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A Deep Learning Method for Nonlinear Stochastic Filtering
Energy-Based Deep Splitting for Fast and Accurate
Estimation of Filtering Densities

Filip Rydin
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Chalmers University of Technology

Abstract

In filtering the problem is to find the conditional distribution of a dynamically
evolving state given noisy measurements. Critically, designing accurate filters for
nonlinear problems that scale well with the state dimension is exceedingly diffi-
cult. In this thesis, a novel filtering method based on deep learning solutions to the
Fokker—Planck partial differential equation is treated. Training can be performed
offline, which results in a computationally efficient algorithm online, even in high
dimensions. This is promising for applications which require good real-time perfor-
mance, such as target-tracking.

The filtering method, referred to as Energy-Based Deep Splitting (EBDS), is pre-
sented in detail and implemented. The performance of EBDS on different example
problems is then investigated and compared to benchmark filters, such as variants
of the Kalman filter and particle filters. In one dimension EBDS seems to perform
superbly, especially considering how fast the filter is at evaluation. In higher dimen-
sions the method performs worse in comparison to the benchmarks, although it still
yields sensible density estimates in most cases. Additionally, convergence for EBDS
in the number of prediction steps is investigated empirically for two of the example
problems. The results in both examples indicate strong convergence of order 1/2.
Lastly, a neural network architecture based on Long Short-Term Memory (LSTM)
encoders is proposed for EBDS. This architecture yields reduced errors compared to
standard fully-connected networks.

In summary, the results indicate that the method is promising and should be exam-
ined further. This thesis can be viewed as a reference for future works that aim to
apply EBDS in more specific settings or that aim to improve the method further.

Keywords: Nonlinear filtering, Scalable filter, Deep learning, Kalman filter, Particle
filter, Fokker—Planck equation, Neural networks, Long short-term memory
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1

Introduction

At its core, the stochastic filtering problem concerns finding the conditional distri-
bution of a state that is not directly observable. Instead, the state can only be
observed through noisy measurements and often only at specific times. The filtering
problem naturally arises in a vast number of applications and its solutions play a
pivotal role in fields such as target tracking, finance and biomedical engineering. As
a result of its practical applicability and inherent complexity, a tremendous amount
of work has been done to understand and solve the filtering problem. Crucially
however, the design of accurate and fast filters for nonlinear problems, especially in
high dimensions, remains an open research question.

time

Figure 1.1: In filtering, the problem is to find the conditional distribution of a
dynamically evolving state (brown) given noisy measurements (blue).

Among existing filtering methods, there exists no "silver bullet”. Historically and
in applications, the impact of the Kalman filter can not be overstated. This filter
is exact for linear problems and its extensions, such as the extended and unscented
Kalman filters, often yield good approximations for nonlinear problems. Moreover,
these filters are easy to implement and computationally efficient. Yet, they do not
guarantee satisfactory solutions in many strongly nonlinear cases often encountered
in applications. More recently, particle filters, also called sequential Monte Carlo
methods, have gained traction. These filters have many advantages, both theoret-
ically and in practice [11]. One major disadvantage however is the complexity of
the computations that need to be performed online, as the number of Monte Carlo
samples needed to maintain accuracy increases exponentially with the state dimen-
sion [32]. In applications where real-time performance is essential, such as within
target-tracking, this can be a major obstacle.

While there are clear disadvantages with these algorithms, stochastic filtering is



1. Introduction

well understood from a theoretical perspective [12]. It turns out that if observa-
tions can be made arbitrarily frequently, i.e., the observation process is continuous,
then the unnormalised filtering density solves a Stochastic Partial Differential Equa-
tion (SPDE) known as the Zakai equation. In real applications, observations are
often only available at fixed times, however. This is the setting of most conven-
tional filters and here, the famous Fokker—Planck equation is important. This is a
Partial Differential Equation (PDE) that governs how the distribution of the state
evolves between observations. Critically for applications, these equations are rarely
tractable. Hence PDE- and SPDE-based filters are used very scarcely.

Recent advances could potentially change this fact. Utilisation of deep learning
for solving PDEs and SPDEs is an active research topic and during the last years a
number of interesting results have been published in the filtering context. In [5] from
2021, a splitting method is introduced and deep neural networks are used to solve
the recursive optimisation problems that arise. The method is extended to SPDEs
in [4] and applied to the Zakai equation for the filtering problem. A similar filtering
method using neural networks for PDE solutions is proposed in [13] from 2022. A
crucial step is taken in [2] from 2023, where the authors extend the method of [5]
and [4] for the Zakai equation. The key feature of the method in this paper is that
training is performed offline. As a result, the method offers a promising alternative
for real-time applications when online performance is critical.

This thesis builds on the work of Bagmark, Andersson and Larsson in [2] and a
new similar filtering method proposed by the same authors. The overall goal is to
design a precise filter that is computationally light and scales well with the state di-
mension. In the new method, the observation process is modelled as discrete rather
than continuous and the equation of interest is the Fokker-Planck equation, rather
than the Zakai equation. This setting with discrete observations is considered more
appropriate for applications.

1.1 Aim and Outline

The aim of this thesis is to conduct an initial numerical evaluation of the new filter-
ing method proposed by the authors of [2], which is based on deep learning solutions
to the Fokker—Planck PDE. As the method is a modification of the one in [2], it is
referred to by the same name, namely Energy-Based Deep Splitting (EBDS). The
method is implemented and benchmarked against other common filters, such as vari-
ants of the Kalman filter and particle filters. The convergence properties are also
examined empirically. In parallel with the numerical study in this thesis, the authors
of [2] are working on an article regarding the theoretical convergence properties of
the same scheme.

To briefly outline the structure of the thesis, in Section 1.2 the filtering problem
is introduced more in detail and the preliminaries of EBDS are presented. This
is followed by a short review of some application areas of filtering in Section 1.3.
Chapters 2 and 3 contain necessary background knowledge from stochastic analysis
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and regarding machine learning while Chapter 4 presents other common filtering
methods that are used for benchmarking in this thesis. The EBDS method is then
derived in Chapter 5, which ends with a formulation of the algorithm in pseudo-
code. A more detailed description of the implementation is presented in Chapter 6.
In Chapter 7 EBDS is then tested on four different example problems and compared
to other filters in terms of performance. Chapter 7 also contains runtime results as
well as results when using a more advanced neural network architecture. Finally, in
Chapter 8 the results are discussed briefly and possible directions of future research
are suggested.

1.2 Preliminaries and General Approach

A model in stochastic filtering consists of two essential parts, both modelled as
stochastic processes. The state process models the latent quantity of interest,
whereas the observation process models measurements of the state. Both processes
can be either discrete or continuous. In this thesis, the state is described by a
continuous time d-dimensional stochastic process X: [0,7] x Q — R? satisfying a
time-homogeneous diffusion type stochastic differential equation

Xe=Xo+ /Otu(Xs)ds + /Ota(XS)dWS, te[0,7]. (1.1)

The initial distribution po(z) is assumed to be given. The observation process is
modelled as a discrete time stochastic process Y: {0,1,..., K} x Q — R? satisfying

Ye = h(X,)+ Vi, ke{0,1,... K}, (1.2)

for a grid of observation times 0 < ty < t; < -+ < txg < T. We assume that the
measurement noise is Gaussian according to Vi, ~ N(0, X) for all k. See Figure 1.2 for
an illustration of the state-observation model, where the arrows describe conditional
dependence in the sense of Bayesian networks.

Xto th th L. th—l th
Yo Y1 Y, Yi1 Yy

Figure 1.2: A simple overview of the state-observation model used in this thesis.

In filtering, the main task is to retrieve the conditional distribution of the state,
given currently available observations. The objects of interest are p(X;, | Yo.x)
for k = 0,..., K. Similar problems concern smoothing, where p(X;, | Yp.x) for
k=0,...,K are of interest and prediction, where p(X; | Yo.) for some t > #; is of
interest. Another problem that often arises in applications is parameter estimation.
Let 6 be some parameters that influence the dynamics of the state. The objective of
parameter estimation is to infer p(# | Yo.x). These similar problems are not focused

3



1. Introduction

on in this thesis. Instead the reader is referred to [35] for a comprehensive treatise.

In EBDS for discrete observations, the approach is to form the filtering density
recursively using Bayes’ law:

p(Ye | Xt Your—1) (X, | Your—1)
p(Yk | Yb;k—l)

The main difficulty lies in calculating the predictive distribution p(X;, | Yox-1)
using the previous filtering distribution p(X;, , | Yo.—1). This is done by approxi-
mately solving the Fokker—Planck equation. Deep learning is the method of choice
since it has the potential to solve the PDE accurately in a reasonable time. For
comparison, the Kalman family of filters rely on normality assumptions to calculate
the predictive distribution together with different methods for estimating moments
whereas particle filters use Monte Carlo techniques. Further details on these filters
are presented in Chapter 4 while EBDS is treated in Chapter 5.

p(th ’ }/Ok) =

(08 p(Yk | th)p(th | }/E):kfl)'

1.3 Applications

Due to its general formulation, the filtering problem occurs in a huge number of
settings. Some example applications of linear and nonlinear filtering include

o Target tracking. Filtering is especially important to improve estimates of
position and velocity in the field of target tracking, as observations often come
from video, sonar, radar or lidar systems and contain large amounts of noise.
In [14], the authors compare the performance of several classical nonlinear
filtering algorithms when tracking ground targets using radar measurements.

e Finance and Economics. In filtering applications from finance and eco-
nomics, the state often represents variables that are difficult to observe directly
such as inflation, instantaneous interest rates or volatilities. The observations
can be for instance prices of traded instruments, which are readily available.
A vast number of example applications can be found in [47]. See [15] for a
shorter overview.

e Predictive maintenance. If the state is made to represent a degradation
process, filtering can be used to estimate remaining lifetime of system compo-
nents. See for example [30], in which a general model is presented and applied
to fatigue crack growth prediction. In [28], filtering is used for a maintenance
policy when the sensor itself degrades as well as the monitored system.

o Biomedical Engineering. Filtering is widely utilised to process measure-
ment data in biomedical engineering. In [16], ensemble Kalman filtering is
used to improve the resolution of data from 4D Flow MRI. In [46] nonlinear
filtering is used to process data from wearable devices, allowing for accurate
monitoring of subject heart rates. A final example from literature is [40], where
a particle filter is proposed to track harmonics in rhythmical signals such as
blood pressure and electrocardiogram signals.
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o Epidemiology. Filtering can also be used in the modelling of population
dynamics in epidemiology. See for instance [3], in which the authors use an
extended Kalman filter in a model for covid-19 transmission.

o Weather forecasting. Filtering can play a major role in weather forecasting
systems and is used to improve the output of Numerical Weather Prediction
(NWP) models. See [8], [9] and [18] for discussion on the subject.

o Telecommunications. Filtering is very useful for handling various signals in
telecommunications. In [44] particle filters are used to counter frequency hop-
ping, with applications in signals intelligence. Other examples from literature
include [37], in which nonlinear filtering is used for a signal receiver algorithm,
and [36], in which filtering is part of an algorithm to predict interference in
networks.
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Concepts from Stochastic Analysis

As the state dynamics are described by a Stochastic Differential Equation (SDE)
in the setting of EBDS, stochastic analysis is necessary in its derivation. This
chapter treats the most important results relevant to this thesis and introduces
some notation. Some prior knowledge in measure theoretic probability theory and
stochastic processes is assumed. For a thorough introduction to the subject, see for
instance [25] or [31]. We start the chapter by introducing some notation, in particular
from functional analysis. In the following section, stochastic differential equations
are introduced. Then, the Markov theory for diffusion processes is explained, after
which numerical SDE solutions are treated.

2.1 Preliminary Elements and Notation

Denote the set of all functions f: R” — R™ with continuous derivatives up to or-
der k by C*(R™;R™). For k = 0 the short-hand notation C'(R";R™) is used. For a
function ¢: R” x R” — R with continuous derivatives up to order k for the first ar-
gument and up to order &’ for the second argument, the notation C**¥ (R* x R™; R™)
is used. No assumption is then made on the order of the mixed derivatives. For
functions from R™ — R that vanish as some variable tends to infinity a subscript 0 is
added according to CF(R";R). A function is said to be smooth if it is differentiable
enough for the result at hand.

With the notation || - ||y and (-,-)y, we mean the norm and scalar product on a
vector space Y. The notation || - || and (-,-) is reserved for the standard euclidean
norm and scalar product respectively. In the case of matrices we let || - || denote the

Frobenius norm. For a general measure space (X, M, 1) and normed vector space
Y, let LP(X;Y), 1 < p < oo denote the set of all equivalence classes of measurable
functions f: X — Y such that

» 1/p
oy = ([ 11 dn) " < oo,

To clarify, two functions f and g belong to the same equivalence class and are thus
considered the same element of LP(X;Y), if ||f — g||Lr(x;v) = 0. This means that
they can differ on a set of u-measure zero. In particular, define LP(R™;R™) as the
set of equivalence classes of functions f: R® — R™ with

[ ||f(x)||pdx)1/p < o0,
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Let (2, F,P) be a probability space. Another important LP-space is LP(€; R™), the
set of equivalence classes of random variables Z: 2 — R™ with

1/p 1/p
1Zlmiase = [ 121 aB) " = (Bl121P)" < oo

We also have reason to define so called Bochner spaces LP(Q; L (R™; R™)), which
consist of all equivalence classes of functions g: Q — LP (R™; R™) satisfying

1/p
”gHLI’ ;L7 (R™;R™)) - (/ HQHLp(Ran )

- (&[([, 1ot dx)p/p/DI/p .

In the case of p = oo, the space L*(X;Y) is the set of all equivalence classes of
functions f: X — Y with

11l vy = sup [ flly < oo.

Here, by sup we mean the essential supremum, although this is not written explicitly.

2.2 Stochastic Differential Equations

Stochastic differential equations are essential for constructing dynamic models in
the presence of process noise. They are fundamental building blocks within finan-
cial mathematics, control theory, mathematical biology and physics. There are
numerous types of stochastic differential equations, with different formulas and ap-
plications. In general, one can also include jump terms that capture discontinuities
in the dynamics. Here, the theory is only presented for a specific type suitable for
our needs.

We use a probability space (2, F,P) with a filtration F = (F})c0,77 and assume
that it is complete. Let p: [0, 7] x R? — R? and o: [0,7] x RY — R4 be measur-
able functions. Finally, let W: [0,T] x Q — R? be a d-dimensional Brownian motion
that is F-adapted. A diffusion type stochastic differential equation is an equation of
the form

t t
Xt:XoJr/ u(s,Xs)der/ o(s, X,)AW,, ¢ € [0,7].
0 0

A solution X: [0,7] x © — R? is called a diffusion process. At time t = 0, X is
Fo-measureable and independent of W, but possibly random. From here, we assume
that Xy has a density po(z). Further simplifications can be made by assuming that
the stochastic differential equation is time-homogeneous. It is then of the form

t
Xt:XO+/ (X, ds—l—/ AW, teo,T], (2.1)
0

with p: R — R? and o: R? — R4 All results from here are presented for time-
homogeneous SDEs.

8



2. Concepts from Stochastic Analysis

There are two forms of solutions for SDEs. Let F" be the filtration generated
by W. Then, a strong solution to (2.1) is an F"-adapted process that satisfies
the equation P-a.s.. A weak solution, on the other hand, satisfies the equation for
some Brownian motion W and is adapted to the filtration generated by that W.
Intuitively, the weak solution has the dynamics specified by the SDE, but is not
driven by the particular Brownian motion. There are many results that guarantee
the existence and uniqueness of strong and weak solutions to (2.1) under certain
conditions. One well known such result is presented in Proposition 2.1.

Proposition 2.1 (Existence and uniqueness of strong solution). Let K, Ky € Ry
be two constants. Under the reqularity assumptions

E || Xo]*] < o0
ln(@) = p@W)ll + llo(@) — o)l < Killz —yll, 2y €R, (2:2)
ln@)] + llo@)l| < K2(1+ [|lz])), 2 € R, (2:3)

the stochastic differential equation (2.1) has a unique strong solution.

Assumption (2.2) is called a global Lipschitz condition while the assumption (2.3)
is a linear growth condition.

The time-homogeneous SDE (2.1) is associated with an operator A containing the
information of the equation. This is called the infinitesimal generator. Define
a(z) = o(x)o(x)T. For f € C°(R%R) the operator is given by

d (@) 1 d 82 (@)
Z 8% + 2 Zl Zl aij(@ 8xi8xj ’
i=1j
The infinitesimal generator has an adjoint A* on L?(R% R), so that (Af, g) r2gar) =
(f, A*g) 12®ap). For f € C3°(R%R), the adjoint is given by

(A DE) = =3 G () @) + 532 G (as@ @) (24)

i=1 7 i=1j=1

These operators are essential in the Markov theory for diffusion processes and for the
Kolmogorov backward and forward equations respectively, see below. Moreover, A
can be used to write [t0’s formula in a concise way. This is done in Proposition 2.2.
For a proof of this proposition, see for instance Theorem 3.3 in [33].

Proposition 2.2 (It6’s formula). Under the same assumptions as in Proposition 2.1,
for any f € CY2([0,T] x RGR) and X solving (2.1) it holds that

F(t.X0) = F0.Xo) + [ (gf@,xs) + Af(s,Xs)> ds

+/Ot(vxf(s,Xs),0(Xs)dWs>-
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While it sometimes makes sense to work directly with the underlying stochastic
differential equation, often it can be advantageous to solve for the probability distri-
bution of the solution instead. This is the approach used in EBDS for the filtering
problem. As such, some background and important results in this area are presented
next.

2.3 Markov Theory for Diffusion Processes

A process X: [0,T] x Q — R? is said to have the Markov property if for all Borel
sets B
P(X,€c B|FX)=P(X, € B|6(X,)), 0<s<t<T.

Here FX = (F;%);ep.r) is the filtration generated by X and &(X;) is the o-algebra
generated by X;. The intuitive interpretation is that the future behaviour of X only
depends on its present state. If a solution exists to (2.1), it is necessarily a Markov
process. This can be seen by reformulating (2.1) as

t t
Xt:Xer/u(XT)dTJr/ o(X)dW,, 0<s<t<T.

Now, X, is both FX-measurable and &(X,)-measurable. Both integral terms are
independent of FX O &(Xj).

For processes with the Markov property, it makes sense to define a transition prob-
ability P(X; | (X)) for s < t. If a process is time-homogeneous, this probability
only depends on the difference ¢ — s. From here, assume that the setting is regular
enough so that the transition probability is given by a density p;,_s(z,y) according
to

P(X, € B|X,=y) = /EB pe_s(z,y) dz, (2.5)

for any Borel set B. See for instance Hormander’s theorem for conditions that
guarantee the existence of such a density. Using the operator A* in (2.4), a partial
differential equation for the transition density can be formulated, which is done next.

Assume that there is a density p: [0,7] x R? x R? — R satisfying (2.5) and that
this density is sufficiently smooth in the forward variable x and time. Also assume
that p and o in (2.1) are sufficiently smooth. Then the transition density of X, the
unique solution to (2.1), satisfies the partial differential equation

apt('xv y)

p— A* 2-
5 pe(z,y), (2.6)

known as the Fokker—Planck equation, with initial condition
po(z,y) = 0(z —y). (2.7)

For a proof in the one-dimensional case, see Theorem 2.2 in [31]. The multidimen-
sional case can be done similarly. In mathematics, the Fokker—Planck equation is

10



2. Concepts from Stochastic Analysis

commonly referred to as the Kolmogorov forward equation.

Next, let pi(z) be the (unconditional) density of X; and assume that it exists.
We now derive the Fokker—Planck equation for this unconditional density, which is
a more common formulation than the one for the transition density in (2.6)—(2.7).
To derive this formulation, the Chapman—Kolmogorov equation is needed. This
equation says that for s <t

() = /R D=5, y) ps(y) dy. (2.8)

In the following short derivation of the Fokker—Planck PDE for the unconditional
density some theoretical details are left out for brevity.

To start, assume that the solution X of (2.1) has a density p: [0,7] x R? — R
and that the density is given at some time s as p(x). For t > s, according to (2.6),
we have

aptfs(xv y)

= A¥p,_ .
5 pi—s(z,y)

Multiplying with ps(y) on both sides and integrating yields

0

/Rd HiP-s (@) ps(y) dy = /Rd Aps(@y) poly) dy.

Now, by changing the order of integration and differentiation and applying the
Chapman—Kolmogorov equation (2.8), we arrive at

Opy(x)
ot

= A'py(x), t>s. (2.9)

The initial condition ps(x) = p(x) follows from the Chapman-Kolmogorov equation
and the initial condition for the transition density (2.7). Note that under certain
regularity assumptions one can guarantee the existence and uniqueness of a solution
to the Fokker-Planck equation (2.9). See for instance Theorem 4.1 in [31].

As an extension of (2.9), it is clear that if the distribution of X; conditioned on
some event is of interest, one only has to replace the initial condition. For example,
let p(x | z) be the density of X, conditioned on some variable Z = z. Then for
t > s, the conditional distribution of X; satisfies

Op(z | 2)
ot
ps(x | z) = p(x | 2).

= Al 2), (2.10)

This fact plays a crucial role in the derivation of EBDS in Chapter 5, as we can use
the Fokker—Planck equation to model the time evolution of the predictive distribu-
tion for the state conditioned on all available measurements.

11



2. Concepts from Stochastic Analysis

2.4 Numerical Methods

Closed expressions for solutions to stochastic differential equations are rarely avail-
able. Instead, one needs to resort to numerical methods in most cases. In this study,
we use the Euler-Maruyama method to simulate from (2.1). This is done using the
scheme

Xos1 = Xp 4+ w(X,) (b — t) + 0(Xp) Wiy — Wa), ne{0,...,N —1},
Xo ~ po-
(2.11)

Here, 0 =ty < t; < --- <ty = T is a discrete grid and we note that (W, ., —W,, ) ~
N(0,I; (tps1 — tn)). The idea is that X, ~ X, , which is made formal through
Theorem 2.1. For the statement we need a continuous interpolation of the Euler—
Maruyama approximation to all ¢ € [0, 7] given by

X(t) = X+ u(Xn) (t—t,) +0(Xn) Wy = W), € [t tn1). (2.12)

We note that X(t,) = X, for all n. Additionally, define h as the maximum time
step in the grid according to

h = max t —t,.
ne{o 7777 N_l} (s "

No proof is presented for Theorem 2.1 here, instead the reader is referred to Theorem
10.2.2 in [26].

Theorem 2.1 (Strong Convergence of the Euler-Maruyama scheme). Let X; be
given by (2.1) and X (t) by (2.11)—(2.12). Assume that the regularity conditions for
Proposition 2.1 apply with constants K, Ky independent of h and assume that

E U)X(O) - Xom < Ksh,

with K3 € Ryq independent of h. Then, for C' € Ry independent of h

«E [ sup HX(S) - X ’
0<s<T

The bound in Theorem 2.1 for the Euler-Maruyama method is referred to as strong
convergence of order 1 /2. Note that as a trivial consequence, at a certain time ¢,
X (t) converges to X; in the L?-sense, i.e.,

< Ch'/?,

. _ . _ 2
i [1X (1) = Xl 2ome) = Jim JE X - x| =o.
The Euler-Maruyama method comes from the first order truncation of the so called
[to—Taylor expansion. Higher order methods can be derived by adding more terms.
The most famous such method is the Milstein scheme, which generally has strong
convergence of order 1. Implementation of this scheme in more than one dimension

12



2. Concepts from Stochastic Analysis

is not easy though and is not done in this thesis. There are also certain stochastic
differential equations, called stiff equations, that cannot be simulated in a stable way
using explicit methods such as the Euler—-Maruyama method or the Milstein method.
One can then resort to implicit versions of these schemes. Once again, such methods
are not used here however. For a longer treatise on higher order methods, implicit

methods and numerical methods for stochastic differential equations in general, see
[26].
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3

Concepts from Machine Learning

Neural networks are models inspired by the connectivity and simplistic function of
of neurons in biology. During the last decades, they have proved to be tremendously
capable for most tasks in machine learning. In this thesis, neural networks are used
for a regression task with supervised learning. The goal is to train a neural network
to minimise a given loss function. A vast amount of material on the subject of neural
networks can be found by searching online, yet for completeness a short overview is
presented here. The chapter starts with a description of the standard fully-connected
architecture, after which long short-term memory networks are treated.

3.1 Neural Networks

A neural network consists of a series of layers, where each layer consists of several
parallel neurons. A classic illustration is presented in Figure 3.1. In a standard
fully-connected layer, each neuron is connected to all neurons in the previous layer.
The i-th neuron in a layer is a function ffvb R — R, parameterised by learnable
weights w; € R? and bias b; € R. Here ¢ is the size of the previous layer. Given the
output z from the previous layer, the neuron performs the operation

oo (2) = fwiz + by).

The function f: R — R is called the activation function. A typical choice for
intermediate layers is the ReLU activation function f(u) = max(u,0). For regression
tasks, the activation in the final layer is typically the identity f(u) = u.

Figure 3.1: A very classic illustration of a small fully-connected neural network
with two layers, input dimension 3 and output dimension 1. Neurons are drawn in
blue, with connections in black. The first column of nodes represents input data.

Each layer then represents a function Ly,: R® — R with weights W = (wy, ws, . .., wp)T

and biases b = (by, by, ..., by)T. Explicitly, the layer is
Eavs(2) = (Fhopn (2 Pan (), £ o ()T = FOV2 4 1)

15



3. Concepts from Machine Learning

Here, the activation f acts component-wise.

Now, denote the j-th layer in a network as ng, where 0; is a concatenation of
the weights and biases in the layer. Let the number of layers be L. The network
itself is a function Ny: R™ — R™ parameterised by 6 = (61,6, ...,0;) satisfying

Ny(z) = (LQLL 0---0 L§2 o Lél)(x).

All layers except layer L are referred to as hidden layers. Typically, if there are more
than two hidden layers, i.e., if L > 2, then the network is said to be deep.

To learn the parameters 6, a so called loss function must be defined. In regression,
the goal is for the network to learn the relationship between two random variables
X and Y with a joint distribution (X,Y") ~ @. The most natural interpretation of
this is to learn to estimate f*(X) = E[Y | X], which is the unique minimiser of

1F(X) = Yl Z2@zm) = ElIF(X) = Y]?]. (3.1)

As @ is almost always unknown, this expectation is rarely available directly. Instead,
in supervised learning for regression, the network is trained on a data set consisting
of input-label pairs (z;,y;)~, sampled from Q. The Mean Squared Error (MSE) of
the network on the data set is defined as

1 N
MSEy = 3 [Wo(r) — il (3.2)
=1

It is a Monte Carlo approximation of the L?-error in (3.1). As such, the MSE is the
most common loss function for regression tasks. The problem of training is formu-
lated as finding optimal weights and biases 6* = argmin, MSEy.

Most commonly, the optimisation algorithm used to find optimal parameters is gra-
dient descent, in which the parameters are updated as

9UtD = 9U) — oV, MSE,.

The learning rate « controls how fast the parameters are updated. Due to the
structure of the network, the gradient with respect to the parameters in layer 7, V,,
can be calculated recursively using Vy, . This is known as backpropagation and
contrasts the forward propagation that occurs when predictions are made.

By calculating the gradient of the objective function on only some small part of
the data, called a batch, one often arrives at better weights. One training cycle,
called epoch, then consists of looping through and updating weights for each batch.
This is known as (mini) batch gradient descent. If this is done separately for each
data point, with batch size 1, then the famous Stochastic Gradient Descent (SGD)
algorithm is obtained. Numerous extensions and adaptations of gradient descent ex-
ist. A notable scheme that often performs well in practice is the ADaptive Moment
Estimation (ADAM) optimiser [24]. The idea behind this algorithm is to adapt the
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3. Concepts from Machine Learning

learning rate for each parameter while also using momentum to speed up conver-
gence.

The number of layers, activation function, number of neurons in each layer, batch
size, learning rate and similar parameters are called hyperparameters. These need to
be specified before training, but are often tuned to obtain better performance. For
this purpose, the available data set is often split into a training set, a validation set
and a test set. The hyperparameters with the best result on the validation partition
are chosen as optimal, after which the test partition is used to estimate unbiased
performance.

As a final note, typically overfitting is a major challenge in the context of supervised
learning. This occurs when the model adapts excessively to the training data but
loses generality. There exists many methods to prevent this, some of which include
adding regularising terms to the loss function, utilising dropout layers and stopping
the training early. See [6] for a review of various techniques to avoid overfitting.

3.2 Long Short-Term Memory Networks

There are many variations of the classic fully-connected neural networks presented
in the last section. These different architectures vary in what tasks they have been
designed for. Recurrent Neural Networks (RNNs) are particularly useful for the
tasks performed in this thesis. Fundamentally, they are designed to handle the de-
pendencies that arise with time series data. Instead of treating input samples as
i.i.d., recurrent neural networks allow previous input instances to affect predictions
on future ones.

A particular type of RNN that has become increasingly popular is the Long Short-
Term Memory (LSTM) network. Crucially, it allows for learning dependencies far
back in time by avoiding vanishing gradients. In this thesis, the motivation behind
using LSTMs is to investigate if more exotic architectures can reduce the error and
help produce a better filter. Here, the main components of these networks are high-
lighted, for a more comprehensive treatise see for instance [38].

An LSTM network can be viewed as a map (x1,...,z7) — (hy,...,hr), consist-
ing of T cells. At a time ¢, the cell receives an input x; and provides an output h;.
The output h;_; from the previous cell is also used for the prediction. Moreover, the
network stores a cell state, ¢;, that acts as another input to the LSTM. At time ¢ the
model operates on ¢; 1. The LSTM cell consists of four components, called gates,
a classic illustration is shown in Figure 3.2. Let o: R" — R" denote the sigmoid
activation function that for each component i performs z; — 1/(1 + exp(—=x;)) and
let tanh: R™ — R™ be the hyperbolic tangent applied in the same way. For weight
matrices W;¢, Wy and biases b;, by, the so called forget gate performs

fi =o(Wipxy +big + Wiy hy_1 + bpy).
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ce-1 (L0 @ ¢
fi (©) (tan )
GG T,
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Figure 3.2: An illustration showing the different components in an LSTM cell.
The gates are marked in orange. Besides the input x;, the cell operates on the cell
state ¢;_1 and output h;_; from the previous cell.

For weights W;;, W},; and biases b, by; the input gate performs
it = (Wi 2 + big + Wi b1 + bpi).
Similarly, for the cell gate
gt = tanh(W;, xp + big + Wiy he—1 + byg).

These three are then used to update the cell state. Let ® be the Hadamard product.
The update is done with the operation

a=fOc 1+ 9O

The intuition is that f; € [0,1]™ controls what parts of the long-term memory to
forget while the second term adds new information to the long-term memory, with
iy € [0,1]" modulating what to save. Finally, the output h; is formed through

Oy = U(Wio Ty + bio + Who htfl + bh0)7
hy = o; ® tanh(c¢y),

where o; denotes the output gate.

In a similar way as fully-connected networks, LSTM networks are trained using
backpropagation. However, the temporal dependence complicates the procedure
and the resulting algorithm is known as Backpropagation Through Time (BPTT).
The reader is referred to [10] for further details.

Standard LSTM networks operate on a sequence of inputs (z1, ..., z7) to output a
sequence (hq,...,hr). In certain applications only a final output might be of inter-
est and the network can then be viewed as a map (x1,...,27) — hy. Moreover,
additional layers can be concatenated to the LSTM cells to process h; further. One
can even add intermediate cells between each input. The particular adaptation of
LSTM networks used in this thesis is detailed further in Chapter 6.
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4

Bayesian Filtering Methods

In this chapter, the most common methods for Bayesian filtering are presented
and discussed. These classical filtering methods are used to benchmark EBDS in
Chapter 7. We begin by reformulating the continuous time model used for EBDS to
a discrete time one. Then, three types of Kalman filters are presented, after which
particle filters are treated.

4.1 Discrete Time State Model

Most classical methods within Bayesian filtering utilise a discrete time dynamic
model for the state instead of the continuous time one defined in (1.1). Using the
Euler-Maruyama scheme defined in (2.11), it is possible to translate a continuous
time model into a discrete time model. If the time steps are small and the dynamics
are regular enough (see Theorem 2.1), then the discretisation error will be small. As
such, the Bayesian filtering methods presented below can be compared to EBDS in
spite of the difference in underlying model.

In the literature on Bayesian filtering, most commonly the grid in the state model is
defined based on the measurement times and no intermediate steps are assumed. To
be able to control the discretisation error when replacing a continuous time model
with a discrete time model, we allow the state model grid to be finer. Assume that
the observations are made in times tg, ..., tx. Each interval [ty, tx, 1] is then parti-
tioned into a new grid &5 = t50 < -+ < N = tht1.

In many scenarios a model with additive process and measurement noise is suffi-
cient. Let fy.,: R? = R? and gx,, ~ N(0, Qy.) for n € {0... N —1}. The model for
the state is then

th7n+1 = fk’n(th’n> + Qk;m, n & {0 e N — 1}, k' c {0 . K — 1}

For the observations, let hy: R* — R? and rj, ~ N(0, Ry,) for k € {0...K}. The
model for the measurement process is

Yk:hk(th)—i—’l“k, ke {OK} (4.1)

The model with additive noise is often not general enough, however, as it is the
discrete time equivalent of assuming a constant diffusion coefficient in the continuous
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time dynamic model. Instead, redefine f;,,: RY x R? — R%. A more general model
for the state is then

Xipir = Jen X @), n€{0...N -1} ke {0... K —1}. (4.2)

The measurement model with additive noise in (4.1) is adequate for our purposes.
However, for completeness the Bayesian filters in this chapter are presented using
the more general measurement model

Yk = hk<th,7“k), k e {0 . K}, (43)

where we redefine hy,: R? x RY — R,

Using the joint state-measurement model defined in (4.2)—(4.3), various Bayesian
filtering algorithms are introduced in the sections below. First, the Kalman filter
and some of its extensions are presented after which particle filters are treated.

4.2 Kalman Filters

Named after engineer and mathematician Rudolf E. Kalméan, the Kalman filter has
been instrumental for filtering since its invention in the 1960s. Notably, Kalman
filtering was used in the navigation system of the Apollo missions [39]. While the
key disadvantage of the classical Kalman filter is that it can only be applied when the
model is linear, several modifications exist. In this section, we begin by presenting
the standard Kalman filter. Thereafter the extended and unscented variants are
treated and general Gaussian filters are discussed in short.

4.2.1 Classical Kalman Filter

A Kalman filter can only be used when the dynamics of the model are linear. Let
A € R™ and qi,, ~ N(0,Qp) for n € {0...N —1}, k € {0...K — 1}. The
model for the state is of the form

th,n+1 = Ak’,n thm + q1€7n. (44)

Moreover, Xy ~ pg needs to be Gaussian and the measurement needs to be of the
form

Yk = Hk th + Tk, (45)

where Hj, € R¥*? and 7, ~ N(0, Ry). In the framework of (4.2)-(4.3), this means
that

fk,n(xv Q) = Ak,nx +q,
hi(x,r) = Hyx + 1.

Note that (1.1) with the Euler-Maruyama scheme in (2.11) can be written on the
required form if p(x) only has linear terms and o(x) is constant. It is also required
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that A(x) in (1.2) only has linear terms. If the exact model is given by (4.4)—(4.5),
then the Kalman filter gives the exact solution to the filtering problem. If the exact
model is given by a diffusion type stochastic differential equation of the required
type, then the Kalman filter is exact with respect to the discretised model.

The Kalman filtering algorithm consists of two main steps, prediction and update,
which are iterated. The prediction step yields the predictive distribution

p(Xtp, = 2 | You = yox) = N(w [ my,,, P), ne{l,...,N}, ke{0,...,K}.
(4.6)
Formulas for the mean m,,, and covariance Py, are presented in Theorem 4.1. The
prediction in ¢;_; n is used by the update step to form the filtering distribution

p(th =T ‘ }/E):k = yO:k) = N(ZI}' | mkapk)y ke {07 e '7K}7 (47)

where the mean my, and covariance P, are computed according to Theorem 4.2. For
proof of Theorem 4.1 and 4.2, see Theorem 4.2 in [35].

Theorem 4.1 (Kalman filter prediction step). Let the state-measurement model
be given by (4.4)—(4.5). If the prior po(x) is Gaussian, then the exact predictive
distribution for the state at time ty ,, given the observations yo.x, is of the form (4.6).
Forn € {2,...,N} the mean my,, and covariance P, are calculated recursively
using

m];’n = Ak,nfl m];nfla

Py =Abn1 Py Ay + Qun

Forn =1, my and Py from Theorem 4.2 are used and

myy = Agomu,

Py = Ago Py A}‘QO + Q.0
Theorem 4.2 (Kalman filter update step). If the state-measurement model is given
by (4.4)—(4.5) and the prior is Gaussian, then the exact filtering distribution for the
state at time ty, given the observations yo., is of the form (4.7). The mean my and

covariance Py are calculated with my_, y and Py n from Theorem 4.1 using the
formulas

v = yr — Hpmy_y
Sk = Hy Py Hi + Ry,
Ky = Pk_—l,N HkT Sk_la
my = my_y y + Ky v,
Py=P_n— KiSp K[

4.2.2 Extended Kalman Filter

The Kalman Filter is heavily restricted by only applying to linear models. A simple
but often effective solution for many nonlinear problems is the extended Kalman
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filter, which uses Taylor expansions and works for models of the form (4.2)—(4.3).
As with the Kalman filter, the obtained predictive and filtering distributions are
Gaussian. However, in the case of the extended Kalman filter, these only approx-
imate the true distributions without any guarantee of accuracy in general. In the
prediction step, the extended Kalman filter asserts that approximately

p(Xtp, = 2 | You = yox) = N(w [ my,,, P), ne{l,...,N}, ke{0,...,K}.
(4.8)

Similarly, in the update step the filter asserts that
p(Xy, = x| Yo = o) = N(x | my, P), ke€{0,...,K}. (4.9)
To derive the prediction step (4.8), firstly assume
jo(thwk1 =z | Yo = yox) = N(z | M1 P,;n_l).

This assumption may be accurate in certain settings, but inaccurate in others. Then,
the first order Taylor expansion of (4.2) around X, =my, ; and gy, = 0 is
used as an approximate state model. Let Fj7, and F}/, be the Jacobians of fy, with
respect to the first and second argument respectively. An approximate model is

th:,n %fk‘,n—l(ml;n—h 0) + F/f,n—l(ml;,n—b 0) (th,n—l - ml;,n—l)
+ Flg,n—l(ml;n—la O) qkn—1,

The formulas for the mean m,, and covariance Py, now follow directly from the
properties of Gaussian random variables. They are

ml;n = fk,n—l(ml;,n—h 0)7
- x - T q qT
Pow=F 1Py Finoa+ Frp Qe Fi oy

Here, the arguments of the Jacobians are not written explicitly. Note that these
formulas apply for n € {2,..., N}. For n = 1, simply replace My ,—1 With my and
Py, with Py.

The update step (4.9) is obtained by similarly Taylor expanding (4.3) around X;, =
my_,  and r, = 0 to obtain
Yy =~ hk(ml;—l,Nv 0) + Hlf(ml:—l,Na 0) (Xi, — ml;—l,N) + Hg(mE—LNa 0) &,

where H} is the Jacobian of hj; with respect to the first argument and Hj is the
Jacobian with respect to the second argument. In the following, we refrain from
writing out the arguments of the Jacobians. To start the derivation, assume that
approximately

p(Xy, = | You—1 = Yow—1) = N(@ [ my_y n, Pl n)-

Using the properties of Gaussian random variables, the joint conditional distribution
of Y}, and X}, can be approximated as

p(th - ZE,Yk =Y | Yb:k’—l = yO:k—l) - N((%y)T | mkapk:)a
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with mean and covariance

— — _ xT
iy, = ( Me—1,N > P, = ( PN Pk—l,JTV Hy T) '
hi(my_y 5, 0)) 7 Hy Py v HY Py v HY + Hp Ry Hy

The rest of the derivation is almost identical to the proof of the Kalman filter update
step, see Algorithm 5.5 in [35] for details. In summary, the obtained formulas are

Vg = Yk — hk(m1;1,N> 0),

Sy = H{ Py v H + Hj Ry Hj,
K, =P HE S,

myg = my_y y + Ky Uk,
Py=P_y— K Sk K[

4.2.3 Unscented Kalman Filter

The unscented Kalman filter was originally proposed in the 1990s and is, as such,
newer than the extended Kalman filter. Compared to the extended Kalman filter,
which only accurately estimates the mean and covariance to the first order, the
unscented Kalman filter accurately estimates the mean and covariance to the third
order. At the same time, it is not significantly more demanding computationally.

For an example comparison between the unscented and extended Kalman filters
within target tracking, see [23] by the original inventors. The unscented filter is
found to be more accurate than the extended Kalman filter. More comparisons are
presented in [45]. As a first experiment, the authors compare performance on a
problem from mathematical biology. In a second experiment, joint parameter-state
estimation is attempted. In both these examples, the unscented filter outperforms
the extended filter.

The principle behind the unscented Kalman filter is to use the so called unscented
transform for moment estimation, while assuming Gaussian distributions. To es-
timate the moments after a nonlinear function is applied to a random variable, a
relatively small number of deterministic points, called sigma points, are chosen. The
nonlinear function is then applied to each sigma point, after which the propagated
sigma points are used to calculate mean and covariance.

More specifically, in the prediction step, we once again start by assuming
p<th,n,1 =T | Yv(-):k: = y0:k> = N(Z’ | ml:,nfh Pk_,nfl)‘

Additionally, instead of approximating the dynamics via linearisation as with the
extended Kalman filter, the assumption

p(thn =T | Yzl:k = yO:k) = N(l' | ml;,n7 PI;n)’

is made directly. Now, what remains is to estimate the mean and covariance in the
next step using the unscented transform. Let «, 8 and k be algorithm parameters.
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Standard values for these are @ = 1073, = 2 and k = 0. Further, let A =
o*(2d + k) — 2d and form the augmented mean and covariance for (Xy, . Gen1)"

as
_ my ~_ P 0
mk,n—l - ( kb 1) ) Pk,n—l = ( kb ! Qk n—l) .

The 4d + 1 sigma points are then given by

0  _ e
Xk,n—l - "kn—1»

Xi(ci,zq—l—mlc,n—1+v2d+)\[\/m], i=1,...,2d,
X ) =m;,n_1—x/2d+A[\/ﬁ], i=1,...,2d

Here, the notation [.]; is used for the i-th column of a matrix. Using these, the

propagated sigma points Xk) for i =0,...,4d are formed through

ch)n = fk,n—l(chZ,)n’ih ng)n 1)

where Xz(g)7 1 is the first d components in X,(C)n , and Xk | is the last d components.

The mean and covariance in the next step are now given by
4d o
Min = 3 W, Rion
_ i NG —\T
Pk,n Z Wc( - mk,n) (Xl(e,)n - mk,n) )

where the weights W, and W are

A
Wl = e
WC(O)—)\_i\zd—l—(l—aQ—l—ﬂ),
ngzm, i=1,...,4d,
Wéi):Q(AiQd)’ i=1,...,4d.

This description of the prediction step applies for n € {2,..., N}. For n = 1 simply
replace my ., ; with my and P, ; with P in all relevant formulas.

The update step is performed similarly to the prediction step. Assume that, ap-
proximately

p(Xt, =2 | Yok-1 = Yox—1) = N(@ | my_y n, Py n),
p( Xy, =z | Yo = yor) = N(x | my, Py).
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Let N = a?*(d+d + k) —d — d and form the augmented mean and covariance for

(‘ <tka L k) as
— m,. ~ P 0
mk_l,N ( kOLN) ) lk—l,N ( kOI’N Rk) .

The 2d 4 2d’ + 1 sigma points before propagation are then

0 —~—
Xl(c ) = Mg_1,N>

X =ty VA d TN [m} , i=1,..,d+d,

)

ﬁﬁ“ﬂ:ﬁmﬁN—vEIE?7ﬂ¢ﬂ4w],i=L~wd+%

The measurement function is now applied to each sigma point. Consequently, the
propagated sigma points y,ﬁ’), 1=0,...,2d + 2d" are

yng) = hk(X](j)’x’ X.IE,‘Z)Vq)7
where X,(j) "™ is the first d components in X,(j) and X,(f)’q is the last d’ components. The
mean and covariance of the filtering density are then calculated using the formulas

Ky = Cp S,
my, = my_y n + Ki (ye — i), (4.10)
Po=P_yy— K S K[,

with ug, Sk and Cj given by

2d+2d’

1=0

drad o
Sp=> WOV = m) O — )",

=0

2d+2d

Cr=> WO —mp_ ) O — )T
1=0

Here, the weights W) and W are

o N

o N+d+d’

e N\

0 _ 2

Wc >\I+d+d/+< a—{_ﬁ)?

. N\

(@) — i =1,....2d+2d
m AN adtd)y st
. /

o X i=1,...,2d+2d.
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To derive (4.10), note that approximately
p(th =7, Yk =Y | }/E):k:—l - yO:k—l) = N(('Ia y)T | mk) pk)a

with mean and covariance

= my_1 N D Py Cr
my = N Py = ’ .
= () A= §)
The rest of the derivation is almost identical to the proof of the Kalman filter
update step, see Algorithm 5.5 in [35] for details. For a detailed explanation of the
unscented transform the reader is referred to [22]. See Appendix A.2 and A.3 in

this reference for proof that the unscented transform approximates the mean and
covariance exactly to the third order.

4.2.4 Gaussian Filters

Both the extended and unscented Kalman filters are specific types of Gaussian filters.
These are characterised by the assumption

p(th =T ’ YE):k - yo:k) = N(.T | mk>Pk)7

and simply deviate in their respective methods for calculating the mean my and co-
variance P,. Other filters in this class include the Gauss—Hermite Kalman filter and
the cubature Kalman filter. Both of these employ methods to directly approximate
the integrals involved in the computation of the mean and covariance, see [35] for
details. Another filter that could be said to belong to this class is the Ensemble
Kalman Filter (EnKF), which relies on Monte Carlo samples to estimate moments.
This last method is particularly useful for problems in very high dimensions as it
avoids the need to propagate and store covariance matrices.

In certain settings the Gaussian assumption is accurate, in which case Gaussian
filters work well. In other settings, such as when the distributions are multimodal
or non-symmetrical, the Gaussian assumption is less suitable. For such settings
one has to employ other methods, such as the particle filters described in the next
section.

4.3 Particle Filters

Since the seminal paper [19] from 1993, particle filters have become tremendously
popular for filtering. The most simple form, called the bootstrap particle filter,
is both easy to implement and understand. Yet, there exists a vast number of ex-
tensions and adaptations tailored to different tasks, see for instance [7], [17] and [32].

In this thesis, only bootstrap particle filters are used, but the theory in this section

treats more general variants. The model is assumed to be of the form (4.2)-(4.3).
Note that typically no intermediate prediction steps are assumed for particle filters,
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which makes the presentation below quite different compared to many in literature.

Particle filters are Monte Carlo methods, meaning that they utilise random samples,
typically called particles, propagated through the state dynamics for estimation.
Assume there are M such samples and denote them in time ¢y, as (m?n)n]‘le More-
over, each sample is paired with a weight wy",. Given the sample-weight pairs, an
estimation of the conditional expectation of some function g is calculated through

M
Elg(Xe,.) | You = you] = Y wi, g(2ih,)-
m=1

Note that for filtering, n = 0 is of main interest. The sample-weight pairs in all
time steps are obtained through recursive iteration of prediction and update steps.
Additionally, a resampling step is added. This is to prevent particle degeneracy,
which happens when most particles have weights close to zero.

In the prediction for n € {1,... N — 1}, the particles are propagated by sampling
from an importance distribution

x}:aln-f—l ~ 7.‘-(‘lLﬂk”?rL—i-l | zznv yO:k)-

One intuitive choice is to use the distribution for the state update, but sometimes
other distributions are used, see below, and this is compensated by in the weight
calculations, next explained. We assume for simplicity that the importance distribu-
tion is Markovian, i.e., only dependent on xy’, and no previous state, although this
is not necessary. Let the true conditional distribution be given by p(z}’, ., | 2,).
Then, the weights are updated according to

p(xzrjn—i-l | z?n) wm

W(xzfn+1 ’ xZ?na yO:k) o

The constant c is chosen so that the weights sum to unity. For n = 0, the prediction
step is done analogously but replacing (x3', wily)m—, With (Z}, w}) see the
resampling step below.

M
m=1>

As for the update step, it becomes quite simple with this formulation of the particle
filter. For each particle we perform

m __ m
Lo = Tg—1,N>

wkm,o =cp(y | 932”_1,N) wzn—l,Nv

where, again, c is a constant so that the weights sum to 1.

If the number of ineffective particles, i.e., particles with weight very close to zero,
becomes high, resampling is performed after the update step. A typical condition
is to resample if

Meﬁ ~ i

mZI(w%)z < M/10.
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4. Bayesian Filtering Methods

While different resampling algorithms can be used (see [27] for an outlook) the overall
idea is to replace the ineffective particles by sampling with replacement from the
samples themselves. In the simplest algorithm, each 7, is chosen with probability
wily. All weights are then set to 1/M. Whether or not resampling has actually
been performed, denote the sample-weight pairs after resampling as (77, zb,’go)%:l.
Note that here, we assume that the updated weights and states before resampling
are used for estimation. This is because the resampling can introduce additional
variance to estimates.

tra L, N
—1 Prediction 1 — -+ —Prediction Nf—| Update — Resampling [—
m m \M m m \M m m M
(‘Tk:,lv wk,1>m:1 (xk,Nv wkz,N)m:l ($k+1,0a wk+1,o)m:1

Figure 4.1: A schematic presentation of the steps in the particle filter algorithm.
The sample-weight pairs (:z’,g1+170,wkm+1,0)nﬂ{:1 from the resampling step are used in
the first prediction step for k + 1. The process is started by sampling from pg(x).

To start the algorithm, M samples are taken from the prior py(z) and given equal
weights. The prediction, update and resampling steps are then iterated to obtain
all sample-weight pairs (27", wy",). An illustration of this process is shown in Fig-
ure 4.1. Remark that in this section the particle filter algorithm has only been
presented and not derived. The reader is referred to Chapter 7 in [35] for details on
the derivation when there are no intermediate steps.

Typically, the importance distribution is essential for the accuracy of a particle
filter. A common choice is to let it be given by some Kalman filter, for instance
the extended or unscented ones, or some distribution with heavier tails. From the
algorithm presented above, the bootstrap filter can be obtained by resampling in
every update step and by using the true distribution as sampling distribution. As
such, the resulting algorithm is quite simple. Most notably, the weights are never
updated in a prediction step, see (4.11), and the sampling in the prediction step is
simply done through

xZ,Ln+1 = fk,n(xZ?m qg}n)?

where ¢i’, is a sample from N(0, Q).

While particle filters have many advantages, such as simplicity and ability to ap-
proximate highly nonlinear dynamics, two inherent difficulties associated with them
are degeneracy and sample impoverishment. The latter occurs when all samples
tend to have the same value. Consequently, estimates can be dominated by a small
number of particles. While resampling prevents degeneracy to some extent, the
impoverishment problem often remains. These problems become more apparent in
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4. Bayesian Filtering Methods

high dimensions, which is the reason behind why these filters scale poorly [32], [42].
Consequently, particle filters can be infeasible in high-dimensional problems when
rapid real-time filtering is required. As an alternative, the method referred to as
energy-based deep splitting is presented in the next chapter.
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Energy-Based Deep Splitting
Derivation

In this chapter EBDS is derived in detail. The key results are (5.20)—(5.22) as well
as Algorithm 1 and 2 in Section 5.2.4. Firstly however, the chapter starts with
the derivation of a recursive optimisation scheme for approximate densities in Sec-
tion 5.1. Section 5.2 then treats how to solve this problem using deep learning and
some adjustments are made to the optimisation scheme to obtain better properties.
The final part of this chapter discusses the convergence of the method. As a general
guide, a reader who is only interested in the algorithm from an implementation per-
spective could start with the preliminaries in Section 5.1.1 and then move directly
to 5.2.4.

Note that the derivation in this chapter follows that in [2] closely. Throughout,
we assume enough regularity for probability densities to exist and that these are
sufficiently smooth. In particular, we want to be able to apply the results from Sec-
tion 2.3 regarding the Fokker-Planck equation. Some technical details in the proofs
are also left out for the purpose of brevity.

5.1 Derivation of Recursive Optimisation Scheme

The goal of this section is to obtain an optimisation scheme for approximate solutions
to the Fokker—Planck equation. The section ends with Theorem 5.2, which contains
this scheme. Our approach is then to solve the infinite-dimensional optimisation
problem using neural networks, which is presented in Section 5.2.

5.1.1 Preliminaries

We start by introducing the setting, notation and general idea of the method. As-
sume that we have a complete filtered probability space (Q, F,F = (F)icio.17, P).
The state is modelled as a continuous time stochastic process X: [0,7] x Q —
R?, whereas the observations are modelled as a discrete time stochastic process
Y:{0,1,...,K} x Q — R, For the state, let u: R? — R? be the drift function
and let o: R? — R%*? be the diffusion function. The process noise is given by the d-
dimensional F-adapted Brownian motion W : [0, T] x © — R¢. For the observations,
define h: R? — R? as the measurement function and V: {0,1,..., K} x Q@ — R?
as the measurement noise. Assume that Vj, ~ N(0,X) is F;, -measurable for all k.
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5. Energy-Based Deep Splitting Derivation

The joint state-observation model is then

t

Xt:X0+/u( ds+/ AW, telo,T],
0

Yi = h(X,)+ Vi, ke{0,1,... K}

(5.1)

At time ¢t = 0, assume that X, is Fy-measurable but independent of W with known
density po(x). Again, note that the observations are only available at fixed times.
We assume enough regularity for a unique strong solution to exist, see Proposi-
tion 2.1.

For k € {0,... K — 1} let pp(t, | you): [tk tes1] X R — R be the probability
density function satisfying

P(X; € B | Yo = you) = /eB pe(t, = | youx) dz, (5.2)

given a sample path y = Y (w), any Borel set B and t € [tg,t;y1]. The objects of
interest are the filtering densities py(tx, = | yox) for k € {0,..., K}.

In EBDS the approach is to solve for these recursively. According to Bayes’ theorem
we have

p(Yk+1 \ thH,YE]:k)p(thH \ Yb:k)
P(Yis1 | You)

Using the notation defined above, as well as the law of total probability for the
marginal distribution p(Yx+1 | Yo.x), this can be rewritten as

P( Xy, | Your1) =

p<Yk+1 = Yk4+1 \ thﬂ = $)pk(tk+1a z \ yO:k)
Jra PYir1 = Yrir | Xy, = @) pr(ter, @ | your) da

D1ttt @ | Yors1) = (5.3)

The likelihood factor p(Yi41 = yr41 | Xy, = ) is given from the normality assump-
tion of the measurement. The main difficulty now lies in calculating the predictive
distribution p(tx41, © | yox). This is done using a deep learning approach for ap-
proximately solving the Fokker-Planck PDE. Remark that the initial condition for
the Fokker—Planck equation is given by the filtering density in the previous step,
hence the method is recursive. The derivation starts by introducing a splitting-up
method for the operator in the PDE, which is presented next.

5.1.2 Splitting Approach

Define a(X;) = o(X;)o(X;)T. For f € C°(R?% R), the operator associated with the
stochastic differential equation (5.1) and its adjoint are

(Af)(l‘)zgluz(x )24 33 a5,
(AN =% 5 ~(1a(s) )+§§;zlaxa%( 2)f ().
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5. Energy-Based Deep Splitting Derivation

The time evolution of the conditional density in (5.2) for t € [tx, tx11] is governed by
the Fokker-Planck equation, see (2.10) in Section 2.3. The Fokker—Planck equation
on the interval [tg, tg41] is

6pk’<t7 x | yo:k)

with initial condition given by (5.3) as

pk(tk T | y(]k:) = p(}/;g — Yk | th - I’) pk_l(tk7 T | yO:k:—l)
, . fRd p(Yk = Yk | th - x)pk—l(tk, s | yo:k—l) dx

We now rewrite (5.4) in a form more suitable for approximations. Define a finer grid
of time points ¢ o < tg1 < --- <ty n such that ¢, =150 and ty v = tpq1.

Lemma 5.1 (Reformulation of the Fokker-Planck equation). For t € [tyn, tknt1]
andn € {0,...,N — 1}, the density pi(t, x | yo.x) satisfies

t
Pe(t, | Yor) = Pr(tin, | Your) +/t (A+ F)pi(s, x| youx) ds, (5.5)
k,n

where the operator I is defined for f € C?*(R%R) as

(F1@) =23 () 2 - 3 ) 2
1 AH Y 82az~j(a: d 4 df(x) da;;(z)
NEP SN rr i DD D e

Proof. Integrating both sides in (5.4) yields

t
Pe(t, © | Yox) = Pr(te, T | Yox) +/t Api(s, @ | youx) ds.
k

Next, we note that by differentiation A*px(s, = | yox) = (A+ F) pe(s, = | yox). The
transition to (5.5) is now trivial. O

Solving (5.5) is equivalent to solving the Fokker—Planck equation. To continue the
derivation of the filtering method, we now introduce a first approximation. The idea
behind this approximation is to treat the two operator terms in (5.5) differently. The
term involving the operator A is kept for now, but vanishes later in the derivation.
The term involving F', on the other hand, is dealt with by a forward Euler scheme.
We introduce approximate densities g, (¢, © | yox) for n = 1,...,N. For t €
(tkns tins1] the density mg 41 satisfies

t
7T-k,n-‘rl(t7 X | yO:k) - 7"-k,n(tkz,’m X | yO:k) +/ A7Tk,n+1(8a X | yO:k) ds
tk:,n (56)

+ Fﬂ-k,n(tk,na X | yO:k‘) (tk,n—i—l - tk,n)
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5. Energy-Based Deep Splitting Derivation

Note that the difference between (5.5) and (5.6) is the term involving the operator
F. For n = 0 we naturally define

Tk (tk T | y k) o p(Yk = Yk | th = .CE) Wk—l,N(tk—l,N, T ‘ yO:k—l)
,0 ,0y 0:k) — ]

Informally, the idea is that 7, 1(t, @ | youx) = pr(t, | yox) for t € (tgm, trnt1)-
This method for solving the Fokker—Planck equation is referred to as a splitting
approach since we essentially split the original equation in two parts, one involving
the operator A and the other F', and solve these parts separately. The separate
treatment of the two operators can further be seen in the next sections. The next
step in the derivation is to derive a Feynman—Kac formula to replace the PDE in
(5.6) with an expected value problem.

5.1.3 Feynman—Kac Formula

In this section, a Feynman—Kac formula is derived for the solution to (5.6). To
repeat, the purpose is to later in the derivation arrive at a recursive optimisation
problem for approximate filtering densities. This optimisation problem is then solved
using sampling and deep learning.

For the Feynman-Kac formula, we define an auxiliary process X : [0,7] x  — R¢
satisfying the same dynamics as the state, namely

I t t
X, :X0+/ M(Xs)der/ o(X,)dW,, te[0.T).
0 0
Here W is another Brownian motion independent of W and V. Let F = {j—:;t}te[l),T]

be the filtration generated by W,

Theorem 5.1 (Feynman—Kac formula for approximate densities). Forn € {0,..., N—
1} the approzimate density my n41(t, T | yox) defined in (5.6) satisfies the recursive
Feynman—Kac type formula

Tt (Ernt1, Xt —trns | Yo:)
=K [Wk,n(tk,n7 th+l_tk,n | yO:k) (57)
+ Frpn(ten, )A(thﬂ—tk,n | Your) (ten1 — tan) | ]'ttkﬂftmﬂ} .

Proof. Differentiating both sides in (5.6) with respect to time, we obtain

a’nk,n—&—l(ta X | yO:k:)
ot

= AT 1 (t, = | Your)-

Now let t = tk+1 —t'. Ift S (tk,m tk,n—i—l]; then ¢/ € [tk—i-l _tk,n—o—l; tk+1 _tk,n)- Inserting
this reparameterisation of time, we obtain

Ok 1 (ter — ' T | Your)

8t’ + A7Tk,n+1(tk+1 — t,, x | yO:k) = 0 (58)
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5. Energy-Based Deep Splitting Derivation

This is the Kolmogorov backward equation. The terminal condition ast’ 7 txi1—tgn
is given by (5.6) as

lim 71 (b — 5 | Your) =Ten (Eem, T | Vo)
t' tht1—ten (59)

+ Fﬂ-k,n(tk,na X | yO:k’) (tk,n—‘rl - tk,n)

Applying Itd’s formula (see Proposition 2.2) to my 41 (k1 — ¢, X, | yo.r) for /' €
[tet1 — temsts g1 — i), We obtain

Thns1(terr — Xy | Yor) =

Tttt 1y Xty —tpner | Yoik)
t/

+ <Vx7rk’,n+l (tk:-i-l — S, y8 | yO:k)a U(ys) dWS)
ter1 =tk nt1
¢ Oonst (ter1 — S, Xs | vo: -

n ( k, +1(th | Yo:x) +A7Tk,n+1(tk+1 — s X, | yO:k)> ds.
b1 =tk nt1 Os

(5.10)

Now, the third term vanishes, according to (5.8). Taking the conditional expectation
of both sides with respect to F;, ¢, ..., we obtain

E [Wk,nJrl(thrl —t, Xy | Your) | ]?tkﬂftk,nﬂ} =Tkn+1(tkntt, )N(t,mftk,nﬂ | Youe)-
(5.11)

The expectation on the first term in (5.10) vanishes, since X, is F-measurable. As
the Ito integral process

t — —~ —~
{/t <vx7rk,n+1(tk+1 - S, XS | y():k)7 0<Xs) dWs>}

k1 thn+1 €[tttk n 1otk r1—thn)

is a zero mean martingale with respect to F, the second term in (5.10) becomes zero
under the conditional expectation.

Returning to (5.11), we take the limit of both sides as t' A tgi1 — trn. With
some theoretical arguments, we can express the left hand side as

lim E {Wk,nJrl (thrl - tla ),?t’ | yO:k) | ﬁtkﬂ*tk,nﬂ}

t g1 —ten

=E [ Hm o (e — ' Xo | your) | J'Etkﬂ—tk,nﬂl

t' k1=t
=K [Wk,n(tk,n, Zk+1—tk,n | Yo:x)
+F g (s Ytkﬂftk,n | Your) (tent1 — then) | ﬁt,ﬁﬂftk,nﬂ] :
In the last step we have used (5.9). O

Theorem 5.1 gives a formula for the approximate probability density function of
the state in the next time step ?j,41 given the approximate density in the current
time step ti,. The idea is to recursively solve this equation approximately in each
time step. The resulting optimisation problem is derived and presented in the next
section.
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5. Energy-Based Deep Splitting Derivation

5.1.4 Optimisation Problem

In order to feasibly solve (5.7), we first introduce the new process Z. This is the
Euler—-Maruyama approximation of X. Here we first begin by restricting the time
settings of the problem for simplicity. This restriction is not needed after later
modifications, see Section 5.2.2.

Setting 5.1. We consider ty.1 — ty = At for all k € {0,..., K — 1} and ty, = 0.
Furthermore, the partition on each interval [ty, tyi1] is identical and equidistant, so
that (tgns1 — ten) = At/N for all k and n.

Using this setting, if we define ¢, = t(,, we then have ¢y ,, — ty, =1t,,_, for n’ > n
and n,n’ € {0,..., N}. Now, define Z as

Zonir = T+ U Z0) (byy = 1) + 0(Z0) (W, — W),

Thus Z, is the Euler-Maruyama approximation of )?t;l . Furthermore, as ty,1 —
thnt1 = t’Nf(nH) and tpy1 — tpn = thy_, we have Xy 4 =~ Zn_(n41) and
)A(/tkﬂ_tkm ~ Zy_n. In the next approximation, the auxiliary process X in (5.7) is
replaced with its Euler-Maruyama approximation Z accordingly. We introduce the
approximate densities 7, (z | yo.x) for n =0, ..., N satistying

1 (ZN—mt1) | Yox) =E [%k,n(ZN—n | Your)

+ Fgn(Zn-n | Yok) (tintr — ) | ftkﬂ—tk,nﬂ}, (5.12)
_ p(Yi =k | Xt, =) Tooan (T | Youk—1)
Jrap(Ye =i | Xt, = @) Tpo1n (2 | Youg—1) da

7~Tk,0($ ‘ yo:k)

Note that, while 7, (¢, z | yo.x) is defined in the entire time interval ¢t € (¢ ,—1, tg ),
the new approximation 7y , (2 | Yo.k) = Tpn(ten, T | Yo ) is defined exclusively in ¢y ,,.
The next result allows us to solve for 7 in each time step by solving an optimisation
problem.

Theorem 5.2 (Recursive optimisation problem for approximate densities). Forn €
{0,..., N — 1}, the density Tgn+1(x | yox) defined in (5.12) satisfies the recursive
optimisation problem

<7Afk,n+1(x | ?/O:kz)) cpt = argmin K ‘U(ZNf(nJrl)) — (%k,n(ZN—n | You)
x weC(R%4R) (5'13)

~ 2
+ Fpn(Zn—n | Your) (tkns1 — tk,n))‘ }

Proof. Since &(Zy_(n41)) C ]?tkﬂ_tmﬁ, applying the conditional expectation with
respect to &(Zy_(n41)) on both sides of (5.12) yields

Thn+1(ZN—(nt1) | Yox) =E [%k,n(ZN—n | Yo:)
+ F%k,n(ZN—n | yO:k) (tk,n—i-l - tkm,) | G(ZNf(nJrl))};
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by utilisation of the tower property of conditional expectation. In general, the
conditional expectation with respect to a o-field G is the G-measurable random
variable satisfying L?-minimality. Hence we have

= argmin E ‘U(ZN—(n—i-l)) - (%k,n<ZN7n | Youx)

(%k,nﬂ (:L' ] yO:k))xeRd 0
u

~ 2
+ Fﬂ-k,n(ZN—n | yO:k) (tk,n—i—l - tk,n))‘ :|

The optimisation is performed over the set U = {u : R = R | w(Zy_(nt1)) €
L*(Q,6(Zn_(n+1)); R)}. This can be changed to a minimisation over all functions
in C(R% R). O

The optimisation problem (5.13) allows us to recursively solve for the density in the
next time step given the current one. However, note that the optimisation problem is
performed over the infinite dimensional space C(R%; R). Moreover, the expectation
is difficult, if not impossible, to calculate analytically in most examples. As such, the
approach is to solve (5.13) using Monte Carlo estimation as well as deep learning.
The next section treats how this is done in practice.

5.2 Deep Learning for the Optimisation Problem

The previous section culminates with (5.13), which is the foundation for the EBDS
filtering method. In this section, the aim is to solve the optimisation problem using
deep learning. However, if this was done without further steps, the obtained filter
would have certain properties that are either unpractical or problematic from a
computational point of view. These properties are detailed and corrected in the
following three sections. After these corrections the final method is presented in
Section 5.2.4. Note again that we follow the approach taken in [2] closely.

5.2.1 Observations as Input

The optimisation problem (5.13) gives labels that can be used to sequentially train
neural networks with the MSE loss function. Crucially however, the training is
performed online for a given sequence of observations ... This is computationally
demanding and generally infeasible in many applications. The first modification to
the initial scheme is to perform the training offline.

Let pi(t,z,y): [tr, treer] x R x RE**+) 5 R be the conditional probability density
function pg(t, z, yo.x) = pr(t, = | yox) with the previously defined notation, see (5.2).
Similarly, we define 7y, (z,y): R? x R¥>(k+1) 5 R such that T (T, Youk) = Trn(T |
Yo:x), see (5.12). This slight change in notation is to emphasize that observations
are now taken as input.
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Returning to the original optimisation problem in (5.13), with the new notation

‘U(ZNf(nJrl)) - (%k,n(ZN—nayO:k)
ueC(R%R) (514>

~ 2
+ Fﬂ-k,n(ZN—na yO:k) (tkm-l—l - tk,n))‘ :| .

(%k,nﬂ(ﬂ?,yo:k))xew = argmin E

In order to avoid solving new optimisation problems individually for each y, the
natural choice is to let 7, (z,y) satisfy

(ﬂ-kan-&-l ($a y)) (2,y) ERIXRE x (k+1)

= argmin E[EUU(ZN(TLH), Your) — (%k,n(Zanv Yor)
)R)

w€C(RI xR X (k+1
_ 2
+ FRun(Znn You) (s = )| 1 6(00)| |

According to the tower property, the expectation can be rewritten as a single un-
conditional expectation

(7Tk,n+1 (a:, y)) (2,5) ERIXR X (b+1)

— agmin B|lu(Zy- i You) - (Fen(Zvon Yor)  (s.15)
)

ueC(R? xR x (k+1).R
_ 2
+ FT(’C,H(ZN—’NJ YE)k) (tk,n-l—l - tk,n))‘ ]

This expectation is later in the derivation approximated with a Monte Carlo esti-
mate, for which both Z and Y are sampled. As is shown next, this natural extension
is the appropriate one. The proof for the following theorem was original presented
in [2].

Theorem 5.3 (Equivalence of optimisation problems). If a conditional density u*
solves the optimisation problem (5.15), then it solves the optimisation problem (5.14)
for almost every sequence yo.j.

Proof. First note that the optimisation problem (5.15) has a unique solution with
objective value 0. Moreover, the auxiliary process Z and observations Y are inde-
pendent, by assumption. Both of these also permit densities. Let

9, %,9) = [u(,9) = (Fan(5,9) + Fiua(z ) (enin — ten))|
For the optimal u, we have
| [ot =) ps(z) o) dzay =0
As all factors in the integrand are > 0, we must have for almost every y
/Zg(U*, z,y)pz(z)dz = E[g(u”, Z,y)] = 0.

Note that E[g(u*, Z,y)] is the objective in (5.14). Hence u* clearly solves (5.14) for
almost every . O
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5.2.2 Reducing Sample - Density Temporal Difference

Next, we note that in (5.15), there will often be a significant temporal difference
between the Euler-Maruyama simulated auxiliary process Zy_,, in £y xy_, and the
density 7, (z,y) in time ¢ ,,. This will pose a problem if we try to approximate the
expectation with a Monte Carlo estimate. The reason being that if the dynamics
of the state tends to shift the distribution, most of the samples of Z will fall out-
side of the main probability mass. See Section 3.4 in [2] for an illustration of this
phenomenon. As an additional consequence, the neural network training focuses on
areas in R? not of chief interest.

The solution is to use samples as close as possible in time to t;,. For this pur-
pose, we revisit Setting 5.1. This restriction is no longer needed. Most notably, the
time between observations is now allowed to vary. However, in most cases one would
most likely want the partition of [tx,tx11] to be equidistant.

The key correction is done in Theorem 5.1, where the auxiliary process X is evaluated
in tp41 — thns1 and tgq — tg . During the proof of this theorem, a reparameterisa-
tion of time is done, such that t =ty — ¢’ with ¢’ € [tg41 — thnt1, teyr — ten). Note
however, that while ¢, is a natural choice to subtract ¢’ from, the derivation does
not rely on this. In fact, any time 7 greater than ¢;,.1 can be chosen. Thus, make
the more deliberate choice of 7 =t ,, + t 41 such that

T — tk,n+1 = tk,na
T — tk,n - tk,n-‘,—l-

The auxiliary process X is once again simulated using the Euler-Maruyama scheme
according to

Zk,n+1 == Zk,n + ,U(Zk,n) (tk,nJrl - tk,n) + U(Zk,n) (Wtk,n+l - Wtkm)- (516>

As such, the approximation of )?T_t,m .1 18 Zi, and the approximation of YT_t,m
is Zj n+1. The updated optimisation problem, which should be compared to (5.15),
reads

<7Tk,n+1 (ma 3/)) (2,) ERI xR X (k1)

= argmin E [‘U(Zk,na Youx) — (%k,n(Zk,nH, Yo:x) (5.17)
weC(RIXRY X (k+1);R)

_ 2
+ Fgn(Zkps1, You) (teps1 — tkn))‘ }

The initial condition for n = 0 remains as

~ p(Ye =y | Xo, = @) 1. v (T, Yok—1)
Te o, Yo ) = — . 5.18
Iw( vo k) fRd p(Yk = Yk | th = 33) 7Tk—1,N($7 yo:k—l) dx ( )

5.2.3 On Normalisation During Training

In this final section before the neural network approximation is introduced, we focus
on the necessity of calculating the denominator in (5.18). While no adjustments are
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made to the method here, some alternatives are discussed.

The initial condition comes from Bayes’ law and this far the normalising constant
has been kept. This is potentially problematic however. The reason is that comput-
ing this constant in high dimensions is computationally demanding and could slow
down the training process. As of now, 7 from the previous sections is a normalised
density that integrates to 1. If instead the initial condition is updated to

Tro(®, Yor) = p(Ye = Uk | Xt, = @) Trm1.n (T, Yok—1),

the resulting densities become unnormalised. This in itself is not a problem, as the
normalisation can be performed when the filtering distribution is evaluated. In many
situations the normalisation constant is not even needed. One notable example is
when sampling from 7 using Markov Chain Monte Carlo (MCMC).

The problem with replacing the initial condition instead arises during training. Note
that Tx—1 v (2, Yox—1) in (5.18) represents a predictive distribution for the state in
t conditioned on Yp.p_1 = yo.x_1. The overlap in mass for this distribution and
the likelihood p(Yy = v | X, = ) might be low and a direct multiplication of
these without normalisation thus causes T o(, yo.x) to be significantly smaller than
Tk—1.n8(Z, Yo.k—1). This has significant consequences, since T o(, yo.x) is used to cal-
culate the next density. The loss in size can accumulate through the training process,
causing the integrals of later distributions to be orders of magnitude smaller than
earlier ones. Eventually, this can causes numerical errors and make the training
convergence difficult. As such, the normalisation constant in the initial condition
is kept here. Some results indicating the necessity of this choice are presented in
Section 7.7.

5.2.4 Final Algorithm

In summary, the recursive optimisation problem obtained this far is (5.17) for
n € {0,...,N — 1} with initial condition for n = 0 given in (5.18). To solve the
optimisation problem the expectation is not calculated analytically. Instead it is
estimated using Monte Carlo simulation. We define approximate densities 7y, (x, y)
for n =0,..., N satisfying the modified optimisation problem

(T‘-k’n—‘rl (I’7 y)) (x,y)eRd XRd’X(kJrl)

: 1 M m m A m m
= argmin i Z Uu(zk,m Yo) — (Wk,n(zk,nﬂa’yo:k) (5.19)
uweC(RE xR X (k+1);R) m=1

2 m m 2
+ F”k,n(zk,nﬂa Your) (tk,nﬂ - tkn))‘ },

with initial condition

Tro(z,y) = PV =y | Xoyp = ) T N (2, Yok
70 ) - — ]
fRd p(Y;C = Yk | th’ - ZL’) ﬂ_k—l,N(l’, y0:k—1) dz

Here 2™ = Z(w,,) is a specific sample path of Z and y™ = Y (w,,) a sample path
of the observation process Y. The number of Monte Carlo sample paths used is M.
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In practice, to sample from Y we use the Euler-Maruyama method to simulate the
state X with the same grid as Z and then form observations using the model (5.1).

Finally, in order for this problem to be solveable in practice, we replace the optimisa-
tion over the infinite-dimensional C'(R? x R¥*(*+1): R) with an optimisation over the
finite-dimensional parameter space © of a neural network Ap: R x R¥>*#+1) 5 R
with some sufficient architecture. We have {Nj | # € ©} C C(R? x R¥*k+1.R)
and the idea is that the network is versatile enough that, with the right parame-
ters, it can approximate the true solution to (5.19) reasonably well. Additionally,
to guarantee non-negativity of the solution, we let the neural network output en-
ergy. This approach is exactly the same as in [2] and means that the neural network
u(x,y) = Ny(x,y) is replaced with u(z,y) = exp(—Ny(x,y)).

Now, let 7, denote the neural network approximation of the state probability
density function in time t¢;, for n = 0,..., N. With these modifications, (5.19) is
approximated with

(7Tk,n+1<xv y)) (:c,y)ERdx]Rd'X(k+1>

1
T et locey M [“Zm"’yn? — (Ten (21, Yo 5.20
ue{exp(—Np) |06} MmZ::1 ’ (2 ¥6) ( ko (Fin+10 Your) (5.20)

 m " 2
+ F T (2t Your) (tensr — tkn))‘ }

This is the final recursive optimisation scheme and constitutes the most important
equation in this thesis. Note that the objective function is the mean squared error,
see (3.2), of the neural network output compared to given labels. As such, solving
(5.20) fits into the framework of supervised learning well. The initial condition is
once again

Y, = X, = x) T e
ﬁk}o(l‘,y) _ f p( k yk‘| tr .ZU) Tk l,N(xyyO.k‘ 1) (521>

de(yk = Yk | th = l’) ﬁk—1,N($;y0:k—1) dz

Assuming that tg = 0, i.e., the first observation is at time 0, the neural network
training chain is started for k = 0 using

_ _ pYo=y| Xo=1z)po(z)
Tl Y) = T =y [ Xo = o) pole) v (522)

As a complement to (5.20)—(5.22), the training algorithm is given in pseudo-code in
Algorithm 1. Moreover, the procedure when evaluating the filtering density is given
in Algorithm 2. However, these descriptions are given without much detail. Instead,
the reader is referred to Chapter 6 for the implementation used in this thesis. Note
that, as desired, the filter derived in this chapter is computationally light to evaluate
online, as neural network evaluation can be done rather quickly. Training can be
performed offline if the dynamics of the problem are known, which is often the case.
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Algorithm 1 Training of EBDS model

1: Simulate M sample paths of Z with (5.16)

2: Simulate M sample paths of X, Y using the Euler—-Maruyama method.
3: for k=0,1,..., K —1do

4: Calculate M labels using (5.21) or (5.22) inserted into:

b b = Tro(2 Vo) + Feo(z vo) (bey — tro)

6: Train 7 using (5.20)

7 forn=1,...,N—-1do

8: Calculate M labels using 7, inserted into:

9: U = T (2g 1> Yok) + F T (2040 Yok) (Eranst — tn)
10: Train 7y 41 using (5.20)

11: end for

12: end for

Algorithm 2 Evaluation of EBDS filtering density in ¢, given yo.x

Select the neural network in ¢

Perform one forward propagation 71 n (%, Yox—1)
Calculate likelihood p(Yy, = v | Xi, = )

Find normalising constant ¢

return 7,1 N (2, Yo—1) D(Ye = yi | Xi, =) /c

AN I > i e

5.3 On Approximations and Convergence

In the derivation of the method, there are four main approximation steps. The first
one is the transition from p, the exact density, to m by utilisation of a forward Euler
scheme in (5.6). The second step is when approximating 7 with 7 defined in (5.12),
by simulating the auxiliary process with the Euler—-Maruyama scheme. The third
step is in the Monte Carlo approximation of 7 with # in (5.19). Finally, # is approx-
imated with 7 in (5.20) using neural networks. It can be seen that the quality of
the first two approximations depends on the number of prediction steps N, whereas
the third depends on the number of samples M and the final on the accuracy and
training of the neural network.

For further discussion, we introduce the notation p: {0,..., K} x Q — L*(R%R)
for the density valued stochastic process representing the exact filtering distribution
in time tx, k € {0,..., K}. Given w € Q with associated yo.x, pr(z) is simply the
true filtering distribution in ¢;. The same notation is used for the filters associated
with 7, 7, & and 7. Now, a natural approach for quantifying the error when using 7
instead of p is to consider the L?(; L°(R%; R))-error. Assuming all density valued
stochastic processes are in this LP-space, we want to establish a bound for

rER4

1Pe = Tll £2 (01 maR)) = \IE [Sup Ipr(z) — T(2)|*|, k€A{0,...., K} (5.23)
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5. Energy-Based Deep Splitting Derivation

According to the triangle inequality, this error can be split into three terms according
to

IPe — Tell 2 ®esry) < 1Pk — Tl + 17 — #ell + 175 — Tl

The first term is dependent on the number of intermediate prediction steps N. The
size of the second term depends entirely on the quality of the Monte Carlo estimate,
whereas the size of the third term depends on the how well the neural network can
approximate the given function. Neural networks are generally used for their ability
to accurately approximate functions and the number of samples can be increased so
that the second term is small. Hence, it is a reasonable assumption that the first
term dominates and is key in reducing the error.

In a forthcoming paper by Andersson, Bagmark and Larsson, the authors of [2],
the first term is proved to be bounded according to

9% — Fll 220100 (meR)) < CN Y2, (5.24)

with a constant C' € R, independent of both N and 7. Similar to the Euler—
Maruyama method, see Theorem 2.1, this can be referred to as strong convergence
of order 1/2. If the Monte Carlo error and neural network approximation error is
kept small enough, then the bound applies for ||pr — Tk || 120,z r%R)) as a whole.
One of the main goals of this thesis is to verify this result empirically. For this
purpose and to generally benchmark performance against other methods, EBDS was
implemented and tested on several example problems. The details are presented in
the next chapters. It must be noted that the proof of (5.24) assumes properties
that are not satisfied in all example problems treated in this thesis. One notable
such assumption is uniform ellipticity of the matrix a(x) = o(z)o(z)?, which is not
true for geometric Brownian motion. Overall though we are interested in testing the
method even when such assumptions are violated.
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Implementation

In the previous chapter the filtering method referred to as Energy-Based Deep Split-
ting (EBDS) was derived. The chapter ends with (5.20)—(5.22), which describe how
the neural networks for the filter should be trained. Moreover, Algorithm 1 describes
the training process in pseudo-code and Algorithm 2 describes how to evaluate the
filter after training. The purpose of this chapter is to complement these descrip-
tions further, with more detailed explanations of the filter implementation as done
in this thesis. In the first section, the training is explained more in depth and in the
following section the neural network architectures are described. Lastly, the metrics
used for evaluation are presented.

6.1 Training Algorithm

The implementation and evaluation of EBDS was done in Python using the deep
learning framework PyTorch. After training, the result is a sequence of neural
_ K,N . . . . c .
networks (7)o =1 Tepresenting approximations of the normalised predictive dis-
tributions in (tk,n)kK;](:cnzl given the available observations. Here, the key steps in
the training of this neural network sequence are outlined from an implementation
perspective. Note that in this section and henceforth, we treat the exponential func-
tion = — exp (—z) in (5.20) as part of the networks.

The meaning of (5.20) is that the neural network 7y ,11(z,y) for time t,4; is
trained using the MSE loss function with input-label pairs ((2}%,, yf)s fm)m—1 such
that

U = T (2mg1> Yorr) + FTan (2 Yor) (Erns1 — ten)- (6.1)

As such, the operator F', defined in Lemma 5.1, is critical. To repeat, for f €
C%*(R%R) the operator is

(FF)(a) = =23 @) 2L 3™y 2sl)

1 A4 Qaz () L& Of(x) Oay(x)

XY Gt 3oy el
z;07; i Ox; Oz,

As the drift and diffusion are assumed to be known, the gradients of these can be

precomputed analytically. Moreover, since the training is performed sequentially,

Trm 20y 1, You,) 18 available for evaluation. What remains is to evaluate partial

derivatives of 7, (z,y) with respect to the first argument. For n € {1,..., N — 1},
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Tk.n Simply consists of a network and these derivatives can be calculated numerically
using standard PyTorch functionality. While this can be done for 7 as well, in-
stead the product rule was utilised together with analytic formulas for the likelihood
gradient.

More in detail, the filtering density in ¢y, 74, is formed according to

_ 1 _
Tho(Z, Yor) = p N(yk | h(x), 2) Tr—1.5 (2, Yok—1)-

As a reminder, h: R — R? is the measurement function and ¥ € R¥**? is the
measurement noise covariance matrix. The normaliser ¢, the integral in (5.21), is a
constant with respect to x but dependent on yo.,. Now, to calculate V.7 o(z, Yo.x)
for the label function, the product rule is used by

_ 1
VaeTko(z, Your) = p [Wk—l,N(xaiUO:k—l) VN(yx | h(x), %)

(6.2)
+ N(yx | h(x), %) Vxﬁkfl,N(xaQO:k—l)}'

The second term is calculated using automatic differentiation with PyTorch. The
first term can be calculated analytically using the formula

VaN(ys | h(w), ) = H(z)" 27 (g — h(2)) N(ye | h(@), 2),

where H(z) is the Jacobian of the measurement function. In the very first step,
when calculating V, 7o o(x, yo), the previous network m,_1 y(2, Yo.x—1) in (6.2) is re-
placed with the prior pg(z). The gradient of the prior Vpy(z) was also calculated
analytically in the implementation.

It can be seen that another critical part of the training process is the calculation of
the normalising constant ¢ in the update step. As the constant depends on .., this
calculation must be performed for each training sample m. Explicitly, we want to
calculate

Cm = /Rd N(y;ﬁn | h<x)72> ﬁk—LN(x?yg?kfl) dI, m = 1’ e M. (63)

A fast method for computing these integrals numerically is essential, especially in
high dimensions. Another desirable property is for the numerical method to be grid-
free (in space), as in general the area of maximal probability mass can change from
sample to sample. This is especially important if the samples can be expected to
drift away from each other, for example when there is no state mean-reversion. For
simplicity, in one-dimensional examples when the dynamics are mean-reverting we
calculate (6.3) using quadrature. In higher dimensions or when the dynamics are
more complicated, we use a more advanced method.

The task of numerically computing the integral in (6.3) can be compared to es-

timation of marginal likelihood, also known as evidence, in Bayesian statistics. This
estimation problem is well explored in literature. A simple approach would be to
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draw samples (z;)!_; from the normalised predictive density Tx_i n(z,yi%_ ;) and
estimate the integral as the sample mean of N(y;* | h(x;),%). Similarly, one could
utilise that N(y;" | h(x),X) = N(h(z) | v, 2). Now, if the measurement function is
invertible, the change of variable 2’ = h(z) in (6.3) can be made to see that

em = Exnp ) |[Frtn (7 (X, yiy) J(X)]

where J(z') is the determinant of the Jacobian of h~!(z’). This expectation is then
easily estimated using sampling. Note that this is essentially the approach taken in
[13], in which a similar filtering method to ours is proposed. Both of these estimation
methods suffer from the same problem however: it could happen that the two factors
in (6.3) do not overlap to a large extent. This leads to an unstable estimate. Our
approach is instead to estimate the integral using importance sampling from a wider
distribution. Let this importance distribution be given by N(z | 4™, ¥™) for some
p™ and ™. The integral in (6.3) is then

Cm = EX”NN(M",ZT"

N(?JIT | h(XN)a E) 77T/l~cfl,N(X”7Z/E)T;kal)
) N e, ) |

Approximate normalisation constants for m = 1,..., M are thus each calculated
using I samples (z/)L_, with

s 1y p (), B) Teoa v (@ Yolk-1)
o fgl N(af | pm, xm) 1 (64)

Good choices for the mean p™ and covariance X depend on the problem at hand.
In the particular example when h is invertible ™ = h~!'(y*) and ¥™ = aX for
a > 1 are natural choices. One could also let the mean and covariance be given by
some Kalman filter, for instance the extended or unscented variants. In the future,
if this importance sampling scheme proves to be insufficient and an even more stable
approach is required, so called bridge sampling would be a possible next step, see
for instance [20].

Apart from the calculation of normalising constants in the update steps, before
training each network the labels from (6.1) are normalised according to

: b
IS o
The purpose of this is mainly to prevent the labels from becoming too small in high
dimensions. An important detail is that in the training stage the denominator in
(6.5) is saved for each network. During evaluation, the network output is then mul-
tiplied with this constant, to maintain the property of (ﬁk,n)kK:’](\)[,nﬂ being normalised
predictive distributions. However, note that if a filtering distribution is of interest,
a normalising constant will have to be calculated when performing evaluation, see
Algorithm 2.
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6.2 Neural Architectures

In Chapter 3, classical neural networks and long short-term memory networks were
introduced. In this section, the particular architectures employed in this thesis are
detailed.

Starting with the standard fully-connected network, the architecture is shown schemat-
ically in Figure 6.1. Note that this architecture is used for the network in all time
steps. This allows us to copy the learned weights and biases from the previous net-
work when training the next in the sequence, which speeds up training, improves
consistency and ultimately seems to yield better results compared to when networks
of varying architecture are used. As a consequence, the input size is kept constant
and inputs not currently utilised are set to zero. Additionally, as can be seen in
the figure, we use three hidden layers with constant size n;,, dependent on the ex-
ample in question. The output layer has one neuron and linear activation. Finally,
as mentioned, we consider the exponential function x — exp (—x) as part of the
network.

el () () () 0
Yx—2 §
s B ol ol [of
E e e =1 = |8
Yo §
x - A A A
d+dK ny, ny, np 1

Figure 6.1: A schematic view of the fully-connected neural network used. Layer
sizes are displayed under the respective layer. Most notably, the size of the input is
kept constant, so that all networks have the same architecture.

Apart from a fully-connected architecture, we also use an LSTM-based architec-
ture. The purpose is to examine if more advanced architectures can reduce the
neural network approximation error. In particular, we use an LSTM architecture
because the observations can be viewed as dependent samples from a time series.
An additional advantage is that the cell structure of the LSTM allows the network
to process sequences of varying lengths naturally. As such, we can initialise each
network as a copy of the previous network without having to fix a constant input
size and the somewhat artificial setting of future observations to zero can be avoided.

Critically however, the x-input which controls the point of evaluation of the density
should be treated differently compared to the observations. One approach would be
to concatenate x with each observation and use these joint vectors as input to the
LSTM cells. Instead, we use the LSTM layers as an encoder to produce a latent
representation of the observations. This latent representation is then used together
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with = as input to a decoder consisting of a fully-connected network. LSTM en-
coders are common in sequence-to-sequence tasks, such as time series prediction,
where they have proved to be effective, see for instance [29] and [41]. For an exam-
ple architecture utilising an LSTM encoder together with auxiliary non-sequential
input in the decoder, see [21]. However, note that although the approach of con-
catenating LSTM output with non-sequential input is similar to our approach, the
decoder architecture in this article is quite different compared to ours.

An overview of the proposed hybrid LSTM and fully-connected model is shown
in Figure 6.2. As can be seen, the output of the last LSTM cell is concatenated
with the output from a layer that only operates on the z-input. This concatenated
representation is then used as input to another hidden layer, whose output is fed
to the final layer. Note that more LSTM cells are added for networks later in time.
However, as the cells are identical in terms of weights and biases this does not pose a
problem. A new network can always be initialised with the same parameters as the
already trained previous one, resulting in faster training times and better results.

&
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Figure 6.2: The hybrid model based on an LSTM encoder shown schematically.
Again, the layer dimensions are specified below the respective layers. As for the
LSTM output and cell state, they both have dimension n}. This means that the
input to the last hidden layer has length 2n}. For an explanation of the LSTM cell,
see Section 3.2 and Figure 3.2.

For both the standard and LSTM architectures, the ADAM optimiser with standard
parameters, apart from the learning rate, was used. In each separate example, ini-
tial tuning was performed to determine suitable hyperparameters, such as learning
rate and layer sizes. In all examples however, a batch size of 512 was used and
the networks were trained for a maximum of 100 epochs. Additionally, a validation
set of size 0.1M was taken from the initial training set of size M. This validation
set was utilised for early stopping of the training, with a patience of five epochs.
Critically, the same 0.1M samples were used for validation across all times. This is
important due to the fact that the previous network is copied. As such, including
samples from its training set in the validation set of the current network would break
independence assumptions.
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In the output layer, additional neurons can be added if necessary to for instance
control the tail behaviour. This is done in [2] to ensure that the networks extrap-
olate well. The idea is to use known information about the problem at hand, for
example about the stationary distribution, and incorporate it into the model archi-
tecture. To give an example in one dimension, the basic output layer is

O(u) = exp (=&i(u)), (6.6)

where u is the output from the last hidden layer and &; is a neuron with linear
activation. This can be replaced with

6(u, T) = exp (—51 (u) — (z — &(u))? ]l|m|>52(u)>. (6.7)

As can be seen, x is copied from the input of the network to the last layer and used
in the second energy term. This second term ensures the tails of the distribution
are Gaussian. In this thesis adding extra output terms is generally refrained from,
but used in some examples, see Chapter 7.

6.3 Method Evaluation

In order to evaluate how well EBDS performs and compare it to the benchmark
filters, certain metrics are used. These metrics are calculated by averaging over M’
test sample paths that are not part of the training data for EBDS. As before, the
test sample paths are simulated using the Euler-Maruyama method. Note that we
limit ourselves to evaluation of the performance in the measurement times, i.e., we
only consider the accuracy of the filtering distributions and not the predictive dis-
tributions.

Most of the metrics require some reference filter that should be either exact or
known to be close to the exact solution. In linear cases, we use the Kalman filter for
this purpose whereas in nonlinear cases we use a particle filter with a large number
of particles. To obtain a distribution with continuous support from the particle
filter, a so called Gaussian Kernel Density Estimate (Gaussian KDE) is used.

The first metric of interest is the so called Mean Absolute Error (MAE). Let x}”

denote the state at time ¢; for sample path m and let i’ denote the approximate
mean given by the filter of interest. The MAE is then defined as

1 o m ~Am
MAE, = — 3 [l = afll, k€ {0,... K}, (6.8)
m=1

Note that this is not generally going to be zero even for exact filters. This means
that it is formally not an error. Nevertheless, it helps to evaluate how well a filter
performs, especially when accompanied with the next metrics.

The First Moment Error (FME) measures the deviation of an approximate filter
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mean from the exact filter mean. Let p]* denote the true mean of the filtering dis-
tribution at time ¢, for sample path m. The FME for the filter of interest is then
defined as

FME), = ZHM arll, kedo,... K} (6.9)

Remark that this only captures the deviation of the first moment for an approximate
filter.

The Kullback—Leibler Divergence (KLD), on the other hand, measures how well
the density of the approximate filter matches the true density in its entirety. Also
known as the relative entropy, the KLD is not strictly a metric, as it is not sym-
metric. Instead it exists in two variants: the forward KLD and the backward KLD.
Here, we use the forward divergence denoted as Dky,(p||p), where p(X+, | Yo = Yo%)
is the exact density at time ¢; for sample path m and p(X;, | Yo = yg) is the
approximate density. Using the shorter notation pj*(x) = p(Xy, = 2 | Yo = yi%)
and p'(z) = p(Xy, = = | Yo = yi), we define the forward KLD as

KLDy = Dyt (pellpr) = Z/ () lo g(pk Eg) dz, ke{o,... K}
(6.10)

Next, to examine convergence we use a metric approximating the L(Q; L (R%; R))-
error in (5.23). The expectation is approximated using a sample mean and the supre-
mum is replaced with maximum. The resulting metric, henceforth called L?L>-error
is

1 M

L? L*°-errory, = \l Z max lpi(z) — pi(x)?, ke{0,...,K}. (6.11)

While this metrics is mainly used to evaluate convergence, it is also interesting in
itself because it measures the expected maximum difference between two filter dis-
tributions.

The last metric of interest is an approximation of the L*(€2; L?(R%; R))-error, which
we refer to as the L2L2-error. This metric is defined as

1 M

L?L*-error), = J M 2 Z /eRd lpi(z) — p(x)]2dz, ked{0,...,K}. (6.12)

We use this partly to examine convergence and partly because it is interesting in
itself, similarly to the L?L>-error.

To obtain some idea of the convergence rate in an error when going from a number
of prediction steps N; to a larger number N;,, the Empirical Order of Convergence
(EOC) is utilised. This is formed as
log(error(N;y1)) — log(error(N;))

log(Niy1) — log(NN;) '

EOC(N;) = —
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In this thesis, the error is always the L?L>-error. Using the EOC, the hypothesis
that EBDS converges with order 1/2 in practice can be tested. For this hypothesis
to hold the EOC should be above 1/2 for all values of N. Remark that this method
for estimating convergence rate is well established in literature, see for instance [1].

From an implementation perspective, the metrics pose some challenges. Firstly, the
evaluation of (6.10) and (6.12) require the calculation of possibly high-dimensional
integrals, which is computationally demanding. Similarly, solving the optimisation
problem in (6.11) and calculating the approximate mean in (6.8)—(6.9) in high di-
mensions is not trivial. Finally, for EBDS, the normalising constant for the filtering
distribution must be calculated according to (6.3).

In one dimension when the state is mean-reverting, we use simple quadrature on a
pre-specified grid to calculate the integrals in (6.10) and (6.12), as well as the mean
and normalising constant for EBDS. The optimisation problem (6.11) is solved by
considering the maximum on the grid. This is not feasible in high dimensions how-
ever and, as discussed in Section 6.1, grid-free methods are generally preferred.

In high dimensions and for dynamics that are not mean-reverting, we instead em-
ploy sampling to estimate the integrals. It is clear that (6.10) can be written as
an expectation with respect to the distribution of the reference filter. Similarly, for
(6.12), we have

P (X) — PRt (X)[?
it (X)

Thus, we can estimate both the integral in (6.12) and the one in (6.10) by sampling
from the exact filtering distribution, which is simple if it is given by a particle
filter or Kalman filter. For the optimisation problem in the L?L*-error, we use
a standard gradient based solver, started in the sample from p;’ with the largest
objective value. Estimation of the normalising constant is done using importance
sampling as specified in Section 6.1. Estimation of the mean for EBDS is done
completely analogously. With the same notation as in (6.4), the formula is

[ @) = B @) do = Exepp (6.13)

m 1 XI: oy Nyt | h(x]), 2) Tr—1,n (27, Yoh—1)

= 6.14
=T NGe? 0, 57) O40

i=1

By using this procedure for evaluation of the metrics samples are reused where pos-
sible and duplicate calculations are avoided. Note, however, that if only one metric
is of interest, there might be more efficient alternatives. For example, the mean can
be evaluated using MCMC, which does not require the normalising constant.
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Results

The energy-based deep splitting method is here evaluated on four example problems,
two in one dimension and two in higher dimensions. The examples are chosen to be
quite different, in order to investigate the versatility of the method. In one dimen-
sion, the first example is an Ornstein—Uhlenbeck process and the second one is an
SDE with bimodal dynamics. Convergence is investigated in both these examples.
For the higher dimensional cases, the first example is a predator-prey model from
mathematical biology and the second one is a stochastic linear spring-mass system.
Each section begins with a more thorough description of the problem at hand af-
ter which EBDS performance is shown. After the specific examples, some results
are presented pertaining to various parts in the EBDS method. In Section 7.5, the
LSTM-model performance is evaluated and compared to the standard model for one
example problem. This is followed by a runtime analysis in Section 7.6. Lastly, we
evaluate whether there is a need for calculating the normalisation constant during
the training.

For the first two example problems, we start the simulations at t; = 0 and end
at T = 1. Observations are made starting at time 0 with 0.1 units of time in be-
tween, resulting in 11 observations in total. In the last two examples, which are
in three and eight dimensions respectively, we instead let 7" = 0.5 and consider six
observations. Note that all results except those in Section 7.5 were generated using
the standard fully-connected neural network architecture. Model hyperparameters
and other information necessary for reproducing the results can be found in the
Appendix B. In all results for EBDS we average over five instances with different
training data to obtain reliable metric estimates, although EBDS instances generally
do not deviate significantly in terms of performance.

Two additional example problems are presented in Appendix A. In the first example
the state is given by a one-dimensional geometric Brownian motion. The second
example is in two dimensions and semi-inspired by stochastic volatility models from
financial mathematics. Qualitatively the results in these two examples are similar to
the ones presented in this chapter. As such, Appendix A can be ignored by a reader
only interested in the overall performance of EBDS and not specific examples.
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7.1 Ornstein—Uhlenbeck Process

The famous Ornstein—Uhlenbeck process is the solution to the Langevin equation
t t
X, = X, +/ 60X, ds +/ odW,, telo,T],
0 0

for some parameters 6,0 € R.y. The process is mean-reverting to mean zero and it
can easily be shown that N(0,02/0) is a stationary and limiting distribution. As this
state dynamic, together with a linear measurement function and Gaussian prior, fits
into the framework of the Kalman filter, it is a natural first example for evaluating
EBDS.

In particular, we use the parameter values §# = 3 and ¢ = 1. As mentioned we
consider the final time T' = 1. Furthermore, the standard normal distribution is
chosen as the prior and we assume the measurement noise has variance 1. As the
measurement function is h(z) = z, it should be noted that the signal-to-noise ra-
tio is quite low. One could argue that this makes the filtering problem more difficult.

To investigate convergence, we evaluate EBDS performance on the test set using
six different numbers of prediction steps N: 1,2,4,8,16 and 32 steps. Additionally,
as mentioned, for each number of steps and each time, the metrics are averaged over
five instances to obtain more stable performance estimates. Using the Kalman filter
as reference, the L?L?- and L?L*>-errors over time are presented in Figure 7.1. Note
that in both errors, there seems to be a clear convergence trend. The exception is
for 32 steps at later times. An interesting detail is that the error seems to reach a
maximum after some time has passed and then decreases later. A likely explanation
is that the process tends towards the stationary distribution, which is easier for the
model to learn than when the process is non-stationary.

L*L*-error L?L>®-error
0.4
0.4
0.2 4 0.2 1
0 | [ [ [ [ [ [ 0 | [ [ [ [ [ [
0O 02 04 06 08 1 0 02 04 06 08 1

—_—] =—2 =—4 =38 16 = 32 steps

Figure 7.1: L2-errors over time in the Ornstein—Uhlenbeck example for different
numbers of prediction steps. As can be seen, there is a clear convergence.
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7. Results

The order of convergence for the L?2L>-error is shown more clearly in Figure 7.2
at times 0.1 and 1. The corresponding error values and EOC can be found in
Table 7.1. At time 0.1, convergence of at least approximately order 1/2 can be
seen for all values of N. The pattern is less clear at time 1, but overall the EOC
is above 0.5 for all N except 32. A likely explanation for the error not decreasing
significantly between 16 and 32 steps is that it is dominated by either the Monte
Carlo term or the neural network approximation term for N = 32. Although not
shown here, for fewer training samples the convergence starts to deteriorate already
at 8 and 16 steps, which supports this theory.

Convergence at time 0.1 Convergence at time 1
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eInstances ®Average = (O(N~!/?)

Figure 7.2: Convergence plots for the L?L>®-error in the Ornstein—Uhlenbeck ex-
ample. Apart from the average error, the error for each model instance is shown in
red. The black line corresponds to convergence of order 1/2.

Table 7.1: Error and Experimental Order of Convergence (EOC) for different
discretisation steps N at the two time points in the Ornstein—Uhlenbeck example.

Time 0.1 Time 1
N L?L>®-error EOC L?L>®-error EOC
1 0.1945 0.6329 0.4721 1.1114
2 0.1254 0.4522 0.2185 1.2767
4 0.0917 0.6029 0.0902 0.8376
8 0.0603 1.0890 0.0505 0.6460
16 0.0284 0.7456 0.0323 0.0639
32 0.0169 - 0.0309 -
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7. Results

To benchmark EBDS, its average performance with N = 32 is compared to boot-
strap particle filters with 102, 103, 10* and 10° particles. These are all set to have
the same number of intermediate prediction steps, for a fair comparison. The MAE,
FME, KLD and L?L*-error over time for the filtering distributions are displayed in
Figure 7.3. The plot for the MAE shows that all filters generally manage to track
the mean of the reference filter and that the average error compared to the true state
decreases over time. In terms of the FME, EBDS is slightly worse than a particle
filter with 10* particles. For the KLD and L2L%-error, our filter generally outper-
forms the particle filter with 10* particles but not the one with 10°. As EBDS takes
a fraction of the time to evaluate the filtering density compared to the benchmarks,
these results in the Ornstein—Uhlenbeck example are quite promising.

For a more intuitive demonstration of EBDS performance the reader is referred to
Figure 7.4. This figure shows some filtering distributions for one randomly selected
example in both one-dimensional problems. The Ornstein—Uhlenbeck example can
be found in the first column and it can be seen that the EBDS solution matches
the exact solution very well in all times. Next however, a more difficult example is
investigated to see if EBDS performs as well in nonlinear cases.

56



7. Results
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Figure 7.3: Four metrics over time for EBDS compared to benchmark particle
filters in the Ornstein-Uhlenbeck case. The reference filter (a Kalman filter) is
shown in the MAE plot.
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Ornstein—Uhlenbeck Bimodal
t=02 A
t=04 f
t=0.6 f
t=08 j\
1 1
t=1
0.5 0.5 1
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—1 0 1 —2 0 2
PF 10* =—EBDS =—KF/EKF —X,

Figure 7.4: Filtering densities in one example for both one-dimensional problems.
The true state is marked with a blue line. Note that axis scales are provided in the
bottom plot in each column. In the first column, the Kalman filter is shown in red
and represents the exact solution. It can be seen that EBDS matches this solution
quite well. In the second column red instead represents the extended Kalman filter.
Here, EBDS seems to align well with the particle filter, while the extended Kalman
filter provides a less satisfactory solution

58



7. Results

7.2 Bimodal SDE

As a first nonlinear example, we consider a case with significantly more complicated
drift function. We now assume the state-measurement model is of the form

t9 t

Xt:Xo—l—/ g(5)(5—)(;”)ds+/ aw,, telo,1], (7.1)
0 0

Y = X, + Vi ke {o,....10).

Once again, the prior is chosen as the standard normal distribution and V} has
variance 1. As can be seen in Figure 7.5, which shows the histogram for 10° simulated
states at various times, the state tends to accumulate around z = ++v/5. Because
of this bimodality in the unconditional distribution, one can expect the Kalman
filters to perform poorly in this example. Instead, a bootstrap particle filter with
105 particles is used as reference filter for the calculation of the metrics.

Time 0.1 Time 0.5 Time 1

Samples

-2 0 2 -2 0 2 -2 0 2
State value

Figure 7.5: Histogram simulated using the Euler—-Maruyama scheme and the dy-
namics (7.1) at various times.

Again, we start by examining convergence. Figure 7.6 shows the L2L?- and L?L°-
error for N = 1,2,4, 8,16 and 32 steps. Similar to the Ornstein—Uhlenbeck example,
there seems to be convergence in both metrics. Moreover, for smaller numbers of
steps the error increases drastically over time while more steps results in only slight
or no increase over time. The order of convergence can be seen more clearly in
Figure 7.7 as well as Table 7.2 and we note that overall the black line corresponding
to order 1/2 fits the data quite well although singular EOC values are lower. There
could be several reasons for the rather uneven EOC-values. As in the last example,
the Monte—-Carlo error or neural network approximation error could be dominating
for larger N. Further, it can be seen in Figure 7.7 that EBDS instances with the
same N deviate quite much in terms of the error. It is possible that averaging over
more instances would yield better EOC estimates. Finally, while the results indi-
cate that EBDS does converge in this example, it must be noted that the dynamics
neither satisfy the assumptions for convergence of the Euler-Maruyama scheme in
Theorem 2.1 nor, in fact, the assumptions in the proof of EBDS convergence.

Evidently the best model is the one with NV = 32 and we compare its performance
with the benchmark filters, for which we also use 32 intermediate steps. In this case
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Figure 7.6: EBDS L?L2- and L?L>-error over time for different values of N in the
bimodal case. It can be seen that there is a clear convergence trend.
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Figure 7.7: Convergence plots for the L?L>-error in the bimodal example. The
error for each model instance is shown in red while the black line corresponds to
convergence of order 1/2.

we benchmark against bootstrap particle filters as well as unscented and extended
Kalman filters. The comparison is shown in Figure 7.8 and EBDS turns out to
be significantly more accurate than the Kalman filters in all metrics. In terms of
particle filters, our method consistently performs better than one with 103 particles
but worse than one with 10* particles. The accuracy of EBDS, especially when
compared to the extended Kalman filter, can further be seen in the second column
of Figure 7.4. While EBDS aligns well with the particle filter histogram in all times
the EKF deviates somewhat, particularly for t = 0.4, t = 0.6 and ¢t = 0.8.
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Table 7.2: Error and Experimental Order of Convergence (EOC) for different
discretisation steps /N at the two time points in the bimodal example.

Time 0.1 Time 1
N L?L>®-error EOC L?L>®-error EOC
1 0.1527 1.3374 0.5899 0.3389
2 0.0604 0.5740 0.4664 1.0013
4 0.0406 0.3074 0.2330 1.0994
8 0.0328 0.1718 0.1087 0.2231
16 0.0291 0.0289 0.0932 0.2458
32 0.0285 - 0.0786 -
Mean Absolute Error First Moment Error
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Figure 7.8: EBDS performance over time compared to the benchmarks on four
metrics in the bimodal example. As can be seen, the Kalman filters are inaccurate
compared to our method and the particle filters with many particles.
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To summarise the one-dimensional examples, EBDS shows promising results. In
the relatively simple Ornstein—Uhlenbeck example performance is excellent and this
applies to a large extent in the bimodal example as well. The geometric Brownian
motion example presented in the appendix is more difficult but EBDS remains rela-
tively accurate, although performance is worse in relation to the benchmark particle
filters. As for the convergence, both the Ornstein—Uhlenbeck example and bimodal
example have some EOC-values below 0.5. Nevertheless, the convergence trends are
clear and the lines corresponding to order 1/2 fit the data quite well. Next we start
to investigate how the method scales with the state dimension by considering an
example in three dimensions followed by one in eight dimensions. Additionally, a
problem with state dimension two is presented in Appendix A.

7.3 Stochastic Predator-Prey Model

The Lotka—Volterra predator-prey model is a system of ordinary differential equa-
tions proposed in the early 1900s commonly used to model populations of interacting
animals. Various methods for incorporating randomness into the model exist and
three different diffusion models are suggested in [43]. In this article two stochastic
processes for populations are considered: one for rabbits, R;, and one for foxes Fj.
One of the stochastic models that is proposed reads

t t
Rt:RO+/ R, (2—an)ds+/ oy Ry dW ),
0 0
t t
Fo=F+ [ F(aR - 1)ds+ [ oy Faw®,
0 0

for some parameters «, o1 and o,. Here, we extend this model for a third population,
namely mice, and denote the corresponding process M;. Mice are eaten by the foxes,
but do not directly interact with the rabbits (we assume). Additionally, we consider
population densities 7, m and f rather than absolute sizes. As such, the state model
used in this example is for ¢ € [0, 0.5]

t t
re=rot [ roer—asf)ds+ [ oyr,aw,
0 0
t t
my = mg +/ ms (B1 — Bafs)ds +/ oy ms AW, (7.2)
0 0
t t
fi= ot [ folasrs+ gom, =) ds + [ o5 fraW .

The parameter values considered are a3 = 1 = o = 1, ag = 0.75, v = 2 as
well as 01 = 0.8, 05 = 1 and o3 = 0.5. Each starting population is assumed to
be independent of the other ones and the prior is normal with means 1,1.5 and
0.5 for the rabbits, mice and foxes respectively. The standard deviation for each
prior is 1/5 of the mean. These parameters ensure that each population remains
approximately close to the prior mean over time, although significant deviations
can occur for individual samples. This fact can be seen in Figure 7.9, which shows
histograms for the three populations initially and at t = 0.5. As for the observations,
we assume all populations can be measured directly, i.e., h(X;) = (r¢, my, fi)T. The
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standard deviation of the measurement noise is set to 0.5, which is unrealistically
high in reality but offers an interesting challenge for filtering.

Rabbits r; Mice my Foxes f;
8,000 —t—05
5 6,000 — mm = ()
4,000 -

<
922000 .
0 - T T T

o 1 2 3 4 0 1 2 3 4 0 1 2 3 4
Population density

Figure 7.9: Histograms for the population densities from (7.2) at the initial and
final times.

A crucial detail in this case is that we alter the neural network output layer with
problem specific information. This is needed, as there are few, if any, training
samples with negative state. As such, the neural network will struggle to learn
that the density should always be zero for these states. We alter the output layer
according to

O(u) = exp (—&1(u) — 6(u,r,m,f) = exp (=& (w)) Ly, f>o0,

with z = (r,m, f)* being the state value and other notation as in (6.6)—(6.7).

In this and the next example we refrain from investigating convergence. Instead
we fix N = 16 and examine EBDS performance compared to the benchmark filter
directly. We let the benchmark filters have 16 intermediate steps so that the com-
parison is fair. This value for IV is chosen as it constitutes a good trade-off between
training time and performance for EBDS. While the last examples show that the
error can be reduced by using N = 32, this involves training twice as many neural
networks.

With the settings described above we investigate EBDS performance compared to
benchmark particle and Kalman filters. The metrics using a bootstrap particle filter
with 10° particles as reference are displayed in Figure 7.10. It can be seen that
EBDS outperforms the extended and unscented Kalman filters for all metrics at
almost all times. In the FME, EBDS has a lower error than the particle filter with
10? particles but not the ones with more particles. In the KLD and L2L*-error
performance is better and EBDS often has a higher accuracy than a particle filter
with 103 particles. The particle filter with 10* particles is almost always better than
EBDS however.

Marginal filtering densities from EBDS and the extended Kalman filter in one test

instance is shown in Figure 7.11. Histograms from a particle filter with 10° particles
are also included for reference. In the presented example, EBDS seems to yield
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densities that align well with the particle filter histograms. One notable exception
is the left tail for the third component at ¢ = 0.3, which EBDS estimates as too
heavy. While not shown here, overestimation of tail probabilities, particularly in
the left tail, for EBDS was observed recurringly for all components.
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Figure 7.10: Metrics over time in the predator-prey example. Again, note that in
this and the next example we consider the final time 7" = 0.5 and six observations.
The extended and unscented Kalman filters perform identically in this example and
hence they are shown together. To summarise, when analysing the metrics it can be
seen that EBDS outperforms the Kalman filters, but not particle filters with many
particles.
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Figure 7.11: Marginal filtering densities in one instance for the stochastic predator-
prey example. The densities from EBDS are shown in black. Densities from an
extended Kalman filter are included for comparison and shown in red. As can be
seen, the densities from EBDS align well with the particle filter histograms while
those from the EKF deviate significantly in some cases.

7.4 Turbulent Spring-Mass System

As a last example, a spring-mass system affected by random turbulence is consid-
ered. We assume there are four masses, five springs and five dampers connected
according to Figure 7.12. The state vector consists of the positions X; and veloc-
ities V; for these masses. To make the filtering problem more difficult we assume
that positions and velocities can be observed for only two of the masses.

For constant matrices Agq, Ay € R*>* and t € [0,0.5] the state model in this
example is thus

t t
Xt:X0+/ Vsds+/ oy dW ),
0 0

t t
V;:Vo+/(A21XS+A22VS)ds+/ oy AW,
0 0
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Here, W1 and W® are independent four-dimensional Brownian motions. As can
be seen, this model is linear and the Kalman filter can be used as as reference. Let
k1, ko, k3, ks, k5 be the spring constants, ¢, ¢o, ¢3, ¢4, ¢5 the damping coefficients and
ma1, Mg, m3, my the masses. The matrices Ay; and Agy then have the form

M ki4ko ko 0 0
m1 mi
ko _ kotks ks 0
— m m: m
An = | ¢ P = VYR VR I
m3 m3 m3
0 0 ks _ katks
L ma ma
[— 7011:102 0 0 0
0 —cates 0 0
A22 = 0 6nQ __c3tca 0
ms3 +
_ cates
0 0 0 £

In the experiments, we use the parameter values m = 1, k = 1 and ¢ = 0.2 for
all masses, springs and dampers. Moreover, we let o; = 09 = 1. These are slightly
different parameter values compared to [2]|, where the same experiment is attempted
but with ten masses. We assume that the observations are made on the velocities
and positions of the first two masses and let the measurement noise variance be 1.
Lastly, the starting value for each component is independent and standard normally
distributed.

X0y X® ye X® ye X® v
— — — —
kj m k " k: m k m kz
1 MMMWMR 2 mgmmm\; 3 §§§§§§§§§§§§t 4
C1 Co Cs Cyq Cs

Figure 7.12: Schematic overview of the model for the last example, consisting
of four masses, five springs and five dampers. The state in this example is the
concatenation of all positions X and velocities V', shown in the figure.

Again, we do not investigate convergence and instead benchmark EBDS directly
using N = 16 steps. The resulting MAE, FME, KLD and L?L2-error over time are
shown in Figure 7.13. The L?*L?-error is shown in this case and not the L?L>-error
because that metric proved to be more prone to outliers, particularly for the boot-
strap particle filters with a small number of particles. To analyse the results, EBDS
performs better than a particle filter with 10 particles but worse than one with 10*
particles in the metrics that concern the first moment, i.e., the MAE and FME. For
the KLD and L2L?-error EBDS is almost always better than a particle filter with
10* particles and sometimes better than one with 10°. To examine how well EBDS
scales with the state dimension it is particularly interesting to compare this linear
example in eight dimensions to the one-dimensional linear Ornstein—Uhlenbeck ex-
ample. When comparing the MAE to the one in Figure 7.3 it can clearly be seen that
all filters deviate significantly more from the reference in this high-dimensional ex-
ample. In particular, the particle filters with low numbers of particles have severely
diminishes accuracy. Moreover, it can be seen that EBDS also performs worse in the
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high dimension, but remains quite accurate and comparable to the particle filters
with many particles.

Some marginal filtering densities for EBDS in one instance are shown in Figure 7.14.
We also show densities from a Kalman filter and histograms from a particle filter.
It can be seen in the figure that EBDS gives quite accurate results for the shown
components, while the particle filter histograms deviate more significantly from the
Kalman ﬁlter reference densities. This can be seen for Xt at both times and Xt
as well as V; at t = 0.4. In particular, we see that EBDS manages to capture the
tails of the reference densities rather well in this example.
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Figure 7.13: EBDS performance over time compared to benchmark filters in
the spring-mass example. In terms of the first moment, EBDS generally performs
slightly worse than a particle filter with 10* particles while it performs slightly better
than this filter in terms of the KLD and L?L?-error.
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Figure 7.14: Some marginal densities for one instance of the spring-mass problem.
The position and velocity in the left column can be observed whereas the position
and velocity in the right column cannot. As can be seen, the EBDS densities align
quite well in most times with those from the Kalman filter. The particle filter, on
the other hand, seems less accurate.

To summarise the examples in more than one dimension, EBDS gives decent re-
sults although the problems seem more difficult than in one dimension. This is
especially the case for the nonlinear predator-prey problem and to an extent the
nonlinear two-dimensional problem treated in Appendix A. However, for the lin-
ear eight-dimensional example performance is quite satisfactory compared to the
benchmarks and this indicates that EBDS works in high dimensions. Analysis of
EBDS marginal densities in the three higher-dimensional examples indicates that
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tail-behaviour can be difficult to learn. The linear example does not seem to suffer
from this problem, see for instance Figure 7.14, but the nonlinear problems do, see
for example Figure 7.11 and A.5. As such handling the tails better seems to be a
clear next step. This is discussed further in Chapter 8. Nevertheless, in the nonlin-
ear examples our filter performs better than the Kalman filters and it must still be
noted that EBDS is very computationally light online. As such, the method as it is
still shows some promise. In the following sections some complementary results are
provided, starting with an exploration of the neural network architecture.

7.5 Reduction of Error Using LSTM-Model

To investigate whether the LSTM hybrid model can reduce the neural network ap-
proximation error and thereby contribute to a more accurate filter, its performance
is here compared to the standard architecture in the bimodal example. We compare
the two architectures using N = 16 and choose the LSTM hyperparameters such
that the number of trainable parameters are the same.

Comparisons of the FME, KLD, L2L?-error and L2L*-error over time are shown
in Figure 7.15. Note that for this figure all models were trained with 10° sample
paths. The figures in Section 7.2 were generated with 107 training samples, which
is why the numbers for the standard architecture are different in this case. Apart
from at early times, the LSTM-based architecture performs significantly better on
average. The exception is for the KLD at ¢ = 1, where one of the LSTM instances
has a particularly high error. The difference in performance is most noticeable in
the two L2?-errors and for the KLD at ¢t = 0.2 to t = 0.8, while the two architectures
are more similar in the FME. It can be seen that for all errors the best instance is
almost always LSTM-based at later times. As such, a natural conclusion is that this
architecture is to prefer in the bimodal example if the error is to be minimised. Note
though that this architecture is both more computationally demanding to train and
to evaluate.

Additional preliminary experiments were performed to compare the two architec-
tures in the other examples and with more training samples. Because of time con-
straints these results could not be included in this thesis. However, generally the
experiments indicated favourable results for the LSTM-model. In the future, a more
comprehensive study of the LSTM hybrid model and other neural architectures can
be conducted.
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Figure 7.15: Metrics over time in the bimodal example for the standard architec-
ture compared to the LSTM-based architecture. The thin lines are model instances
(five for each architecture) whereas the thick lines are averages over the instances.
On average, the LSTM-based models perform better for almost all time steps and
all metrics.

7.6 Runtime Analysis

In this section some runtime results are provided. The purpose is to show that EBDS
is efficient to use in real time for estimation and that the filter scales well with the
state dimension in terms of computation times. For comparison, the filtering times
for particle filters and Kalman filters in the relevant examples are also provided.

It must clearly be noted however that performance depends heavily on implementa-
tion. While a fairly large amount of optimisation has been performed for all filters,
additional work could be done in this regard. A reader interested in more details re-
garding implementation is referred to the project GitHub repository [34]. Also note
that all computations were performed on a compute cluster and that interference
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from background processes was minimal, allowing for consistent runtime estima-
tion. The hardware was an NVIDIA A40 GPU with 48 GB of VRAM, an Intel(R)
Xeon(R) Gold 6338 CPU and 512 GB of RAM. The computational resources were
provided by Chalmers e-Commons at Chalmers.

Tables 7.3-7.6 display the average filtering times and average time to compute first
moments for the four example problems in this chapter. The filtering time is the
time required to perform all computations for one entire sample path, i.e., all pre-
diction and update steps. The First Moment (FM) calculation time, similarly, is the
time required to compute first moments for the filtering distributions in all observa-
tion times for one sample path. The total time is thus the time required to estimate
all filtering means for one sample path. Note that EBDS does not have a filtering
step, as it is pretrained, and the benchmark filters offer almost instantaneous com-
putation of the first moment. Also remark that the first moment calculation time
for EBDS depends on the number of samples or points used to estimate the integral
for the mean. In the Ornstein—Uhlenbeck, bimodal and spring-mass examples 2000
points were used while the nonlinear predator-prey example required 20000 samples.

Table 7.3: Average time for filtering and calculating first moments in the Ornstein—
Uhlenbeck case. The reference filter is marked in bold and has a very large number
of prediction steps. Hence its runtime should not be compared directly to the other
filters.

Filter FM calc. time [s] Filter time [s] Total time [s]

KF 0.0001 0.0514 0.0515
PF 10? 0.0001 0.0172 0.0174
PF 103 0.0003 0.0338 0.0341
PF 104 0.0018 0.2122 0.2139
PF 10° 0.0158 2.1682 2.1840
EBDS 0.0113 - 0.0113

Table 7.4: Average time for filtering and calculating first moments in the bimodal
case. Again, the reference filter is in bold.

Filter = FM calc. time [s] Filter time [s] Total time [s]

PF 10° 0.0186 16.1989 16.2175
PF 102 0.0002 0.0181 0.0184
PF 10? 0.0007 0.0515 0.0522
PF 10* 0.0034 0.4066 0.4100
EKF 0.0001 0.0109 0.0110
UKF 0.0001 0.0666 0.0667
EBDS 0.0122 - 0.0122
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Table 7.5: Average time for filtering and calculating first moments in the three-
dimensional predator-prey case. As a reminder, we only consider six observations
for this example and the spring-mass example in Table 7.6, hence the times in these
tables are for fewer estimations than the times in Table 7.3 and 7.4.

Filter = FM calc. time [s] Filter time [s] Total time [s]

PF 10° 0.0373 15.3075 15.3448
PF 102 0.0005 0.0080 0.0085
PF 10? 0.0007 0.0230 0.0237
PF 10* 0.0067 0.1891 0.1958
EKF 0.0001 0.0043 0.0044
UKF 0.0001 0.0346 0.0347
EBDS 0.0301 - 0.0301

Table 7.6: Average time for filtering and calculating first moments in the eight-
dimensional spring-mass case.

Filter FM calc. time [s] Filter time [s] Total time [s]

KF 0.0001 0.0291 0.0292
PF 102 0.0003 0.0080 0.0083
PF 10° 0.0011 0.0443 0.0454
PF 104 0.0085 0.4324 0.4409
PF 10° 0.0828 5.7126 5.7955
EBDS 0.0751 - 0.0751

It can be seen from the tables that EBDS is very fast considering its accuracy. In
the Ornstein—Uhlenbeck example shown in Table 7.3 our method is 20 times faster
than a particle filter with 10? particles, which has comparable performance in terms
of the FME. In the bimodal example EBDS is five times faster than a particle filter
with comparable performance and even as fast as the extended Kalman filter, see
Table 7.4. As can be seen in Figure 7.10, EBDS performance in terms of FME in
the predator-prey example is quite bad, hence comparable particle filters are faster
in this case, see Table 7.5. Yet, EBDS is still faster than particle filters with many
particles as well as the unscented Kalman filter. For the eight-dimensional example
shown in Table 7.6 EBDS has slightly higher FME than a particle filter that is six
times slower with 10* particles. Lastly, note that the first moment calculation time
for EBDS seems to scale well with the state dimension.

The analysis in this section only covers the computation of the first moment, which
is a typical use-case for filtering algorithms since the mean is a natural choice for a
state point-estimate. If the task instead is to calculate some value of the filtering
density, then the results would be even more favourable for EBDS compared to the
particle filters. This is especially true using the method in this thesis, since the
Gaussian kernel density estimate is very computationally demanding.
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7.7 Alternatives to Training Normalisation

Table 7.7 shows the average proportion of time for key tasks during training in the
four examples. As can clearly be seen, neural network training and calculation of
normalisation constants in update steps, i.e., calculation of the integral in (6.3),
take by far the most time. The proportion between these vary, depending on the
dimensionality of the problem and the number of prediction steps N, however it is
clear that avoiding the update step normalisation would save considerable time.

Table 7.7: Fraction of time for main training tasks in all examples. We use the
abbreviation OU for the Ornstein—Uhlenbeck example, BM for the bimodal example,
LV for the stochastic Lotka—Volterra problem and SM for the spring-mass problem.

Task Oou BM LV SM

Data simulation 0.09% 0.14% 0.17%  0.59%
Label calculation 0.06% 0.04% 0.02% 0.05%
Network training 67.67% 70.34% 32.70% 36.59%

Update normalisation 32.19% 29.48% 67.11% 62.77%

In Chapter 5 it was argued that this normalisation is necessary, which is shown here.
We investigate four different normalisation schemes:

1. Not including the normalisation constant in the update step nor dividing with
the average label size in (6.5).

2. Not including the normalisation constant in the update step but dividing with
the average label size in each step according to (6.5) during training.

3. Calculating the integral (6.3) in the update step for a subset of training sam-
ples (one tenth of all samples) and dividing by the average integral while not
performing (6.5).

4. Calculating the integral (6.3) for each training sample while also performing
(6.5).

These schemes are sorted in order from least computationally expensive to most.
Note that the last alternative was used to generate all other results.

For N = 32 and the Ornstein-Uhlenbeck example the L?L?- and L2L*°-error in
these four cases are displayed in Figure 7.16. As can be seen, without any normal-
isation the error increases drastically after some time. Using some normalisation
makes the curve smoother, but scheme 4 yields significantly lower error than num-
ber 2 or 3. While not shown here, the pattern is similar for other examples. As such,
although it is time consuming, normalising exactly seems to be the best approach.
Note that fewer training samples were used here compared to Figure 7.1, which is
why the performance for scheme 4 is worse in this plot. The reason behind why some
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Figure 7.16: L?>L?- and L?L*-error over time when using different normalisation
schemes in the training process. As can be seen, scheme 4 yields significantly better
results than the others.

normalisation is needed can be seen in Figure 7.17. Using the four normalisation
schemes, this figure shows the average over the test samples of the integral

Ten (2, yoy) dz,
/Rﬁk,( Yorr)

for all networks (ﬁ-k,n)éij(\)/:n:y Without any normalisation the integral decreases
significantly after each update step. Eventually, this leads to the training labels
becoming too small for efficient neural network training. It can be seen in the figure
that all of schemes 2, 3 and 4 mitigate this effect. Moreover, scheme 4 and to some
extent scheme 3 ensure the prediction densities are approximately normalised. Why
scheme 4 is significantly better than 2 or 3 is less clear. One theory is that the es-
timate of an average normalisation constant in both methods will be dominated by
a small number of labels that are particularly large. This could result in inaccurate
scaling for small labels.

Irrespective of the underlying reason, this experiment indicates that sample-wise
normalisation should be used if accuracy is the main goal. However, in scenarios
where a shorter training time is preferable schemes 2 or 3 might be better. Note
again though that by using scheme 4 the prediction densities become approximately
normalised, which is useful if these need to be evaluated rapidly. Moreover, the
normalising constants from the training could possibly be used downstream dur-
ing the evaluation of filtering densities online. Although not attempted here, the
constants during training could be saved together with corresponding observation
chains. Then, during evaluation, similarity search can be performed to determine
which observation chain in training data is the closest and the constant for that
chain can be used to approximate the true normaliser. This approach would allow
for almost instantaneous evaluation of filtering densities and constitutes a possible
direction for future research.
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Figure 7.17: Average integrals of the prediction densities over all test samples.
Apparently, using scheme 1 results in the integral becoming several orders of magni-
tude smaller over time. Utilisation of any other scheme prevents this from occuring.

75



7. Results

76



3

Discussion

The main task undertaken in this thesis is an initial numerical evaluation of the
energy-based deep splitting method for discrete observations. The results in one
dimension show that the method is promising for accurate filtering since EBDS con-
sistently performs as well as many of the benchmark filters. Additionally, the results
for the one-dimensional examples indicate strong convergence of order 1/2 in the
number of intermediate prediction steps. Although performance is worse for the
nonlinear problems in more dimensions, EBDS remains on par with some bench-
marks. Moreover, the linear eight-dimensional problem shows that EBDS can work
rather well in high dimensions. As the method is computationally light online even
in the higher-dimensional problems considered, EBDS seems promising for further
evaluation. Chapter 5, Chapter 6 and Appendix B are purposefully detailed, so that
the results can be reproduced and the method can be improved in future works. As
mentioned, the source code can also be found in the project GitHub repository [34].
There are many potential directions for future research.

Firstly, Section 7.7 in the results clearly highlights the possibility of reducing train-
ing time by either avoiding or improving the normalisation in the update steps.
Here, the only methods attempted were exact normalisation using numerical inte-
gration, dividing by the mean label magnitude and dividing by the average integral
of a subset of training samples. One way to potentially reduce the time for this task
would be to only normalise in some update steps, although the performance effects
of this would have to be examined.

Overall however, a large improvement to the training process that could yield superb
performance even in high dimensions would be to device some scheme for improved
sampling of training data. At the moment, the sampling is tied to the dynamics
of the state since the auxiliary process Z follows the same SDE. This means that
the neural networks will be accurate on samples typically seen when simulating the
dynamics, but that tail behaviour might not be well-explored as neural network
generally do not extrapolate. Adding extra terms to the neural network output is a
potential solution which does seem to yield positive results, although it also seems to
complicate the training process and sometimes leads to numerical problems, which
is why it was not used extensively here. A simple solution would be to use stratified
sampling from the prior, although even better results could probably be achieved
by some type of importance sampling strategy in each training step.

It would also be interesting to examine other methods for simulating the under-
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lying stochastic differential equations. The Euler-Maruyama method has worked
well in the examples tested here, but implicit schemes might be better in certain
scenarios. Moreover, a numerical study regarding the convergence when using the
Milstein scheme is possible.

Section 7.5 shows that state-of-the-art architectures can be used to improve the
EBDS filtering method. In the future, it is possible to explore this direction fur-
ther by utilising convolutional neural networks or even transformer-based models.
It would also be interesting to investigate transfer learning, to see whether EBDS
trained on some problem and fine-tuned on some other problem (perhaps with the
same dynamics but different parameters) has a competitive accuracy. From an im-
plementation perspective, the approach of pre-simulating all training samples before
the neural network training works for small training sets. However, simulation dur-
ing training is also an option. Apart from enabling truly large training sets, it could
be interesting to see whether iteratively simulating more data until each network
converges yields better results.

In addition to improving the method, it could also be applied to other problems. In
this thesis filtering is the focus but, as mentioned in the introduction, similar prob-
lems concern smoothing and parameter estimation. Adapting EBDS for parameter
estimation in particular is another interesting direction for future research.

Finally, as treated in the introduction, filtering has a vast number of applications
in various fields. EBDS is especially suitable for problems with dynamics that are
known beforehand and for which online performance is critical. Focusing more on
such problems, for example in target tracking or biomedical engineering, is highly
interesting for the future of the method. Then, EBDS can be tailored to the specific
setting and its performance can be evaluated in truth on non-simulated data.
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A

Additional Examples

In this appendix EBDS performance is presented for two additional example prob-
lems as a complement to the results in Chapter 7. Both examples are nonlinear and
the first is in one dimension whereas the second is in two dimensions. In each sec-
tion, the relevant example is first introduced in detail after which the performance
of EBDS is shown. For both examples we consider 11 observations and these occur
with 0.1 units of time in between starting at t; = 0. The simulations are ended at
T = 1. Hyperparameters are listed in Appendix B and as in Chapter 7, we always
average the metrics over five EBDS instances.

A.1 Geometric Brownian Motion

This example in one dimension is quite different to the ones presented in Chapter 7.
Now, we assume the state satisfies the SDE

t t
Xt:X0+/ quds+/ o X,dW,, tel0,1].
0 0

The solution to this equation is the famous geometric Brownian motion. This pro-
cess is very important in financial mathematics as it is used to model the underlying
security in the famous Black—Scholes model for option pricing. It can be seen from
the equation that the process noise increases with larger x and that the state tends
to increase exponentially over time. In fact, when started in a deterministic Xy, the
expected value at a time ¢ is E[X;] = X, exp(ut).

The tendency for the state to drift away as well as the non-constant diffusion is
why this example is used here. It can be expected that sample paths differ widely,
in contrast to the other two one-dimensional examples where the state tends to some
value over time. This should make the filtering problem more difficult, especially
for EBDS as outliers should occur more frequently with no direct correspondence in
training data. We utilise the parameter values p = o = 1 as well as a linear measure-
ment function and measurement noise variance 1. In this example, the half-normal
distribution is used as prior, with original standard deviation 1. The Kalman filters
cannot be expected to perform well in this scenario and a particle filter with 10°
particles is thus used as reference. Finally, similarly to the Lotka—Volterra example
we enhance the output layer of the neural networks so that if the state is negative
the output is set to zero.
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Here, we do not investigate convergence. Instead, EBDS performance with N = 16
is benchmarked directly against the extended and unscented Kalman filters as well
as bootstrap particle filters. The resulting MAE, FME and L?L2-error can be seen
in Figure A.1. The KLD and L?L>-error are not shown in this case. This is be-
cause the reference particle filter together with the Gaussian KDE yields inaccurate
density estimates in this scenario, especially for negative states. Since we use the
half-normal prior, meaning many state sample paths start close to x = 0 and then
drift away, the problem is most noticeable at early times. The L2L?-error also
suffers from the same problem, but the effect is less apparent, which is why this
metric is shown here. It should still be interpreted with care however, particularly
for early times. The reader should focus more on the MAE and FME. Then it
can be observed that EBDS performs as well as a particle filter with 1000 particles
and significantly better than both the extended and unscented Kalman filters. Evi-
dently, EBDS works rather well in spite of the inherent difficulties with this problem.

Some example filtering densities compared to benchmarks are presented in Fig-
ure A.2. It can be seen that the EBDS densities align quite well with the histograms
from the particle filter, although there are some deviations particularly in t = 0.4
and t = 0.6 for the peak. Note that the distribution changes significantly at ¢t = 0.8
and ¢t = 1, but EBDS seems to remain accurate.
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Figure A.1: Metrics over time in the geometric Brownian motion example. Note
that the plot of the L2L?-error should be interpreted with care, especially at early
times, as the reference filter density estimates can be considered somewhat inaccu-
rate.
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Figure A.2: Some filtering densities in one example for the geometric Brownian
motion problem. As can be seen, the EBDS densities generally align with the particle
filter histograms while those from the extended Kalman filter differ significantly.

A.2 Sine Drift with Stochastic Diffusion

Stochastic volatility models are used extensively in finance, especially in the con-
text of option pricing. Two particularly famous such models are the Heston model
commonly used for stocks and the Longstaff—Schwartz model for the short inter-
est rate. These models let the diffusion of the instrument price be a function of
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a second stochastic process, which is, in general, unobservable. Motivated by this
setup, we introduce the next example. It must be noted though that the drift and
diffusion in this example are not commonly used in financial modelling, but do offer
an interesting challenge for testing EBDS.

Consider the following model for the state X; = (r;, 0¢)T for t € [0, 1]:

t ¢
re =710+ / —ag sin(rg) ds + / p1y/1+ 02 dWS(l),
0 0 (A1)

t t
o = 09 + / —ay0dds + / By dW 2.
0 0

Then, assume that only the first component r can be observed and let h(X) = r.
For the parameters, we use a; = 2, ap = 0.1, 8y = 0.5 and By = 1. The variance of
V is again set to 1 and the prior is standard normal for both components of the state.

To analyse the dynamics at hand, the drift of o; ensures that it is mean revert-
ing. The first order Taylor expansion of the drift for the first component tells us
that the same is true for r close to zero. However, more generally, the first com-
ponent drifts towards the closest multiple of 27. Some sample paths are shown in
Figure A.3. It can be seen that o; is only weakly mean-reverting, which is caused
by as being rather small, and that sample paths with larger value in the second
component exhibit a greater degree of random behaviour.
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Figure A.3: Some simulated sample paths from (A.1). Equal colour in the two
components indicate corresponding paths.

As in the last example, we only investigate the performance for EBDS using N = 16.
For evaluating the metrics, the reference filter in this case is a bootstrap particle
filter with 10° particles. Using these settings, the MAE, FME, KLD and L?L>-error
on test data is shown in Figure A.4 for EBDS and the benchmark filters. It can be
noted that the Kalman filters perform well in terms of the mean, but lose accuracy
severely over time for the KLD and L2L*-error. EBDS, on the other hand, has
approximately the same error as the particle filter with 10® particles for the first
moment (slightly better at early times and slightly worse at late times) but clearly
performs better than this filter terms of the KLD and L?L*-error.



A. Additional Examples

Mean Absolute Error First Moment Error
1.10 - 0.3
1.05 0.2 1
- . K
0.95 0.0
0O 02 04 06 08 1 0 02 04 06 08 1
Kullback-Leibler Divergence L2L®-error
3 _|
0.4
2 _|
0.2
1 _|
0 | T T T T T T 00 o T T T T T T
0O 02 04 06 08 1 0O 02 04 06 08 1

= PF 102 = PF 103 == PF 10% === EKF = UKF === EBDS = Reference

Figure A.4: Metrics over time for EBDS compared to benchmark particle filters
and Kalman filters in the two-dimensional example.

Some example filtering densities in this example are provided in Figure A.5. For
both components EBDS generally performs well in the shown example, especially
compared to the extended Kalman filter and in the first component. However, the
tails could be more accurate. This can be seen in particular for the second compo-
nent at later times.

VI



A. Additional Examples
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Figure A.5: Some filtering densities in one example for the two-dimensional prob-
lem. EBDS generally manages to capture the true density, but struggles somewhat
with estimating tails. This can particularly be seen at later times for the second
component.
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Model Hyperparameters

All hyperparameters used in the six examples for evaluating EBDS are presented
here. In the following text, OU represents the Ornstein—Uhlenbeck example, BM
the bimodal example, GBM geometric Brownian motion, SIN the problem in two
dimensions with stochastic diffusion, LV the stochastic Lotka—Volterra problem and
SM the spring-mass problem.

Table B.1 shows hyperparameters related to training and network architecture.
Moreover, a key step in the training stage is the update step normalisation detailed
in Section 6.1. In the OU and BM examples this normalisation was done using
quadrature with 2000 integration points in a uniform grid on the interval [—10, 10].
In the other examples the importance sampling scheme presented in (6.4) was used
with varying numbers of samples /. In the GBM, SIN, LV and SM examples we used
1 = 4000, 8000, 10000 and 20000 samples respectively. Additionally, the method
for calculating the importance density parameters varied for the different examples.
In the GBM and LV examples the measurement function is invertible and we thus
used p™ = h7'(y") as well as ¥™ = 53. In the SIN and SM examples, for which
the measurement function is not invertible, we let ™ be given by the filter mean of
an extended Kalman filter and ™ by the covariance of the extended Kalman filter
multiplied by 2.

Table B.2 shows the settings when testing the method. Again, a key step in the
evaluation is to calculate normalising constants for EBDS filtering densities. The
first moments for these same densities also need to be calculated. Calculation of
normalising constants and first moments was done using quadrature for the OU
and BM examples with 2000 points on the interval [-10, 10]. For the other exam-
ples importance sampling was used, see (6.4) and (6.14), with I = 4000 for GBM,
I = 2000 for SIN, I = 20000 for LV and I = 2000 for SM. The same parameter
calculation methods were used as in the training stage, see above. Additionally, the
integrals for the KLD and L?L2-error for the OU and BM examples were calculated
using quadrature with the same number of points and interval as the normalising
constants and means. In the other four examples, these integrals were estimated
using the importance sampling scheme in Section 6.3, see for instance (6.13). The
number of samples used then was 10* for all examples.

Finally, for the LSTM experiment in Section 7.5 we used M = 10° training sam-

ples and M’ = 10? test samples. The reference filter was a particle filter with 10*
particles. Otherwise, the same hyperparameters were used for the standard neural
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architecture as in the BM example detailed above. As mentioned in Chapter 7, we
use hyperparameters for the LSTM architecture such that it has approximately the
same number of trainable parameters as the standard architecture. For this purpose
we utilise n), = 64 and n? = 128, see Figure 6.2. The same normalisation settings
were used for both architectures in the training and evaluation stages. These were
again the same hyperparameters as in the standard BM example presented above.

Table B.1: Hyperparameters pertaining to training and network architecture. The
number of prediction steps is N, the number of training samples M, the hidden

layer size n;, and the learning rate «.

Example N M n, o

ou 1,2,4,8,16,32 107 128 10~
BM 1,2,4,8,16,32 107 128 1073
GBM 16 107 128 1073
SIN 16 5-10 128 1073
LV 16 5-10 128 1073
SM 16 5-10% 256 1073

Table B.2: Hyperparameters pertaining to testing and evaluation. The prediction
steps for the reference is N,, the prediction steps for the benchmark filters N, and

the number of test samples M.

Example Reference N, N, M’
Oou KF 128 32 104
BM PF 10° 128 32 5-103
GBM PF 10° 128 16 103
SIN PF 10° 128 16 103
LV PF 10° 128 16 103
SM KF 128 16 10°
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