512 support.

46



4

Normalizing Flow Differentiable
Particle Filter

and implementation of the Normalizing Flow Differentiable Particle Filter (NF-

DPF). The filter will be described in detail, as only a single prior work on NF-
DPF models exists to date [16], limiting the availability of established references.
The chapter will begin with an overview of the filter. Thereafter, each step of the
filter will be presented in detail and lastly the training schematics will be defined.

I n contrast to previous chapters, this chapter will solely focus on the structure

4.1 NF-DPF Overview

The aim of the NF-DPF is to predict the true state X; of the target at time t given
noisy measurements Y;. This is achieved by initializing a set of particles {)A(Z, wiiV
where each particle )A(f, with associated weight w!, represents a candidate state at
time t. The particles are propagated through several models that adjust the state
of each particle, thereafter the weights are updated correspondingly. This approach
is consistent with the implementation by Chen et al. [16].

In the NF-DPF, it is essential that both the Dynamic and Proposal Normalizing
Flows are not only fully differentiable but also invertible. Differentiability is a re-
quirement of the broader class of Differentiable Particle Filters (DPFs), as it ensures
that the mappings from inputs to outputs support end-to-end training through gra-
dient descent [61]. This requirement applies to all components of the NF-DPF, in-
cluding the Motion Update Model, Dynamic NF, Proposal NF, Measurement Model,
Weight Update, and the Resampling.

The second requirement, invertibility, arises from the need to evaluate probability
densities in both the dynamic and proposal models. In particle filtering, densities
such as p(X, | Xi_1), ¢(X, | X;—1,Y;), and p(Y; | X,) must be computed to perform
proper particle weighting. While a standard neural network can generate samples X,
conditioned on X;_; and Y;, it does not provide a tractable expression for the prob-
ability density of those samples. Normalizing Flows (NFs) address this limitation
by being both invertible and differentiable, with a tractable Jacobian that enables
exact density computation via the change of variables formula. By transforming
samples from a known base distribution (e.g., Gaussian) into complex distributions,
NFs allow the required densities for both the dynamic and proposal models to be
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computed explicitly, making the weight update both probabilistically valid and dif-
ferentiable.

Figure 4.1 presents an extended flowchart of the NF-DPF, building on the simpli-
fied version shown in Figure 3.2. It illustrates one iteration of the NF-DPF for a
particle © when a new radar measurement Y; becomes available at time ¢, including
the propagation through the Motion Model, the Dynamic NF, the Proposal NF,
the Measurement Model, and the Weight Update step. Additional steps not shown
in the flowchart in Figure 4.1 include Particle Initialization, State Prediction, Re-
sampling, and Training. The complete procedure is outlined in the pseudo-code in
Algorithm 1. While Figure 4.1 illustrates a single filtering step, the algorithm de-
scribes the full NF-DPF pipeline over an entire trajectory, highlighting that training
is performed at the end of each sequence.

Dynamic NF Proposal NF

Motion Model @ Tp_l(Xf) @ ‘7:@;1<X§; Vi) Xi
O

—[Measurement Model]<—

Dynamic NF

(Y XDp(RiIXEs0) | ;
a(XFIXi_, Vi) J

Weight Update

i [ i i
Wy_1q lwt X Wiy

Figure 4.1: The flowchart illustrates one iteration in the NF-DPF. Particles X/ ,
are first updated via the Motion Update Model with added stochastic noise to model
process uncertainty and encourage exploration, yielding Xg These are refined by
the Dynamic Normalizing Flow to produce XZ, and finally updated by the Proposal
Normalizing Flow using the measurement, resulting in th Each particle is then
assigned a weight w! based on the measurement likelihood from the Measurement
Model and the transition probability, and the weights are normalized to approximate
the posterior distribution.
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Algorithm 1 Normalizing Flow Differentiable Particle Filter

1: for trajectory in batch do

2: Initialize particles: {X7}Y,
3 Initialize weights: {w{}¥, = +
4: fort=1to T do
5: Update particles through motion update: X7 « X7 |
6: Update through Dynamic NF: X} = 7;*1(5(5)
7: Update through Proposal NF: X} = F*(X}; Y;)
8: Calculate measurement likelihood: p(Y; | X7)
9: Calculate prior probability with 7,(X?): p(Xi | X7 |, )
10: Compute weights: w! o wiflp(it('g')?iii{%w
11: Normalize weights: w; oc wy
12: Predicted state: X, = >N, X!
13: Compute effective sampling size:
1

ESS N 25\7:1(“’2)2
14: if ES§< ESSin thqn .
15: {Xi}L <R ({XZ i, {wz}fL)
16: {wil, « +
17: end if
18: end for
19: end for

20: Compute loss L(p, 1) over batch.
21: Update ¢ and v through back-propagation.

4.2 NF-DPF Step Description

The following sections presents an in-depth description of each step in the NF-
DPF model. The steps will be presented one by one in the order of one of the
iterations presented in Algorithm 1. Note that the following descriptions assumes a
6-dimensional particle state vector, which includes acceleration. In cases where the
state vector is 4-dimensional and does not include acceleration, any steps involving
acceleration-related components are omitted accordingly.

4.2.1 Particle Initialization

At the start of each trajectory, the particle states and weights are initialized. This
is performed by first constructing a guess of the initial state and then spreading out
the particles uniformly within a bounded interval centred around this guess. The
first two measurements Y; and Y3, in polar coordinates (r,0,v,), are transformed
into Cartesian positional coordinates using the measurement model function h in
(2.7), as detailed in subsequent steps. These positions are then used to approximate
the initial velocity by computing the difference between the first two positions. The
acceleration are set up as terms of normal a, and tangential a, acceleration. Due
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to the lack of a reliable method of approximating the accelerations using few mea-
surements, the initial acceleration guess is zero in both a,, and a;. Combining the
position from the first measurement with the approximated initial velocity and the
acceleration yields the initial state estimate.

The initial particle set is constructed by uniformly perturbing the initial state es-
timate of each particle within predefined bounds. The velocity perturbations are
applied in polar coordinates and allow for a directional spread of up to 180 degrees.
This procedure yields N particles with state vectors {X¢}X, = (4, 5, 0.0, 0y, 5, 0
aj ) and corresponding uniform weights {w{};L, = 1/N.

4.2.2 Motion Update Model

The Motion Update Model deterministically evolves each particle state based on
its previous state and adds stochastic noise as X} = X/ | + W. Specifically, the
position, velocity and acceleration components are updated with Gaussian noise as
follows:

# o [2], [o.] | 1 [aw 3 2
[g] - [g] "‘ [@y] _'_ 2 [at‘| + WPOS7 Wpos N(()?O_pos)? (41)
Op| |0y G, N )
[f@] o [@y] + |f%;| + erh erl N(07Uvel>7 (42)
ln = 0, W~ N (0,07) (4.3)
iy =+ wy,  w~N(0,07). (4.4)

The standard deviation o controls the amount of process noise added to the state
during the motion update and reflects uncertainty in how the target moves over
time. When the target has a higher velocity, the uncertainty in its future state may
increase due to more abrupt or less predictable dynamics. To capture this, ¢ is made
dependent on the current velocity of the target. In this implementation, the noise
terms are scaled proportionally to the target’s speed, using the velocity magnitude

||V|| = \/m as follows:

o=a+g|V], (3.6)

where o represents a minimum baseline noise level, and ( controls how much the
noise increases with speed. This formulation ensures that the noise remains non-zero
even at low velocities, while allowing for increased stochasticity during high-speed
motion. The impact of this velocity dependent scaling may vary depending on the
scenario, and in some experiments [ is set to zero. The noise levels used for the three
experiments are presented in Appendix D. The Motion Update Model ultimately
returns the updated particle state vector, the applied noise, and the corresponding
standard deviations:
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h
g Wpos Opos
th _ 13:(: 7 W = erl 7 Y — Ovel 7 (45)
Uy Wn On
dn, Wy Ot
[t |

where subscript ¢ and superscript ¢ are dropped in the X vector for clarity.

4.2.3 Dynamic Normalizing Flow

The Dynamic Normalizing Flow, 7,, appears two times in the proposed NF-DPF
model. The flow is a conditional NF with 4 consecutively stacked RealNVP flows,
each flow parametrized by the set ¢ in the scale and shift neural networks, both
consisting of 3 hidden layers with 32 neurons each. Both passes of the Dynamic NF
are presented in the order of execution.

a) Inverse pass - 7;_1(XZ)

The first Dynamic Normalizing Flow is the inverse transformation 7;*1, which maps
a sample from a simple base distribution into a more complex learned distribution.
The flow takes the updated particle state vector )?; from the Motion Update Model
as input and conditions them on the mean and standard deviation of the particle
set, (ix,,0x,). This transformation can be expressed as follows:

th = 7;_1()?23 (:U)v(,y UXt))’ (4'6)

where the output X/ is the transformed particles. Using Eq. (2.60) and (2.61), the
density transformation can be stated as:

p(X] | Xi_y) = p(X] | Xi_))|det Jpa (X))

(4.7)

Here, p(th | Xf_l) corresponds to the process noise distribution and can be writ-
ten as p(W}), where p denotes the Gaussian density defined in Section 2.3.2. The
transformation in Eq. (4.7) can therefore be rewritten as:

p(X] | X[_)) = p(W)) (4.8)

det J;1 (X))

This density is used as part of the proposal distribution q(XZ | )A(Ll, Y;; 0), discussed
in Section 4.2.4.

b) Forward pass - T,(X?)

The second Dynamic NF is applied after the Proposal NF F/ Y(X7,Y,) as a forward
transformation 7, which maps the proposed particle XZ from the complex learned
proposal distribution back into the simple base distribution. Unlike the inverse Dy-
namic NF pass, this transformation does not yield the final particle state but is
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instead used to evaluate the prior density p(X? | X/ ,;¢) as part of the impor-

tance weighting step. This is achieved by transforming )A(tz into latent space. The
transformation can be expressed as:

Xi = To(Xis (ng,00%,), (4.9)

where the output X7 are particles drawn from the simple distribution p(- | X7 ;).

The particles X7 are assumed to be drawn from the prior distribution p(X7 | X7_: o).
Through the transformation 7, and its change in density, we can express the prior
distribution as:

p(X | Xi ) = p(X] | Xi)| det Jr (X)),

(4.10)

Here, p(Xi | X7_,) can be rewritten as p(X; — (Xi — W)) where p denotes the Gaus-
sian density defined in Section 2.3.2. The prior density in Eq. (4.10) can therefore
be rewritten as:

p(X] | X y5) = p(X{ — (X] = W)))| det Jr. (X})

. (4.11)

4.2.4 Proposal Normalizing Flow

The Proposal Normalizing Flow, Fy, is also constructed as a conditional RealNVP-
based normalizing flow, as defined in Section 2.2.3. The model uses 4 stacked flows,
were each flow is parametrized by the set v in the scale and shift neural networks,
both consisting of 3 layers with 32 neurons each.

This flow operates in inverse mode, F,; ! where it transforms the particles X’; from

an intermediate base distribution into the final proposed state XZ The key charac-
teristic of the Proposal Normalizing Flow is that it is conditioned, not only on the
mean and standard deviation of the particle set, but also on the radar measurement
Y;. Rather than using the positional coordinates directly, the conditioning features
are derived from measurement-particle distances, as (Ax, Ay, v,), where v, is left
unchanged. This feature transformation was found to improve the NF-DPF’s ability
to predict the target distribution. The transformation is expressed as:

Xi = FyN (XY (Y pig, 0,), (4.12)

where the output X} are the proposed particles, which after reweighing represent the
posterior pdf, and are used for the final state estimation. The density transformation
can be stated as:

A . ~ . ~ . v . ~ . —1
p(X} | X1, Ye) = p(X] | X, Yy) | det o (X5 Y3)| (4.13)

Combining this result with the density transformation in Eq. (4.8), the proposal
distribution can be derived as:

(X | Xi_ ), Yis0) = p(W))

det Jr+(X7)[ [ det Jros (X vl (4.14)
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4.2.5 Measurement Model

The objective of the measurement model is to represent the relationship between
the observation Y; and the state Xg through a likelihood function that models the
distribution p(Y; | X?). This distribution describes how likely a particular obser-
vation is, given a specific state. In contrast to the approach presented by Chen et
al. [16], where this relationship is learned using a conditional normalizing flow, the
measurement model used in this work is known and explicitly defined as a Gaussian
distribution in polar coordinates.

More specifically, given particle states expressed in Cartesian coordinates, the mea-
surement model transforms the particle states into polar coordinates r, 6 and v, as
in Eq. (2.7), and computes the measurement likelihood under an additive Gaus-
sian noise assumption. The covariance of the measurement noise is predefined with
respect to the noise characteristics of the sensor, as defined in Eq. (2.13), and the
likelihood is computed using the probability of the corresponding multivariate Gaus-
sian. Using the derived equation Eq. (2.69) for a multivariate Gaussian, and applying
it for polar coordinates one gets the following:

AR ¢ P S—— (—ézm’j‘hﬁ z,m) (415)

(27)3/2 ]_[?:1 oF = o2
1 1 (r=7)2 0-02 (v, —0,)>
= (27)3/20, 090, exp (—2 [ > + p + pe . (4.16)

The known measurement model h does not require learning from data, and therefore
the likelihood is defined as p(Y; | X}), in contrast to the parametrized form p(Y; |
X' 0) in Eq. (2.50), which depends on the parameter set 6.

4.2.6 Weight Update

The weights are updated to reflect the relative importance of each particle under
the target distribution, which is given by:

7 7
Wy X W_q

p(Yi | X p(X] | X)Ly )

Saidal (4.17)

Using the derived expressions for the probabilities from Eq. (4.11) and (4.14), and
keeping the measurement probability Eq. (4.15) on its original form, the weight
update can be rewritten as:

PV X)p(X] = Xi + W)

det T+ (X} V) | det Jr (X7)| det J7, (X7)
p(W) '

w) o< wi_,
(4.18)

The proportionality symbol indicates that normalization across all weights is neces-
sary. The normalized weights @} are calculated as:
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i
Wy

L B (4.19
Zl]cvzl wy )

Wi =
However, for numerical stability, the weights are computed in logarithmic form (w! =

logw!). Thus, the normalized weights are calculated using the following numerically
stable expression:

i o]
Wy = Nexp (1w} kman wi) - (4.20)
>p—1 exp (wy — max; wy)

4.2.7 State Prediction

The final predicted state, used for estimating the target’s state in the tracking
context, follows the same principle as in the particle filter and is given by Eq. (2.44).
It is computed as the weighted average of the particles:

N
X =Y w X, (2.44)
=1

4.2.8 Resampling

Since NF-DPF requires a fully differentiable resampling technique to enable back-
propagation, Entropy-Regularized Optimal Transport Resampling, defined in Sec-
tion 2.2.2; is used. This resampling method avoids weight degeneracy by spreading
the states continuously according to the target distribution. Importantly, resam-
pling is performed only for those trajectories in the batch where the effective sample
size (ESS) falls below the predefined threshold, ESS,;, = %

4.3 NF-DPF Training Process

The NF-DPF, including the Dynamic NF and Proposal NF which constitute the
trainable components, was trained on 6,400 target trajectories as described in Sec-
tion 3.5, for 100 epochs or until convergence. The loss over epochs for the training
of the NF-DPF for the 3 Experiments is reported in Appendix E.

4.3.1 Loss Function

The loss function L£(p, ) used to train the NF-DPF is based on the weighted com-
bination of ELBO and RMSE for position, velocity, and acceleration, as previously
defined in Eq. (3.7):

‘C’(va ¢) = a/pos*CRMSE + avelﬁRMSE + aacc»Cg{(}gSE + OéELBO»CELBO- (37)

pos vel
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4.3.2 Optimization

The parameters (¢, ) in the Normalizing Flows were continuously updated, as de-
scribed in Section 2.2.1, by using the Adam optimizer, predefined in PyTorch. The
initial learning rate was set to le—4 and was scheduled to be updated by a factor
of 0.8 every 10 epochs.

Training was conducted over batches of 32 trajectories. As described in Section 3.2,
the full set of trajectories was divided into training, validation, and test datasets.
During training, batches were randomly sampled from the training set to ensure
variation and improve generalization. Overfitting was mitigated by monitoring the
training and validation performance throughout training, allowing early detection
in cases where the training loss began to drop below the validation loss. This did
not occur, which is further discussed in Appendix E. The model that achieved the
best combined loss £(p, 1) on the validation data during training was saved as the
final model.

95



4. Normalizing Flow Differentiable Particle Filter

56



O

Results

Sections 3.5.1 - 3.5.3. To reiterate, for all experiments, the state of the target,

is estimated using an online filtering setup based on p(X; | Yo.), as opposed
to the more trivial offline setup, which conditions on the full observation sequence
p(X¢ | Yo.r). The results are grouped into the quantitative results where the final
performance is reported in terms of Euclidean RMSE in position, velocity, and ac-
celeration (when available) for all filters, and boxplots that visualize performance
across the test dataset. Secondly, for each experiment, the qualitative results are
presented, including a few representative runs containing the true target positions,
the radar measurements, and the filters positional estimates. For the NF-DPF, con-
tour plots are included for the intermediate particle states at three key steps: after

v ~

the Motion Update Model (X), after the Dynamic NF (X), and after the Proposal

A

NF (X). The chapter concludes with an assessment of the computational viability
of each filter, including execution time and and mathematical complexity.

T his chapter presents the results obtained from the experiments described in

5.1 Experiment 1 — Constant Velocity Target

As described in Section 3.5.1, Experiment 1 evaluates the filtering techniques based
on how accurately they estimate the true 4-dimensional state of targets moving at
approximately constant velocity. The filters are assessed both quantitatively and
qualitatively using 100 particles in the PF and NF-DPF. Section 5.1.3 provides a
summary of the experimental results.

5.1.1 Experiment 1 — Quantitative Results

The IMM, PF and the trained NF-DPF were evaluated on the 800 trajectories in
the test dataset generated from Eq. (3.1)-(3.2). The Euclidean RMSE, as defined
in Eq. (2.64) was recorded. The positional and velocity Euclidean RMSE, along
with the combined RMSE, which was computed with the same weighting as the loss
presented in Table D.4, are presented in Table 5.1. The positional Euclidean RMSE
between the radar measurements Y;, converted to Cartesian coordinates, and the
true target positions is also presented in Table 5.1. This value represents the lowest
baseline performance, where simply using the measurements as positional estimates
is a trivial solution that any viable filter should outperform.
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Table 5.1: Experiment 1 — RMSE results for the three filters, evaluated on the
test dataset. The £ values represent the standard deviation across trajectories in
the set. The combined RMSE is computed as 70% RMSE position and 30% RMSE
velocity, matching the weighting used in the training loss for NF-DPF, see Table D.4.
Boldface marks the best result in each category.

RMSE Position RMSE Velocity RMSE Combined
Measurement 28.42 £3.47 - -

IMM 17.44 £3.79 8.66 £2.80 14.81 £3.49
PF 24.62 £3.71 19.72 £13.06 23.15 £6.51
NF-DPF 18.42 £3.77 8.55 £2.12 15.46 £3.28

The PF resulted in the highest RMSE for both position and, more notably, velocity,
leading to the poorest overall performance. The IMM filter slightly outperforms
the NF-DPF in positional accuracy and in the combined RMSE, while the NF-DPF
shows a marginal advantage in velocity estimation. All filtering techniques achieve
lower positional RMSE than the radar measurements. The standard deviations are
similar across filters in the positional case, whereas in velocity, the NF-DPF demon-
strates the lowest variability, followed by the IMM, and with the PF performing
the worst. Overall, the IMM and NF-DPF deliver comparable results in this first
experiment, while the PF was clearly less accurate.

The Euclidean RMSE over the test dataset is also illustrated using boxplots for
each filtering method and individual dimension. FEach box represents the interquar-
tile range (IQR) (from the 1st to the 3rd quartile), with whiskers indicating the
data range within 1.5 times the IQR, excluding outliers. The horizontal line within
each box denotes the median. The boxplots provide a summary of the distribution
and variability of the RMSE across test trajectories. Once more the RMSE between
the radar measurement and the true position is included. The boxplots for the po-
sitional RMSEs are found in Figure 5.1, while the boxplots for the velocity RMSEs
are found in Figure 5.2.

The IMM and NF-DPF demonstrate comparable accuracy, as also reflected in the
mean performance values reported in Table 5.1. The NF-DPF displays a wider
spread within the whiskers, indicating greater variability in standard cases. How-
ever, the NF-DPFs lower standard deviation from Table 5.1 suggests that the IMM
may suffer from more frequent or more severe outliers. This implies that the NF-
DPF is at least comparable in terms of robustness, if not more resilient to extreme
erTors.

Once more the IMM and NF-DPF exhibit comparable accuracies. Notable is that
the PF has the lowest accuracy, both in terms of median, and when considering all
quartiles. This is explained by the fact that the parameters of the PF were tuned
by evaluating the filter on positional accuracy and not accuracy in velocity.
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Figure 5.1: Boxplot of the positional RMSE distribution for the measurements,
IMM, PF and NF-DPF for Experiment 1.
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Figure 5.2: Boxplot of the velocity RMSE distribution for the IMM, PF and NF-
DPF for Experiment 1.

5.1.2 Experiment 1 — Qualitative Results

Figure 5.3 illustrates the application of the three filtering techniques on two repre-
sentative trajectories from the test dataset. The plots visualize the reconstructed
paths of the target by each filtering method, allowing for a qualitative comparison
of tracking behaviour. The true trajectory is plotted together with the radar mea-
surements and the filtered estimates from the NF-DPF, PF, and IMM. This type of
visualization helps to assess how closely the filters align with the underlying ground
truth, especially in terms of smoothness, bias, and responsiveness to measurement
noise.

Figure 5.3 shows that the predicted trajectories from the NF-DPF and IMM ex-
hibit highly similar dynamics, with only minor deviations in isolated parts of the
trajectory. This observation aligns well with the positional RMSE values reported
in Table 5.1, where both models demonstrate comparable error and variance. In
contrast, the PF displays a greater bias and is more sensitive to measurement noise.
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Figure 5.3: The filters applied on the measurements from two different trajectories
in the Constant Velocity Target test dataset used in Experiment 1.

This is particularly noticeable in the latter part of the trajectory in Subfigure 5.3b,
where the PF overreacts to individual measurements, leading to abrupt deviations
that do not align with the expected target dynamics.

Figure 5.4 illustrates the effect of each NF on the particle distribution after a single
measurement update. It shows the particle states after the Motion Update model,
Dynamic NF, and Proposal NF, represented by their respective particle sets. Sub-
figure 5.4a displays a two-dimensional contour that encloses 85% of the particles,
visualizing the region where the filter believes the target is most likely located. This
contour reflects the spatial density and uncertainty of the NF-DPF’s belief after the
respective update steps. Subfigure 5.4b shows the corresponding average velocity of
the particle sets using arrows. This highlights how each step influences the velocity
component of the estimated state.

As shown in Subfigure 5.4a, the Proposal NF performs the most substantial transfor-
mation of the particle distribution. It both contracts the spatial spread of particles
and shifts their positions towards the radar measurement, without ending up at the
measurement, which usually indicating overfitting to the measurements. Instead,
the transformed distribution encloses the true target state, yielding a good posi-
tional prediction. It is worth noting that this does not always occur. In contrast,
the Dynamic NF produces a minor transformation of the initial spread of the par-
ticles.

Subfigure 5.4b shows a similar transformation for the velocity states. The Proposal

NF increases the magnitude and adjusts the direction of the average velocity vector
to better align with the target, whereas the Dynamic NF produces only a minor
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ticles after Motion Update, Dynamic NF cles after Motion Update, Dynamic NF
and Proposal NF. and Proposal NF.

Figure 5.4: Positional contour and average velocity of the particle cloud after
the Motion Update (blue), Dynamic NF (red), and Proposal NF (green), shown at
a representative time step from a trajectory in Experiment 1 — Constant Velocity
Target. In both subfigures, the true target position (black) is indicated. For the po-
sitional contour (left), the radar measurement (cyan) and the ground-truth position
(magenta) are also included. The legend is shared across both subfigures.

update. While this time step was selected for illustrative purposes, similar patterns
occur throughout the sequence with a small broadening from the Dynamic NF, fol-
lowed by a shift and contraction from the Proposal NF, depending on measurement.

5.1.3 Experiment 1 — Summary

In Experiment 1, the NF-DPF shows comparable results to the IMM. As shown in
the tables, the IMM slightly outperforms the NF-DPF in position and combined
RMSE, while the NF-DPF shows marginally better results in velocity. In contrast,
the PF underperforms in both positional- and velocity accuracy. Both filters out-
perform the noisy radar measurements in positional accuracy. The PF just slightly
outperforms the measurements in positional estimates. The qualitative analysis
confirms these trends, with both IMM and NF-DPF closely tracking the target tra-
jectory, while the PF is less stable and overreacts to each measurement. The contour
plots show how the NF-DPF’s Proposal NF scales and shifts the cloud of particles
toward the measurement and adjusts the velocity vector, while the Dynamic NF per-
forms a slight transformation of the particle set. Overall, the NF-DPF demonstrates
robust behaviour and competitive accuracy for low-manoeuvrable targets.
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5.2 Experiment 2 — Turning Target

As described in Section 3.5.2, Experiment 2 evaluates the filtering techniques based
on their ability to estimate the true 4-dimensional state of targets moving at approx-
imately constant velocity, but subject to a varying number of turns with unknown
magnitude, duration, and start and end times. The filters are once more assessed
both quantitatively and qualitatively using 100 particles in the PF and NF-DPF.
Section 5.2.3 provides a summary of the experimental results.

5.2.1 Experiment 2 — Quantitative Results

The IMM, PF and the trained NF-DPF were evaluated on the 800 trajectories in the
test dataset generated from Eq. (3.1) and (3.3). The Euclidean RMSE, as defined in
Eq. (2.64) was recorded. Positional and velocity RMSE values, along with the com-
bined RMSE, are presented in Table 5.2. The positional Euclidean RMSE between
the radar measurements Y; Cartesian coordinates and the true target positions z,y
is also presented in the same table.

Table 5.2: Experiment 2 — RMSE on the test dataset. The 4+ values represent
the standard deviation across trajectories. The combined RMSE is computed as
70% RMSE position and 30% RMSE velocity, matching the weighting used in the
training loss for NF-DPF (see Table D.4). Boldface marks the best result in each
category.

RMSE Position RMSE Velocity RMSE Combined
Measurement 26.57 £4.08 - -

IMM 19.50 £4.06 11.82 £3.51 17.20 £3.90
PF 28.05 £6.23 34.94 £19.69 30.12 £10.27
NF-DPF 18.91 +£3.77 10.72 +£2.93 16.45 £ 3.52

In the turning target experiment, the PF no longer outperforms the naive approach
of using the measurements directly as positional estimates, as the latter yields a
lower positional RMSE. In contrast, the NF-DPF achieves the best performance
across all categories, with both lower means and lower standard deviations in posi-
tion, velocity, and combined RMSE. The NF-DPF results are consistent with those
reported in Table 5.1, while the IMM performs notably worse. This suggests that
the target dynamics of Experiment 2 is less suitable for the IMM filter, likely be-
cause the motion characteristics in the dataset are not well represented by its filters.
These results highlight the NF-DPF’s flexibility across diverse target types.

As in Experiment 1, the Euclidean RMSE over the test dataset is illustrated us-
ing boxplots for each filtering method and dimension. The boxplots for positional
RMSE, including those of the measurements and all filtering techniques, are shown
in Figure 5.5, while the corresponding boxplots for velocity RMSE are presented in
Figure 5.6.
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Figure 5.5: Boxplot of the positional RMSE distribution for the measurements,
IMM, PF and NF-DPF for Experiment 2.

Figure 5.5 supports the same conclusions as those drawn from the results in Ta-
ble 5.2: the NF-DPF achieves the lowest positional RMSE and the smallest spread
among the filtering techniques. The IMM shows comparable performance to the
NF-DPF, while the PF is clearly outperformed by both.

Velocity RMSE Distribution
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Figure 5.6: Boxplot of the velocity RMSE distribution for the IMM, PF and NF-
DPF for Experiment 2.

As noted from the results in Table 5.2, the PF is unable to approximate the velocity,
achieving both a high median, and a large spread. The NF-DPF and IMM exhibit
comparable performance, with the NF-DPF performing slightly better.

5.2.2 Experiment 2 — Qualitative Results

As in Experiment 1, a few representative trajectories from the test dataset are,
together with the positional predictions from the three filtering techniques; IMM,
PF and NF-DPF, illustrated in Figure 5.7. The radar measurements, converted to

63



5. Results

Cartesian coordinates are also included.
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(a) A representative turning target from (b) A representative nineon-turning tar-
the turning trajectory dataset. All filters get from the same dataset, illustrating
capture the turn, although with some de- the adaptability of the filtering tech-
lay. niques.

Figure 5.7: Two representative trajectories from the turning target dataset used
in Experiment 2: one where the target turns once (a) and one where it does not
turn (b). Positional predictions from all filtering techniques are shown.

The IMM and NF-DPF exhibit similar positional predictions, but the NF-DPF an-
ticipates the turn shown in Subfigure 5.7a more effectively. This is evident from its
alignment with the measurements at the onset of the turn, rather than continuing
straight ahead as seen with the IMM. All models successfully recover their tracking
after the turn. In Subfigure 5.7b, the PF is the most reactive, with its positional
predictions closely overlapping with the radar measurements. This leads to trajec-
tory estimates that are not physically plausible, in contrast to the smoother and
more consistent predictions produced by the IMM and NF-DPF.

Figure 5.8 illustrates the effects of each model in the NF-DPF. As before, the par-
ticle distribution (represented by a contour enclosing 85% of the particles) is shown
after the Motion Update Model, the Dynamic NF, and the Proposal NF. Since the
second dataset contains turning trajectories, a single time step where the target
initiates a right turn is selected for visualization. The current radar measurement
(cyan) and the true target position (magenta) are also included.

Although the example in Figure 5.8 was selected to illustrate a representative turning
trajectory from Experiment 2, it highlights several behaviours that reoccur across
different trajectories and time steps. Most notably, the Dynamic NF tends to spread
out the particles, likely as a precautionary measure to handle potential abrupt mo-
tion change such as turns. This dispersion strategy is particularly useful given the
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Position Density Contour

940 -
920 -
900 -

5. 880
860 -

840 A

{
(N

820 A

1140 1160 1180 1200 1220 1240 1260
X

(a) The Dynamic NF spreads out the par-
ticles (red contour), preparing for a pos-
sible turn, while the Proposal NF moves
the particles toward the measurement
(green contour), successfully relocating
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ticles after Motion Update Model, Dy-
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attempt to correct the particle velocities
to reflect the turn. The black arrow is
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dot).

Figure 5.8: The positional contour, and average velocity from all particles after
Motion Update Model (blue), Dynamic NF (red) and Proposal NF (green), illus-
trated at a single time step from a representative turning target trajectory. The
visualized moment occurs during a turn, where the velocity vectors have not yet
aligned with the change in direction. The legend applies to both subfigures.

dataset’s structure, where turn events occur with random durations and start times,
and one-third of the trajectories contain no turns at all. Because the filter cannot
assume a turn is occurring, it maintains flexibility to handle potential changes in
motion.

The Proposal NF consistently shifts particles toward the current radar measure-
ment. During turns, it is also observed that the velocity magnitudes decrease, an
effect likely due to reduced radial velocities, which the Proposal NF interprets as a
drop in speed. While the velocity vectors may not immediately align with the true
direction of motion, the model compensates over the course of several time steps.
Much of this correction occurs during the resampling step, which helps the system
recover even if the dynamics are not perfectly modelled by the Motion Update Model
and NFs.

These behaviours, particle dispersion by the Dynamic NF, measurement-driven ad-
justment by the Proposal NF, and gradual correction of velocities, combine to yield
rather effective posterior estimates.
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5.2.3 Experiment 2 — Summary

Experiment 2 suggests that the NF-DPF is well-suited to handling turning trajecto-
ries with uncertain dynamics. It shows competitive performance across position and
velocity estimation tasks, achieving the lowest RMSE scores among the evaluated
filters. While the IMM performs comparably in some cases, it appears less capable
of anticipating sudden changes in motion, as this is not captured by the filters in the
IMM. The PF, although highly responsive, often produces less physically plausible
predictions. Overall, the results indicate that the learned components of the NF-
DPF contribute to more consistent tracking performance across a range of motion
patterns.

5.3 Experiment 3 — Accelerating Target

As described in Section 3.5.3, Experiment 3 evaluates the filtering techniques based
on how accurately they estimate the true 6-dimensional state of accelerating targets.
The filters are assessed both quantitatively and qualitatively. 400 particles were
used in both the PF and NF-DPF, which was the computational limit. Finally,
Section 5.3.3 provides a summary of the experimental results.

5.3.1 Experiment 3 — Quantitative Results

The IMM, PF and trained NF-DPF were evaluated on the 800 trajectories in the
test dataset generated from the SDEs in Eq. (3.2) and Eq. (3.4). The Euclidean
RMSE, as defined in Eq. (2.64) was recorded. The position, velocity and accelera-
tion Euclidean RMSE, along with the combined RMSE, are presented in Table 5.3.
The positional Euclidean RMSE between the radar measurements Y; Cartesian co-
ordinates and the true target positions x,y is also presented.

Table 5.3: Experiment 3 — RMSE on the test dataset. The 4+ values represent
the standard deviation across trajectories. The combined RMSE is omitted, but
is clearly the lowest for the IMM filter. Boldface marks the best results in each
category.

RMSE Position RMSE Velocity RMSE Acceleration
Measurement | 226.32 £+ 32.95 - -

IMM 152.04 + 46.11 69.49 £+ 34.47 30.22 + 10.01
PF 379.66 £ 337.77  90.35 £ 49.49 37.86 + 8.47
NF-DPF 199.78 £ 60.81  175.39 £+ 97.07 4291 £ 9.12

In the accelerating case, the IMM and NF-DPF are able to produce more accurate
positional predictions, then naively using the radar measurements, while the PF
does not. All models, but specifically the NF-DPF struggle in predicting the veloc-
ity. All filtering techniques exhibit large standard deviations between runs.
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As in Experiment 1 and 2, the Euclidean RMSE over the test dataset is illustrated
using boxplots for each filtering technique and dimension. The boxplots for the po-
sitional RMSEs, including the measurements and all filtering techniques, are shown
in Figure 5.9. The corresponding boxplots for the velocity RMSEs and acceleration
RMSEs are shown in Figure 5.10 and Figure 5.11, respectively.
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Figure 5.9: Boxplot of the positional RMSE distribution for the measurements,
IMM, PF and NF-DPF for Experiment 3.

The PF has a notably large spread and high median in positional RMSE. The
NF-DPF and IMM perform comparable, with slightly lower RMSEs than the mea-
surement.
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Figure 5.10: Boxplot of the velocity RMSE distribution for the IMM, PF and
NF-DPF for Experiment 3.

When evaluated on velocity, the NF-DPF has both the largest spread and highest
median. The PF performs slighlty better than the NF-DPF, exhibiting a narrower
spread but a similarly elevated error. The IMM performs the very best, but it is
still concluded that all filtering techniques have a hard time estimating the velocity
of the targets in Experiment 3.
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Acceleration RMSE Distribution
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Figure 5.11: Boxplot of the acceleration RMSE distribution for the IMM, PF and
NF-DPF for Experiment 3.

Acceleration estimation proves challenging across all filtering techniques. The NF-
DPF exhibits the highest median and largest spread, indicating significant diffi-
culty in capturing second-order dynamics. It appears that the NF-DPF prioritizes
achieving acceptable positional estimates over accurate velocity and acceleration es-
timation. While this may partially reflect the weighting used in the training loss,
it is more likely a consequence of the hard-to-learn acceleration dynamics of the
trajectories in the dataset. This will be further discussed in Section 5.3.3.

5.3.2 Experiment 3 — Qualitative Results

As in Experiment 1 and 2, a few representative trajectories from the test dataset are,
together with the positional predictions from the three filtering techniques; IMM,
PF and NF-DPF, illustrated in Figure 5.12. The radar measurements, converted to
Cartesian coordinates are also included.

The IMM and NF-DPF exhibit similar positional predictions, although the NF-
DPF appears more reactive. As shown in Subfigure 5.12b from Experiment 3, the
NF-DPF becomes highly measurement-driven, relying on the Proposal NF to shift
particles toward the radar measurements and on the resampling step to redistribute
them around these observations. This behaviour suggests that the NF-DPF does
not learn deeper motion patterns beyond directly reacting to the measurements, as
opposed to Experiment 1 and 2 where the predicted trajectories were more smooth.

As shown in Subfigure 5.12b, the PF exhibits a prolonged period of poor predic-
tions. The most likely cause of this failure is the orientation of the first two radar
measurements, which suggest that the target is moving straight toward the top-left
of the figure. In contrast, both the IMM and NF-DPF recover from this more quickly.

Figure 5.13 shows the effect of the Proposal NF and Dynamic NF, as before, through

a contour line that encapsulates 85% of the particles, along with the average velocity
of the particles. The figure illustrates a single time step that represents the general
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Figure 5.12: Two representative trajectories from the accelerating target dataset
used in Experiment 3: One where all filtering techniques produce reasonable trajec-
tories (a) and one where the PF fails (b) probably due to some hard-to-recover-from
measurements in the beginning of the trajectory.

pattern, but not necessarily what occurs at every measurement. Even though the
NF-DPF in Experiment 3 includes additional acceleration terms in the state vector,
the corresponding contour plot has been omitted for consistency with Figures 5.4
and 5.8, and also because, similar to the average velocity, the transformations had
no observable effect on the acceleration vector.

From Subfigure 5.13a, it is clear that neither of the NFs performs any major trans-
formation of the distribution, aside from shifting the position of the entire particle
cloud. The Dynamic NF applies the smallest transformation, solely translating the
particles. The Proposal NF, however, introduces a slight change in density and then
strongly shifts the particles toward the measurement. In contrast to the trained
NF-DPFs in Experiment 1 and Experiment 2, the Proposal NF, and in return, the
entire NF-DPF, appears to over-fit to the measurements, resulting in the reactive
trajectories observed in Figure 5.7.

Subfigure 5.13b illustrates the negligible effect the normalizing flows have on the
velocity vector. As briefly discussed in Section 5.3.1, this could be due to the NF-
DPF prioritizing positional accuracy over velocity when the position predictions are
uncertain.
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Figure 5.13: The positional contour, and average velocity from all particles after
Motion Update Model (blue), Dynamic NF (red) and Proposal NF (green), illus-
trated at a single time step from a representative accelerating target trajectory.

5.3.3 Experiment 3 — Summary

Experiment 3 demonstrates that the NF-DPF struggles with high-dimensional, ac-
celerating targets. Although it achieves better positional accuracy than the radar
measurements and outperforms the PF, it falls short of the IMM across all metrics.
The PF shows the worst and most unstable performance, particularly in position.
Qualitative analysis reveals that the Proposal NF tends to over-fit to noisy measure-
ments, resulting in reactive trajectories, while both flows fail to effectively correct
the velocity. This suggests that the NF-DPF prioritizes positional fitting under un-
certainty, possibly at the expense of higher-order motion estimation.

The performance drop in Experiment 3 is likely due to the increased complexity of
the 6-dimensional state vector. With a limited number of particles, the NF-DPF
cannot effectively capture the additional degrees of freedom, resulting in reduced
generalization. As a consequence, the model compensates by reactively fitting to
the position measurements, without leveraging the acceleration states. This suggests
that, under the current configuration, the problem is too complex for the NF-DPF
to solve accurately given the amounts of particles used in the model.
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5.4 Cross-Dataset Evaluation of NF-DPF

To evaluate the generalization ability of the NF-DPF, each model was evaluated
not only on the dataset it was trained on, but also on the two remaining datasets
representing other target dynamics. The goal of this cross-evaluation is to investigate
whether a model trained under one type of target motion (e.g., constant velocity)
can perform well on unseen regimes, such as turning or accelerating trajectories.
Table 5.4 presents the positional RMSEs obtained by each model across all datasets.

Table 5.4: Positional RMSE of NF-DPF models evaluated across datasets. No
model generalizes well across all target types.

CV Data Turning Data  Accelerating Data
CV Model 17.44 + 3.79 27.52 4+ 14.50 210.26 4+ 30.18
Turning Model 19.01 + 343 18.91 £ 3.77  265.47 £ 58.76
Accelerating Model | 66.27 £+ 219.68 50.55 + 49.77 199.78 + 60.81

As expected, each model performs best on the dataset it was trained on. The model
trained on turning targets shows some ability to generalize to constant velocity data,
achieving performance close to the CV model. This is likely because the turning
dataset also includes non-turning trajectories, allowing the model to learn both types
of behaviour. In contrast, the models trained on CV and accelerating data perform
poorly outside their respective domains. Notably, the accelerating model generalizes
the worst, with significantly higher RMSEs when evaluated on the CV and turning
datasets. This supports the findings in Experiment 3, where the NF-DPF struggled
with the added complexity of the 6-dimensional state vector.

5.5 Computational Viability

The following section includes the results obtained from the computational viability
measurements presented in Section 3.4.2. With the same number of particles across
the PF and NF-DPF, the PF would run faster since it is a stripped-down version
of the NF-DPF. However, to ensure a fair comparison, the particle count in the PF
was adjusted to represent a well-tuned filter: 400 particles for Experiments 1 and
2, and 1600 particles for Experiment 3. Even with these adjustments, the NF-DPF
still outperformed the PF across all experiments. The NF-DPF used 100, 100 and
400 particles, respectively, with the 400 being the computational limit due to the
resampler. This resampler memory bottleneck is revisited in the discussion. The
computational viability was analysed by considering execution time and complexity
of the filtering techniques across the experiments.

5.5.1 Execution Time

To reiterate, the execution time of a target tracking algorithm refers to the time re-
quired to compute the posterior state estimate, assuming the prior has already been
calculated. For the filtering techniques implemented in this thesis, this corresponds
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to the time from when a radar measurement is made available, to the time where the
state prediction is made. This processing time must be significantly shorter than
the interval between measurements, At.,qar = 1 second. The execution times in
milliseconds for all three filtering techniques, across all three models, are presented
in Table 5.5, evaluated on both an L.40S GPU and a Intel Xeon CPU.

Table 5.5: Mean, standard deviation, and peak time in milliseconds (ms), from
measurement to state prediction. Evaluated over the 800 trajectories in the test
dataset.

Experiment 1 Experiment 2 Experiment 3

GPU

IMM 0.17 + 0.00 (0.19) 0.18 £+ 0.00 (0.21) 0.17 + 0.00 (0.19)

PF 0.35 £+ 0.01 (0.41) 0.36 + 0.01 (0.43) 0.36 + 0.01 (0.39)

NF-DPF | 2.22 + 0.08 (2.90) 2.34 £ 0.07 (2.61) 2.24 £+ 0.05 (2.55)
CPU

IMM 0.22 + 0.07 (0.87) 0.21 £+ 0.01 (0.25) 0.21 + 0.00 (0.21)

PF 0.48 £+ 0.20 (2.35) 0.47 £ 0.10 (1.13) 0.89 + 0.07 (0.95)

NF-DPF | 2.01 + 0.09 (2.62) 2.01 £ 0.13 (2.77)  1325.53 £ 1.67 (1354.20)

The IMM is considerably faster than all other filtering techniques. In contrast,
particle-based methods such as the PF and NF-DPF are inherently more computa-
tionally demanding, as they require maintaining and updating a large set of particles
at each time step. This overhead is further amplified in the NF-DPF, where each
particle must be propagated through two separate normalizing flow models.

While the NF-DPF performs efficiently on the GPU, with processing times consis-
tently below 3 milliseconds, it exhibits a severe performance bottleneck on the CPU
in Experiment 3. This is due to the increased state dimensionality, which necessi-
tates a larger particle set, and the model’s poor tracking performance in this setting,
which likely triggers resampling at every time step.

The overall execution time of the NF-DPF on the GPU is comparable to that on the
CPU for smaller particle sets, like those in the first and second experiment. This is
because the benefit of GPU acceleration is only realized when the particle number,
or network sizes are sufficiently large. For smaller setups, the overhead associated

with data transfer, and synchronization can outweigh the computational gains from
the GPU.

In addition to the execution time from measurement availability to state prediction,
the time required for a full iteration, that is one complete filtering step, was also
recorded. This duration must also remain below the radar update interval, At ,qar.
The results for all filtering techniques, across all experiments, on both CPU and
GPU, are presented in Table 5.6.
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Table 5.6: Mean, standard deviation, and peak time (ms) for a full filter iteration
(prediction and update). Evaluated over 800 trajectories.

Experiment 1 Experiment 2 Experiment 3

GPU

IMM 0.37 £+ 0.01 (0.40) 0.38 + 0.01 (0.44) 0.36 £+ 0.01 (0.41)

PF 7.15 + 1.71 (14.81) 7.56 + 1.17 (14.20) 57.85 £ 13.80 (103.05)

NF-DPF 6.83 £+ 0.50 (8.41) 8.48 + 0.56 (10.25) 11.84 £ 1.69 (17.76)
CPU

IMM 0.45 + 0.07 (1.12) 0.44 + 0.01 (0.47) 0.44 + 0.01 (0.44)

PF 42.43 + 45.66 (369.10) 90.49 4 89.99 (949.94) 6123.98 £ 123.81 (6859.79)

NF-DPF 5.41 4+ 0.41 (7.44) 6.28 + 0.57 (8.99) 6148.88 + 12.10 (6214.98)

The PF is consistently slow, with particularly high execution times on the CPU. In
Experiment 3, its runtime exceeds 6 seconds per iteration, making it unsuitable for
real-time applications. The NF-DPF demonstrates competitive performance on the
GPU but suffers from the same CPU bottlenecks in Experiment 3 due to the high
particle count and frequent resampling. Only the IMM meets real-time constraints,
achieving sub-millisecond execution times with practically no variation across ex-
periments. This is expected, as the IMM relies on closed-form Kalman updates
and does not require iterative procedures, such as the Entropy-Regularized Optimal
Transport Resampling used in the PF and NF-DPF.

5.5.2 Mathematical Complexity

In this section, the time and memory complexity of the three filtering techniques is
outlined. Let n denote the number of particles, A the hidden size of the normalizing
flow networks, L the number of flow layers, and r the number of models in the IMM
filter.

For the PF, the primary computational cost arises in the optimal transport (OT) re-
sampling step. This introduces a per-step time complexity of O(n?) due to pairwise
cost computations and iterations in the Sinkhorn algorithm. The memory complex-
ity is dominated by the O(n?) cost of storing the OT-related matrices (e.g., cost
matrices, transport plans). The memory required for storing the particles them-
selves is only O(n).

For the NF-DPF, two additional sources of cost are introduced: the proposal and
dynamics models, both implemented as conditional normalizing flows. Evaluating
these models adds a cost of O(nhL) per time step. Combined with OT resampling,
the total per-step time complexity at inference becomes O(n?+mnhL). During train-
ing, memory complexity scales as O(n?xbatch sizexnumber of Sinkhorn iterationsx
number of time steps).

For the IMM filter, each time step involves r parallel Kalman filter updates and
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model probability mixing. Each Kalman update has time complexity O(1) due to
matrix inversion and multiplication, resulting in a total per-step complexity of O(r).
The memory complexity is O(r), corresponding to the storage of r state vectors and
covariance matrices. With a small number of models and moderate state dimension,
the IMM is significantly more efficient than both the PF and NF-DPF.

These theoretical complexities are well reflected in the execution time measurements
reported in Section 5.5.1. Worth emphasizing is that the complexity of the NF-DPF
is largely due to the OT-resampler.

5.6 Results Summary

Through Experiments 1-3, it is clear that IMM exhibits the most robust perfor-
mance. The NF-DPF shows promising results with the 4-dimensional state vector
and most notably with the turning targets of Experiment 2, where it outperforms
the IMM. The limits of the NF-DPF becomes apparent in Experiemnt 3. When
introduced to both accelerating targets and a 6-dimensional state vector, tracking
performance degrades significantly. The PF performs the worst overall, often pro-
ducing volatile and physically implausible trajectories.

The NF-DPF shows strong potential when the state space is low-dimensional and
the number of particles is sufficient. However, in the 6-dimensional setting, when
the degrees of freedom increase, the filter struggles due to the limited particle num-
ber, a restriction placed by the computational budget. It also tends to place to
much confidence in the radar measurements when the target dynamics are harder
to learn. This is especially clear in Experiment 3, where the Dynamic and Proposal
NFs fails to update the velocity and acceleration components in any meaningful way.
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DPF modelling, and the experimental results, in relation to the aim presented in

Section 1.3. The goal was to compare the three filtering techniques introduced in
the thesis, in relation to their accuracy, uncertainty, and computational efficiency.
Through these comparisons, the viability of normalizing flow-based differentiable
particle filters in complex target modelling contexts is to be determined. Further,
several areas that warrant additional consideration are discussed, including why the
NF-DPF does not generalize well to accelerating targets, the modelling choices made
in the NF-DPF, and the metrics used to evaluate the filters. Special attention is
given to how performance is affected as the state dimension increases, particularly
when acceleration components are added.

I n this Chapter, a discussion is carried out regarding the outcome of the NF-

6.1 Filter Performance

When comparing the performance of the NF-DPF to the PF and IMM, the results
presented in Chapter 5 highlight the potential of the NF-DPF| particularly in Ex-
periment 2, where the target dynamics are poorly captured by the IMM filter. By
observing the representative trajectories with the positional predictions from the
filtering techniques in Experiment 2, it becomes clear that the NF-DPF produces
plausible trajectories. The NF-DPF both anticipates and responds to turns slightly
faster than the IMM and PF. This adaptability is further observed in the contour
plots, where the Dynamic NF' spreads out the particles at each time step to remain
prepared for potential changes in motion. Further, by considering the Euclidean
RMSE in position and velocity for Experiment 2, the NF-DPF outperforms all other
models, in all dimensions and with the lowest standard deviations. This indicates
a more accurate and stable algorithm, for low-dimensional target modelling when,
compared to the IMM, when evaluated on the chosen measurements and experi-
ments.

Whether the NF-DPF’s marginal performance over the IMM can be fully attributed
to the NF-DPF is open for discussion. One could argue that, since the IMM ex-
hibits a higher positional RMSE in Experiment 2 compared to Experiment 1, the
apparent advantage of the NF-DPF may primarily stem from the IMM’s degraded
performance, rather than from a substantial improvement in the NF-DPF itself.
This interpretation is supported by the fact that the NF-DPF also shows increased
positional RMSE in Experiment 2. However, an important distinction must be
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made between the two models: the IMM is limited to a fixed set of predefined fil-
ters, in contrast, the NF-DPFs learnable components allow it to adapt to the turning
targets in the training data and therefore generalize to a broader range of target be-
haviours. This adaptability likely enables the NF-DPF to better cope with dynamic
variations, thereby maintaining more consistent performance even when absolute
RMSE increases across experiments.

Although the results for Experiment 2 are promising when considered in isolation,
additional factors must be taken into account before a final conclusion can be drawn.
Firstly, when the two additional experiments are examined, particularly Experiment
3, it becomes evident that the NF-DPF is unable to outperform the IMM. Both the
PF and NF-DPF perform significantly worse than the IMM in terms of RMSE across
all dimensions. This is further observed in the representative trajectories presented
under Experiment 3, where the IMM creates more physically plausible target esti-
mates. Although this might be attributed to how suitable the data is for the IMM
to model, as compared to the data in Experiment 2, the IMM still has to be given
some credit. The fact that the IMM filter remains fixed across all experiments, while
the NF-DPF is effectively retuned for each dataset, strengthens the case in favour
of the IMM.

6.2 Computational Viability

No matter how much effort and consideration was put into the tuning of the NF-
DPF it was still not able to outperform the IMM with a 6-dimensional state. The
computational limitations of the NF-DPF, evident in the restriction to 400 particles,
made it too difficult for the filter to accurately approximate targets that utilizes 6
dimensions. This particle limitation warrants further discussion.

In practice, it is widely accepted that significantly more than 400 particles are needed
for 6-dimensional state spaces in particle filters. However, this restriction arose
from the choice of the OT-resampling scheme, which is computationally demanding.
Specifically, this is due to the need to save gradients of the optimal transport plan
matrix 7 in Eq. (2.56), solved by the Sinkhorn algorithm. Consequently, a n x n
matrix of gradients must be stored for up to 20 iterations at each time step and
for every trajectory in the batch. With a particle count of 400, this equates to
gradients amounting to gigabytes of memory. It is important to note that this only
applies during training since no gradients need to be saved during inference, where
only a single matrix must be defined, which is then continuously overwritten. This
memory constraint calls into question the practicality of iterative resamplers, par-
ticularly those relying on a n x n transport plan. Although other resamplers, such
as the Soft resampler, were explored, they did not yield results as accurate as the
OT-resampler in low-dimensional cases. The question of the number of dimensions
that can be effectively estimated using a max of 400 particles has been a recurring
theme throughout this project, and is therefore discussed in detail in Section 6.3.
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The execution times for all filters, when run on the GPU, were sufficiently fast in all
experiments to meet the requirements for on-line execution. Although the implemen-
tations were developed in Python, which is not known for high-performance comput-
ing, the observed runtimes did not justify reimplementation in a more performance-
oriented language. Nevertheless, for real-time or embedded applications, it may be
beneficial to optimize key components or translate the code to languages such as
C++ or Rust.

6.3 Accelerating Targets

The NF-DPF was found to generalize poorly to accelerating targets, where acceler-
ation is explicitly included in the state vector. The problem of estimating accelera-
tion in tracking is well known and stems from several challenges. Most notably, the
measurement model in this study provides no direct observation of acceleration, as
the radar measurement vector Y; = (r,6,v,) lacks any explicit acceleration terms.
However, this limitation alone does not fully account for the NF-DPF’s underperfor-
mance in Experiment 3. Despite relying on the same 6-dimensional state vector that
includes acceleration components, the IMM was still able to produce more reliable
state estimates.

This suggests that the NF-DPF struggles not solely due to missing acceleration
information, but rather due to how it handles the underlying state components.
Unlike the IMM, which adjusts the acceleration terms based on the spread of previ-
ous positions, the NF-DPF estimates the state through a weighted combination of
particles. These weights are computed using Eq. (4.17) and were found to be pri-
marily influenced by the measurement likelihood, as its magnitude was larger than
that of the other contributing terms.

Additionally, in the Motion Update Model, the stochastic noise added to explore
the acceleration components a, and a; does not immediately affect the position or
velocity. Since acceleration only influences the target dynamics over time, its effect
on the observable parts of the state is delayed. This breaks the connection be-
tween the updated acceleration values and the likelihood term p(Y; | X;) used in the
weight update. As a result, particles with very different acceleration states but sim-
ilar positions and velocities are assigned nearly identical weights. When resampling
is performed directly after the weight update, the added acceleration noise has no
measurable effect and is essentially ignored. This makes it difficult for the NF-DPF
to preserve or optimize the acceleration components, leading to poor estimation in
state dimensions that are not directly constrained by the measurement model.

One way to address this would be to rethink how exploration is introduced during
the Motion Update Model. The noise in this model has two distinct purposes: it
should capture the process noise of the target and also allow for exploration in the
NF-DPF. Preferably, this exploration should be done in a more realistic way, by first
adding noise to the state and then updating it through the naive motion model. For
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example, with this setup, particles that receive large velocity noise will naturally
move further, which is not necessarily the case if the state is updated before the
noise is added. This would also allow the acceleration noise to be properly incorpo-
rated, as it would have time to influence the trajectory. This approach, however, is
not possible in the current setup. The log-density of the noise in Eq. (2.70), which
is needed for the weight update, only has an analytical solution when the noise is
independent across state dimensions. This restriction limits what the Motion Up-
date Model can represent, since realistic exploration would require dependent noise.
These types of structured perturbations cannot be used, which in turn limits the
filter’s ability to explore high-dimensional states in a physically meaningful way.

6.3.1 Markov Property

Another contributing factor to the increased difficulty of modelling the accelerating
targets in Experiment 3 may lie in the structure of the underlying target dynamics
themselves. In particular, the trajectories used in this experiment do not strictly
follow a Markov process, as the time-varying mass m(t), which directly influences
the system dynamics through thrust and drag in Eq. (3.4), is not included in the
state vector. Neither is the time t. As a result, the evolution of the state cannot
be fully determined from the previous state alone, thereby violating the Markov

property.

Since the filtering techniques employed in this thesis rely on the assumption of
Markovian dynamics, an assumption introduced by the state-transition model throu-
gh the derivation of the Chapman-Kolmogorov equation in Eq. (2.6). This struc-
tural mismatch may impair the filters’ ability to accurately model and predict the
system’s behaviour. This limitation may have effected the performance under the
6-dimensional conditions of Experiment 3, where modelling errors were more pro-
nounced. This may partly explain why the data in Experiment 3 is, in contrast to
the first two experiments, more difficult to model effectively.

6.3.2 State Dimensionality

To investigate the role of state dimensionality, another experiment was made with
extending the state vector of the NF-DPF to 6 dimensions and applying it on the
datasets from Experiment 1 and Experiment 2. The quantitative results, in terms of
RMSE, remained largely unchanged, however the qualitative results revealed struc-
tural behaviour in the transformations of the particles.

In Figure 6.1, the contour plots for the NF-DPF with a 6-dimensional state vector
trained on the Experiment 1 — Constant Velocity Target dataset are presented. Sub-
figure 6.1a notably shows that the Dynamic NF primarily shifts the entire particle
cloud rather than altering its internal structure. These results are consistent with
the pattern observed in Experiment 3 — Accelerating Target, where the Dynamic
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Figure 6.1: Positional contour and average velocity of the particle cloud after
the Motion Update (blue), Dynamic NF (red), and Proposal NF (green), shown at
a representative time step from a trajectory in Experiment 1 — Constant Velocity
Target when running NF-DPF with a 6-dimensional state vector. In both subfigures,
the true target position (black) is indicated. For the positional contour (left), the
radar measurement (cyan) and the ground-truth position (magenta) are also shown.
The legend is shared across both subfigures. The physical and dynamical are under
the proposal and not the true one.

NF fails to significantly reshape the particle density. Additionally, the Proposal NF
frequently moves the particles closer to the measurement at each time step. This
behavior closely resembles that of a bootstrap Particle Filter (PF), particularly in
Experiment 1, where particles are repeatedly pulled toward observations, leading to
abrupt deviations that do not align with the expected target dynamics. In effect,
the Proposal NF behaves more like a measurement-driven corrector than a learned
probabilistic model of the posterior. However, in contrast to Experiment 3, Sub-
figure 6.1b shows that the NF-DPF successfully transforms the higher-order state
components, as reflected by noticeable changes in average velocity across successive
normalizing flow layers. This suggests that the model is capable of capturing com-
plex dynamics, even in a 6-dimensional state space.

This experiment, together with Experiments 1-3, point toward the conclusion that
the NF-DPF is more suitable for problems with lower state dimensionality, and
therefore fewer degrees of freedom. The NF-DPF implementation by Chen et al. [16],
which served as a key inspiration for this thesis, strengthens this conclusion. The
NF-DPF in their disk localization experiment operates on a very low-dimensional
state. In their case, the state is 2-dimensional and only represents the position
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of the disk. Furthermore, their motion update model differs significantly from the
approach presented here. The disks velocity vector is assumed to be known and
remain within a constant range throughout the trajectory, resulting in a process
noise that is constant and straightforward to tune. This enables the motion update
model alone to yield accurate approximations of the prior distribution, reducing the
reliance on the dynamic and proposal normalizing flows. The combination of low
dimensionality and known velocities makes the problem substantially easier. With
a low dimensionality, the issue of excessive resampling is also avoided, which have
been prominent in this implementation, due to the need to spread particles more
broadly in higher-dimensional state spaces. As this thesis builds partially on the
success of Chen et al., it is important to note that the results are not directly com-
parable, given the substantial difference in degrees of freedom.

The mechanism described above, together with the Dynamic NF inability to reshape
the density estimation, is the likely reasons behind the NF-DPF’s underperformance
in Experiment 3. The filter does not manage to learn the dynamics and instead re-
lies on the Motion Update Model, together with excessive resampling, effectively
running as a bootstrap PF.

6.4 Generalization and Limitations of Setup

While discussing filtering accuracy, it is also worth concluding that the current im-
plementations and tunings are far from optimal. All techniques are defined by a
wide range of design choices and parameters which has to be tuned. For exam-
ple, the performance of the NF-DPF depends on the noise modelled in the Motion
Update Model, training parameters like the learning rate, optimizers, dataset sizes,
and batch sizes, architectural choices like the depth, width, type and number of
flows, and all parameters which govern the resampling. As with the training of any
machine learning-based model, some design choices have to be assumed, as the en-
tirety of the solution space cannot be searched. This results in a close to guaranteed
sub-optimal solution. The argument also holds for the IMM and PF, as these are
likewise governed by a wide range of parameters. All of this must be considered
while reviewing the results.

It is also worth discussing the implications of some of the methodological choices in
Chapter 3, and how they may have effected the results. Firstly, for the evaluation
of the filtering techniques, only one instance of each filter was used. Optimally, a
greater sample of individual model instances, trained on different instances of the
same dataset, would provide a better ability to draw general conclusions on the
performance on the models. This was not possible, due to the computational limi-
tations of the thesis, where training was time-consuming.

Furthermore, all data used in this thesis was synthetically generated. This raises

several important questions. The first is whether the filtering techniques will gen-
eralize effectively to real-world target data. This question is highly dependent on
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the specific application context, as the data in this thesis was designed to represent
highly-manoeuvring hypersonic missiles. The second consideration concerns the risk
of implicit data leakage. Since the characteristics of the synthetic data are known
and may influence model development, there is a possibility that the filters have
been over-fitted to these specific dynamics. This further complicates the question
of generalizability, as it remains uncertain how the filters would perform on unseen,
real-world scenarios that deviate from the simulated conditions.

These limitations tie directly into how the NF-DPFs were trained and evaluated.
Specifically, three separate NF-DPF models were trained on different datasets cor-
responding to distinct motion regimes: constant velocity, turning, and accelerating
targets. This setup was selected primarily as a proof of concept, allowing the model
to specialize in each type of motion. However, it restricts the ability to draw con-
clusions about the feasibility of a general-purpose NF-DPF model trained across a
broader range of target dynamics. The results cannot directly inform whether a
single model could handle transitions between regimes or adapt to unseen dynamics
during inference. Additionally, differences in the Motion Update noise, state dimen-
sionality, and loss function design between the experiments further limit compara-
bility across models and hinder generalization. These differences, though practically
motivated, mean that the NF-DPFs trained in this study are tightly coupled to their
respective data regimes.

Despite this, some evidence of generalization can still be observed, as presented in
Table 5.4. Notably, the NF-DPF trained on the turning-target dataset performed
well, even though a third of the included trajectories did not involve any turning
and shared the same underlying SDE as the constant-velocity case. This suggests
that the model was able to handle a certain degree of internal variation within the
dataset. This was further explored in the cross-dataset evaluation in which the
NF-DPF trained on the turning-target dataset was evaluated on test trajectories
from the constant-velocity dataset. The resulting RMSEs were comparable to those
obtained in Experiment 1, indicating that some degree of generalization is possible,
even when the filter is trained on a more complex motion regime. This result is
encouraging, but limited, and underscores the importance of future work on unified,
generalizable NF-DPF' architectures.

6.5 Evaluation Metrics

A reasonable point of discussion is the primary use of Euclidean RMSE as the
evaluation criterion for the three filtering techniques (along with some qualitative
analysis), and how this choice may have influenced the results. By only comparing
the filters to each other, one can determine which filter performs the best in relative
terms, but not how close that performance is to an optimal solution. To do that,
one of two things would have been necessary.

First, the RMSE could have been compared to a theoretical lower bound derived
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from the data, such as the Posterior Cramér-Rao Lower Bound (PCRLB), available
for some state-space models. However, this was not possible due to the non-linear
dependence of the measurement noise on the state, which makes an analytical com-
putation of the PCRLB intractable.

The other option would have been to use data with a known and tractable posterior
distribution, enabling direct comparison between each filter’s estimate and the true
distribution. However, as noted in Section 3.4, this is not possible for the current
datasets due to the non-Gaussian nature of the measurement model. As a result,
evaluating how closely each filter approximates the true posterior is not feasible.
A linear and Gaussian system, where the posterior is analytically tractable, would
allow for such an evaluation and offer a clearer validation of the NF-DPF’s perfor-
mance. This was not pursued due to the limited scope of the thesis but remains a
valuable direction for future work.

Further, the evaluations reliance on RMSE could be lowered by introducing addi-
tional evaluation metrics. One option that was considered was the Log-Likelihood
(LL) of the measurements under the predicted state distribution. This could have
added more nuance to the analysis and strengthened the conclusions. However, it
was omitted due to challenges in fairly defining predictive likelihoods across all three
filters. Other metrics that would allow for a consistent and fair comparison across
the IMM, PF, and NF-DPF were not identified. Since the main objective of the
thesis was to evaluate the viability of the NF-DPF relative to the PF and IMM,
RMSE was deemed sufficient for that comparison.
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original objectives. Additionally, several directions for future work are proposed,

with particular emphasis on the continued evaluation and potential extension of
the NF-DPF within the field of radar-based target modelling. Due to the limited
scope of this thesis, these were left unexplored.

I n this chapter, the final conclusions of the thesis are presented in relation to the

7.1 Conclusion

This thesis investigated the use of Normalizing Flow-based Differentiable Particle
Filters (NF-DPFs) for radar-based target tracking in complex and diverse target
environments, and compared their performance to that of traditional filtering tech-
niques, namely Particle Filters (PF) and Interacting Multiple Model (IMM) filters.
Across three experiments, covering constant velocity, turning, and accelerating tar-
gets, the filters were evaluated in terms of accuracy, reliability, and computational
viability.

The results show that the NF-DPF offers promising performance for low-dimensional
state spaces, particularly in Experiment 2, where it outperformed both the PF and
IMM filter in tracking turning targets. This suggests that the NF-DPF can learn
to capture non-linear dynamics when the system complexity is manageable. In con-
trast, the NF-DPF struggled in Experiment 3, where acceleration terms increased
the state dimensionality to six. The filter was unable to effectively incorporate accel-
eration information, leading to degraded performance relative to the IMM. Several
factors contributed to this decline, including the NF-DPF’s reliance on independent
noise in the Motion Update Model, the delayed influence of acceleration on the like-
lihood term, and the practical constraints imposed by limited particle count. From
a computational standpoint, the NF-DPF is viable on GPUs, although its CPU per-
formance degrades sharply with increased dimensionality and particle count. These
limitations may be addressed through optimized implementations or alternative re-
sampling strategies.

In conclusion, the NF-DPF is a flexible and learnable filtering method that shows
strong potential for radar-based target tracking in moderately complex settings.
However, in its current form, it faces clear limitations when applied to higher di-
mensional problems.
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7.2 Future Work

As discussed in previous sections, the performance of the NF-DPF depends heav-
ily on a wide range of design choices, including hyper-parameters for training, the
structure of the normalizing flows, the noise in the Motion Update Model, and re-
sampling parameters. A more systematic approach to hyper-parameter tuning could
potentially improve performance. However, such an undertaking could prove to be
very time-consuming, even proving to be futile.

Another promising direction is to train the NF-DPF on datasets containing a wider
variety of target behaviours. As seen in Section 6.4 and Table 5.4, the model trained
on turning targets generalized reasonably well to non-turning trajectories. Expand-
ing this approach could improve robustness across diverse motion regimes. Addi-
tionally, by introducing more types of targets, additional cases where the NF-DPF
outperforms the IMM could be identified. In particular, targets with abrupt veloc-
ity changes or sudden starts and stops may not be well captured by the constant
velocity (CV) and constant acceleration (CA) filters used in the IMM, but could be
better approximated by a flexible, learned filter such as the NF-DPF.

It would also be worthwhile to retrain the NF-DPF on the accelerating targets from
Experiment 3, but with the current mass m(t) included in the state vector. Al-
though this would introduce additional degrees of freedom, which the filters have
previously struggled to generalize to, any errors in the added mass component would
likely remain confined to that variable rather than affecting the other states, as was
the case with acceleration. Most importantly, this inclusion would make the system
Markovian, which is assumed by the filtering frameworks.

The NF-DPF architecture itself could be revisited. The the use of RealNVP as
the flow architecture has been assumed throughout, without comparison to more
recent alternatives such as Masked Autoregressive Flows or Neural SDEs [62], [63].
Additionally, in cases where the predicted state diverges significantly from the ob-
servations over multiple time steps, it may be beneficial to introduce a reset mech-
anism. For instance, particles could be reinitialized around recent measurements if
the positional RMSE exceeds three standard deviations for three consecutive time
steps. Such a mechanism could also benefit standard PF implementations. Most
importantly, the use of Entropy-Regularized Optimal Transport Resampling must
be reevaluated against alternative differentiable resampling schemes. The particle
restriction resulting from this computationally demanding resampler is the main
reason for the degrading performance of the NF-DPF in 6-dimensional state spaces.
Reducing the number of Sinkhorn iterations could provide some relief, but the core
issue lies in the iterative nature and the n x n transport plan matrix. Consequently,
an alternative resampling scheme must be employed.

Finally, a key recommendation is to retrain the NF-DPF on data generated from
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a system with a known and tractable posterior distribution. This would allow a
direct comparison between the learned posterior and the true one, offering clearer
insights into how well the NF-DPF, and the other filters, approximate the filtering
distribution. While this would require simplifying the dynamics to a linear-Gaussian
system, the insights gained could inform both filter development and evaluation in
more complex settings.
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A

Stochastic Differential Equation
Parameters

The parameters used in the three SDEs to generate the trajectories in the datasets,
and which are used consistently across all experiments, are presented in Table A.1.
It is worth emphasizing that finding perfectly realistic values was not critical, as
these parameters mainly determined the scale of the target state, which the models
were expected to handle across a wide range of magnitudes. The values are pre-
sented for the purpose of experimental reproducibility.

Table A.1: SDE parameters presented by name, notation, chosen value and some
notes.

Parameter and Notation Value Notes / Source

Drag Coefficient, Cp 0.2 In reality depends on velocity [64].
Reference Area, A 1 m? Relatively large estimate [65]
Initial Mass, mg 4000 kg Varies between missile types.

Burn Rate, m 100 kg/s Set to achieve acceleration of >10g.
Thrust, ¢ 1000 m/s Set to achieve acceleration of >10g.
Density of Fluid, p 0.5 kg/m? Air density at 5-6 km altitude [66].
Tangential Noise Amp., o, 200 m/s? Set to achieve visible wobbling.
Normal Noise Amp., o, 200 m/s? Set to achieve visible wobbling.
Wobble Frequency, w X ~U(0.5,5) Uniformly distributed.

Wobbling Amp., 7 X ~U(5,10)  Uniformly distributed.
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B

Interacting Multiple Model Filter
Architecture

This section provides a detailed overview of the developed IMM filter, including
the selected subfilters, the linearized measurement model, the transition probability
matrix 7, the blending technique, initialization procedure, and the evaluation setup.
The IMM used the full 6-dimensional state vector X = [z,y, vy, vy, ay, a,] and a 2-
dimensional measurement vector Y = [r,0]. The model remained constant across
experiments.

Chosen Filters

The IMM consists of five Extended Kalman Filters (EKFs), comprising of two Con-
stant Velocity (CV) filters that use the state-transition matrix defined in Eq. 3.8,
and three Constant Acceleration (CA) filters that use the matrix defined in Eq. 3.9.
Each filter is uniquely defined by a scaling factor Q... for filter i € {1,...,5},
which multiplies the base process noise covariance matrix (). This allows the IMM
to include filters with varying levels of process noise and, consequently, varying lev-
els of confidence in the dynamics. The scaled process noise matrix @ for filter 7 is
given by:

Qi = Qéactor X Q = Qéactor X ’ (B]-)

Here, dt = At,aqar and denotes the time interval between filter updates, equal to

the radar measurement time. The Q.. values used for each filter are listed in
Table B.1.
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B. Interacting Multiple Model Filter Architecture

Table B.1: Filter configurations used in the IMM, showing the filter type and
corresponding () factor. Note how the @) factor increases quadratically to reflect
growing process noise.

Filter ¢ 1 2 3 4 5
Filter Type | CV | CV | CA | CA | CA
Q) Factor 1 4 1 4 16

Linearized Measurement Model

The linearized measurement model H, used in all EKFs in the IMM, is defined as the
Jacobian of the nonlinear measurement function h(X) evaluated at the predicted
state estimate )A(thg,l:

z y
0000
- oh _ 32+ 2 /Z2+ 2 (B.2)
ax|. 180 ¢ 180 ' :
Xt\t—l — = - N N 0 00O
T x2+y2 T :E2+y2

Here, the first row corresponds to the range measurement and the second to the
bearing measurement (in degrees). The subscript ¢ denoting the time step has
been omitted for readability. This Jacobian uses the first two dimensions of the
measurement vector, range and bearing:

n0 = | |

arctan(z, y)

If the radial velocity (range rate) v, was used, the Jacobian H would need to be
extended with an additional row derived from:

TV + YUy

Transition Probabilities

The model transition probabilities define the likelihood of switching between differ-
ent filters in the IMM. To determine an appropriate transition probability matrix
7, the diagonal elements were constrained to be equal, and a parameter search was
performed. The optimal value was selected based on the lowest Euclidean RMSE in
position. The best-performing configuration set the self-transition probabilities 7%
to 0.9, with all off-diagonal probabilities equally distributed. The final transition
matrix is defined as:

0.9 0.025 0.025 0.025 0.025
0.025 0.9 0.025 0.025 0.025
m=10.025 0.025 0.9 0.025 0.025 (B.3)
0.025 0.025 0.025 0.9 0.025
0.025 0.025 0.025 0.025 0.9

Blending
In the IMM framework, the final state estimate can be obtained either by selecting
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B. Interacting Multiple Model Filter Architecture

the most probable filter (switching) or by computing a probabilistic interpolation of
all filters (blending). In this work, blending was used, as it consistently produced
smoother and more accurate estimates. The blending approach combines the indi-
vidual filter estimates based on their mode probabilities. As defined in Eq. (2.37),
the overall state estimate is a weighted average of the filter-specific posterior states.
The corresponding covariance, defined in Eq. (2.38), accounts for both the uncer-
tainty within each filter and the dispersion between filters. Empirically, the blending
method outperformed switching by providing more stable predictions.

Initialization

Each filter in the IMM was initialized using the first available measurement to es-
timate the position component of the state vector, )A(O‘O. The velocity is initialized
with a velocity of 100m/s in the z-direction and zero velocity in the y-direction,
ie., v, = 100m/s and v, = O0m/s. The acceleration components are initialized to
0. The initial state covariance matrix Pé‘o was chosen to be the same for all filters
i€{l,2,...,5}, and is defined as:

Py, = diag(30, 30%, 30%, 30%, 30%, 30%) (B.4)

This corresponds to a standard deviation of 30 in each state dimension (position, ve-
locity, and acceleration). In practice, the covariance matrix converges quickly within
a few time steps, which reduces the sensitivity of the filter to the exact initialization
values.

Evaluation

The evaluation followed the description provided in Section 3.4, where the Euclidean
RMSE in position, velocity and acceleration is calculated. The first 3 predictions
from the IMM were omitted from the evaluation, as the filter was still converging.
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C

Stochastic Differential Equation
Initial Conditions

The initial conditions used to generate the trajectories for the three datasets are
listed in Tables C.1-C.3, respectively. Although the bounds from which the initial
conditions are uniformly drawn may appear narrow, the resulting data distribution
is complex and challenging to model. The values are presented for the purpose of
experimental reproducibility. For all cases, the accelerations a; and a,, are initialized
as 0 in the data generation process.

Table C.1: Initial conditions for the data generated from the SDE in 3.2.1, used for
Experiment 1. The bound denotes the interval, from which the initial conditions are
uniformly drawn. The initial velocity vg is noticeably higher than in the accelerating
case, and is specifically chosen to prevent the targets from accidentally reaching a
velocity of zero at any time step.

Parameter | Lower Bound | Upper Bound
xo 500 1000

Yo 500 1000

Vg 40 50

o /5 /4

Table C.2: Initial conditions for data generated from the SDE in 3.2.2, used for
Experiment 2. The bound denotes the interval, from which the initial conditions
are uniformly drawn. The same reasoning as in Experiment 1 for the higher initial

velocity vy applies for Experiment 2 as well.

Parameter | Lower Bound | Upper Bound
X 500 1000

Yo 500 1000

Vg 40 50

bo /5 /4

- 10.0 15.0

Lturn 3.0 18.0

Umag 5 7.5
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C. Stochastic Differential Equation Initial Conditions

The turns are characterized not only by the start time ¢y, duration Ti..,, and
magnitude Uyag, but also by the probabilities p{,,, for a first turn and p?,, for a
second turn, conditional on the first turn occurring. The probabilities were set to
P = 0.66 and p2, = 0.5, as to get the same amount of trajectories which turns

0, 1 and 2 times in the dataset.

Table C.3: Initial conditions for data generated from the SDE in 3.2.3, used for
Experiment 3. The bound denotes the interval, from which the initial conditions
are uniformly drawn. The range from which the initial position is drawn has been
shifted to a higher magnitude to reduce the impact of target movement on the
measurement noise, which would otherwise vary significantly in magnitude between
the beginning and end of the trajectory.

Parameter

Lower Bound

Upper Bound

Zo
Yo
Vo

b0

5000
5000
10
/6

6000
6000
50
/3

VIII



D

Model Architecture and Training
Configuration

This appendix provides detailed information about the model architectures and
training configurations used in the experiments. It includes parameter settings for
both the Particle Filter and the proposed Normalizing Flow-based Differentiable
Particle Filter (NF-DPF).

D.1 Particle Filter

The Motion Update Model propagates the particles deterministically and adds some
stochastic noise defined by a drawing a noise sample from a 0-mean Gaussian distri-
bution with some covariance. This covariance is defined as a constant parameter a
and some velocity-magnitude-dependant parameter 5 as 0 = a+ ||V||, where ||V||
denotes the magnitude of the particle’s velocity. The parameters v and 3 for each
noise component were selected via grid search to minimize the positional Euclidean
RMSE. The optimal values are reported in Table D.1. The number of particles used
is presented in Table D.2.

Table D.1: Best («, 3) values for the noises in the bootstrap PF that yields the
highest positional RMSE with 100 particles for Experiment 1 and 2, and 400 particles
for Experiment 3.

Experiment 1 | Experiment 2 | Experiment 3
Position (5,1) (10,1) (15,0.75)
Velocity (1,0.01) (1,0.01) (10,0.1)
Normal - - (0.5,0.005)
Tangential - - (5,0.5)

Table D.2: Number of particles used in the PF for the three experiments.

Experiment 1

Experiment 2

Experiment 3

Number of Particles

100

100

400
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D. Model Architecture and Training Configuration

D.2 Normalizing Flow - Differentiable Particle Fil-
ter

The architectural details of the NF-DPF used in the experiments are provided in
Table D.3. These values are included to ensure experimental reproducibility. The
number of particles is increased in Experiment 3 to account for the higher state
dimensionality, which includes acceleration in addition to position and velocity. The
observation dimensionality refers to the dimensionality of the measurement vector,
where the 3-dimensional case corresponds to the full measurement vector [r, 8, v,].
The Motion Update Model noise terms presented in Table D.5 were also used in the
NF-DPF experiments.

Table D.3: NF-DPF Architecture Parameters.

Experiment 1 | Experiment 2 | Experiment 3
Hidden Size 32 32 32
Hidden Depth 3 3 3
Number of Flows 2 2 2
State Dimensionality 4 4 6
Observation Dimensionality 3 3 3
Number of Particles 100 100 400

The number of epochs which the models in the three experiments are trained for

along with the weights «; in the loss-function are presented in Table D.4.

Table D.4: NF-DPF Training Parameters

Experiment 1 | Experiment 2 | Experiment 3
Number of Epochs 100 65 100
Qlpos 0.63 0.63 0.57
Qlyel 0.27 0.27 0.24
lace 0.00 0.00 0.09
QELBO 0.10 0.10 0.10

The o and § values used for training and testing the NF-DPF arepresented in

Table D.5.

Table D.5: The («, ) values for the noise components used for the NF-DPF.

Noise Component | Experiment 1 | Experiment 2 | Experiment 3
Position (10,0) (10,0) (15, 0.10)
Velocity (10,0) (10,0) (5, 0.15)
Tangential — - (0.05, 0.005)
Normal - - (0.025, 0.005)
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Training Dynamics

E.1 Experiment 1

The loss terms as a function of epoch number is presented for the NF-DPF model
in Figure E.1. In Subfigure E.1la the Euclidean RMSE between the measurement
and the true state is added as reference.

Train and Validation Loss in Position Train and Validation Loss in Velocity Train and Validation ELBO Loss
—— Train Position RMSE 14 1 —— Train Velocity RMSE 0 PV |
501 Validation Position RMSE Validation Velocity RMSE _// V ;
Measurement RMSE 13+ Vol
_10<
124 //
40
114 —20+
301 101 N
\\ —30 1
91 . —— Validation ELBO
20 e e VPO S Train ELBO
| ] ] 81, i I —-40 1, T I
0 50 100 0 50 100 0 50 100
(a) Positional loss. (b) Velocity loss. (c¢) ELBO loss.

Figure E.1: Experiment 1 - training and validation losses over the 100 training
epochs.

The NF-DPF shows clear sign of convergence after about 10 epochs in position and
60 in velocity. The model show no signs of overfittning to the training data, as the
validation loss is consistently similar to the training loss.

E.2 Experiment 2

The loss terms as a function of epoch number is presented for the NF-DPF model
in Figure E.2. In Subfigure E.2a the Euclidean RMSE between the measurement
and the true state is added as reference.

The NF-DPF training in Experiment 2, shows clear similarities to that in Experi-
ment 1, with clear convergence and no signs of overfitting to the training data.
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E. Training Dynamics

Train and Validation Loss in Position

80 —— Train Position RMSE
—— Validation Position RMSE
Measurement RMSE
60
40
20 1 L“‘&_s___*_

0 50

(a) Positional loss.

100

Train and Validation Loss in Velocity

20+

18

16

14+

12

10

—— Train Velocity RMSE
—— Validation Velocity RMSE

0

50 100

(b) Velocity loss.

Train and Validation ELBO Loss

_40<

—— Validation ELBO
—— Train ELBO

0 50

(c) ELBO loss.

100

Figure E.2: Experiment 2 - training and validation losses over 100 training epochs.

E.3 Experiment 3

The loss terms as a function of epoch number is presented for the NF-DPF model
in Figure E.3. In Subfigure E.3a the Euclidean RMSE between the measurement
and the true state is added as reference.

Train and Validation Loss in Position

1500 - |
—— Train Position RMSE
—— Validation Position RMSE
1000 Measurement RMSE
500 1

i

0 20

(a) Positional loss.

40

60

Train and Validation Loss in Acceleration

40 4
38
36
344
—— Train Acceleration RMSE
32 1 —— Validation Acceleration RMSE

0 20 40

(c) Acceleration loss.

60

Train and Validation Loss in Velocity

350

300

250 1

200

—— Train Velocity RMSE
—— Validation Velocity RMSE

0 20 40 60

(b) Velocity loss.
Train and Validation ELBO Loss

-1000

—1500 -

—2000 -

—2500 1

—3000
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—— Train ELBO

0 20 40

(d) ELBO loss.

60

Figure E.3: Experiment 3 - training and validation losses over 65 training epochs.

XII



E. Training Dynamics

In Experiment 3, the NF-DPF once more shows no signs of overfitting to the training
data, but neither no sign of learning from the data, as no general trends can be seen.
This is once more attributed to the hard-to-model data under the computational
restrictions of 400 particles.

The difficulty of modelling the data is emphasized by the observation that the NF-
DPF appears unable to overfit the training data, as demonstrated in all figures of
this Appendix. While this may partly be due to overfitting prevention mechanisms
such as masking and batch-based training, it is more likely that the model struggles
to fully learn the underlying structure of the data.
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