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Lateral-Directional Controller Design for an Electric Aircraft
A study on different control concepts and their stability and performance as yaw
damper systems

Carl Folkesson
Henric Jorholm Andersson

Department of Electrical Engineering
Chalmers University of Technology

Abstract
In this project, different controller strategies and methods have been designed and
evaluated for a yaw damper to an electric, high-wing regional aircraft. The con-
troller designs tested have ranged from classical proportional and integral controllers
to the more modern methods of model-based optimal control. Finally, gain sched-
uled, and linear parameter varying control has been explored to improve robustness
throughout the aircraft’s flight envelope. Result analysis shows promising results
and suggests that while all controllers can dampen the dutch roll, modern control
methods can perform more robustly and with less pilot effort. Flight testing in Heart
Aerospace’s engineering flight simulator has been carried out using the different con-
trol methods to evaluate the aircraft’s handling qualities with the Cooper-Harper
rating scale. The LPV yaw damper improved aircraft performance with reduced
pilot workload, demonstrating real handling quality improvements for the aircraft.

Keywords: control theory, flight controls, aircraft, LPV, yaw damper, flight test,
gain scheduling, LQR
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List of Acronyms

Below is the list of acronyms that have been used throughout this thesis listed in
alphabetical order:

CG Center of Gravity
HQR Handling Quality Rating
LPV Linear Parameter Varying
LQR Linear Quadratic Regulator
MIMO Multiple Input Multiple Output
PBH Popov-Belevitch-Hautus
PI Proportional-Integral
PID Proportional-Integral-Derivative
SAS Stability Augmentation System
SHSS Steady Heading Sideslip
SISO Single Input Single Output
SQP Sequential Quadratic Programming
TAS True Airspeed
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Nomenclature

Below is the nomenclature of indices, sets, parameters, and variables that have been
used throughout this thesis.

Variables

α Angle of attack
β Sideslip angle
γ Flight path angle
ub Velocity in x-axis in body frame
vb Velocity in y-axis in body frame
wb Velocity in z-axis in body frame
V Airspeed
φ Roll angle
θ Pitch angle
ψ Yaw angle
p Angular roll rate
q Angular pitch rate
r Angular yaw rate
H Height above sea level
nz Load factor
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1
Introduction

The movement for electri�cation to achieve sustainability in transportation is rapidly
accelerating. Industries are quickly scrambling to develop new solutions to replace
fossil-fuel driven vehicles. Heart Aerospace is a start-up company with the ambition
to bring electri�cation to the aviation industry. Heart Aerospace's idea is to develop
an electric aeroplane for short-haul, zero-emission regional �ights. They are cur-
rently working on their �rst aircraft, called the ES-19. It is a 19 passenger aircraft
with four electric propeller motors.

1.1 Background

The development of electrical aircraft has been around for several years. However,
due to limitations in viable energy solutions, electrical aircraft has not been able
to compete with conventional aircraft since batteries are heavier and have a lower
energy density than conventional fuel sources [1]. Battery technologies have sig-
ni�cantly improved in recent years due to the pursuit of sustainable fuel sources.
Electri�cation has come a lot further in land-based transportation since vehicles on
land are less a�ected by the increased mass than aircraft since they do not need to
lift their weight. Modern batteries have the capability of providing enough energy
for shorter �ights [2]. To increase the range, the weight of the aircraft needs to be
reduced, which can be done in many ways, e.g. by replacing conventional hydraulic
systems that are commonly used to control the actuators with lighter wire systems.
These modi�cations yield an aircraft with slightly di�erent characteristics than a
conventional one.

This Master's thesis will explore di�erent control algorithms for controlling the
lateral-directional stability of an aircraft. This control system is called a yaw damper
in aviation, and it controls the rudder de�ection of the aircraft. The di�erent control
algorithms are then �ight-tested and analyzed to see what controller might be most
suitable as a yaw damper.

1.2 Objective and Scope

This thesis project aims to design, analyze, and compare a range of control algo-
rithms for a yaw damper system. These control methods include classical proportional-
integral control, linear quadratic regulator and linear parameter varying control. The
di�erent control methodologies will be evaluated and compared for the application
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1. Introduction

area.

The evaluation of the control methodologies will consist of both quantitative and
qualitative metrics. The quantitative evaluation will consist of commonly used met-
rics in control theory, such as rise time, settling time and overshoots. The qualitative
evaluation will consist of pilot-in-the-loop simulations where a �ight test plan will
be drafted and conducted with a certi�ed test pilot. The �ight test will assess
metrics such as pilot workload and aircraft handling characteristics for the di�er-
ent control methodologies. Due to human interaction with the �nal system, both
types of evaluations are necessary to capture the full e�ect of the control system
implementations.

1.3 Limitations

Some limitations were made to make the most of the project. First, due to the high
complexity and many parameters in the model, some parameters are kept constant.
For example, the aircraft's weight and centre of gravity are constant throughout the
thesis. The evaluations of the control systems are considered in cruise �ight condi-
tions, i.e. no e�ect of the landing gear or di�erent �ap settings will be taken into
consideration. All these parameters and others not mentioned need consideration
for a complete system evaluation.

The �ight testing will be conducted at a single altitude, and velocity since testing
on the full range of the aircraft would be very time-consuming. However, a single
test point is enough for the relative comparison between control methodologies for
the thesis.

1.4 Ethics and Data

During the project, no sensitive individual or personal data is used. The results
presented is based from a simulated environment using synthetic data. The meth-
ods presented in this thesis can not be used to bias the results in favor of a speci�c
method. Fairness is guaranteed since no advantage can be given to an algorithm to
discriminate the results.

The control strategies are designed to aid and not constrain the pilot. The out-
put of the controller is clearly interpreted by the pilot.

To put a control system in an aircraft, extensive testing is needed to ensure the
reliability and safety of the system to not cause any harm to the occupants. Al-
though this project is far from realization, it is important to incorporate this mindset
from the beginning of the project.

2



2
Theory

This chapter describes the theory used during the project to provide the reader with
the necessary knowledge needed to understand the upcoming chapters.

2.1 Flight dynamics

To create a model of the aircraft, it is essential to understand which forces and
moments a�ect the aircraft, and which inputs are available in the aircraft. There
are three primary sources of forces that can in�uence an aircraft in �ight; aerody-
namic forces, propulsive forces and gravitational forces. The aerodynamic forces are
products of the shape of the aircraft and the surrounding environment and can be
divided into two major components; lift and drag. The propulsive forces stem from
the propulsion system of the aircraft, and the gravitational forces are based on the
mass of the aircraft [3].

2.1.1 Essential aerodynamics

Aerodynamics is the science of air�ow. It is vital to understand the aircraft's aero-
dynamics forces and moments since these are the primary factor in �ight dynamics.

The aerodynamic forces and moments on a body moving through the air originate
from two primary sources; pressure distribution over the body surface,p, and shear
stress distribution over the body surface,� . p acts normal to the body surface while
� acts tangential to the surface area due to friction between the air and the body
surface.p and � can be integrated over the surface area of the body to obtain a re-
sulting force vectorR and momentM , whereR is commonly divided into a lift force
vector L and drag force vectorD [4] for an aircraft body. The total aerodynamic
forces and moments subjected to the aircraft have contributions from all airframe
parts.

It is possible to model the aerodynamic forces and moments as products of a reference
area and dynamic pressure [5]. Dynamic pressure measures how high the pressure
of the incoming air is. The freestream is the air stream far ahead and free of air�ow
disturbances from the aeroplane. The freestream dynamic pressureq1 is de�ned in
(2.1), where� 1 is the freestream density andV1 is the freestream velocity [4].

q1 =
1
2

� 1 V 2
1 : (2.1)

3



2. Theory

Dimensionless aerodynamic coe�cients are de�ned to model a body's ability to
generate force and moments as it moves through the air. These coe�cients are
obtained by dividing a force by a representative reference area of the body, and
a reference length in the case of moment. These coe�cients are functions of the
angle of attack of the body [5]. The coe�cients are based on forces and moments
calculated and measured via computational �uid dynamics simulations and wind
tunnel tests. These coe�cients are then used in the aircraft model to obtain the
forces and moments on the aircraft in a given �ight condition.

2.1.2 Equations of motion

The equations of motion use the forces and moments that the aircraft is subjected
to and translate these into velocity and acceleration.

There are four sets of equations generally referred to as equations of motion; force
equations (2.2), kinematic equations (2.3), moment equations (2.4), and navigation
equations (2.5). These equations are expressed in body-frame with the earth-frame
as an inertial reference frame and the �at-earth assumption. The �at earth assump-
tion introduces some inaccuracies in the determination of position. However, it is
widely used to analyze aircraft dynamics and used to derive linear models for further
analysis, and design [5].

_uB = rvB � qwB � gD sin� + ( X A + X T ) =m

_vB = � ruB + pwB + gD sin� cos� + ( YA + YT ) =m

_wB = quB � pvB + gD cos� cos� + ( ZA + ZT ) =m

(2.2)

_� = p + tan � (qsin� + r cos� )
_� = qcos� � r sin�
_ = ( qsin� + r cos� )=cos�

(2.3)

� _p = Jxz [Jx � Jy + Jz] pq�
h
Jz (Jz � Jy) + J 2

xz

i
qr + Jz` + Jxz n

Jy _q = ( Jz � Jx ) pr � Jxz

�
p2 � r 2

�
+ m

� _r =
h
(Jx � Jy) Jx + J 2

xz

i
pq� Jxz [Jx � Jy + Jz] qr + Jxz ` + Jxn

(2.4)

_xE = uB c(� )c( ) + vB (� c(� )s( ) + s( � )s(� )c( ))+

wB (s(� )s( ) + c( � )s(� )c( ))

_yE = uB c(� )s( ) + vB (c(� )c( ) + s( � )s(� )s( ))+

wB (� s(� )c( ) + c( � )s(� )s( ))

_zE = � uB s(� ) + vB s(� )c(� ) + wB c(� )c(� )

(2.5)

In equations (2.2),gD is the down-component of the gravitational force vector and
is denoted as such to distinguish that the equations uses the �at earth assumption.

FA =
h
X A YA ZA

i >
and FT =

h
X T YT ZT

i >
in equation (2.2) are the external

aerodynamic- and thrust forces.m in equations (2.2) is the mass of the aircraft.
Note that this m is not the same as in equations (2.4).J in equations (2.4) is the
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2. Theory

inertia matrix of the aircraft and � = JxJz � J 2
xz for convenience.M =

h
` m n

i >

is the external moments applied in their respective axis in the body frame of the
aircraft.

The state vector x for the equations of motion in this form is depicted in (2.6)
and given a value forx the state derivatives can be evaluated [5].

x =
h
� �  p q r u b vb wb xE yE zE

i
(2.6)

The full derivation of the equations of motion is outside the scope of this thesis, but
can be found in the book by Stevens, Lewis and Johnson [5].

2.1.3 Flight envelope

The �ight envelope is a de�ned range of operating conditions in which the aeroplane
is allowed to operate. The operating condition is dependent on several parameters
such as airspeed, altitude, and mass. The plane must �y in a controllable and
predictable way within the �ight envelope. Further in this thesis, only operating
conditions within the �ight envelope are considered.

2.1.4 Aircraft stability

Aircraft stability is a product of many factors. The placement of the centre of grav-
ity and shape and placement of wings, fuselage, and empennage have signi�cant
impacts. There are two kinds of stability concepts related to aircraft, static stabil-
ity and dynamic stability.

Static stability is related to the instantaneous response of the aircraft when sub-
jected to a disturbance in an equilibrium state, meaning that the forces and mo-
ments exerted by the aircraft when disturbed determine the static stability. If a
plane shows a tendency to return to equilibrium when disturbed, it is statically sta-
ble [6]. Otherwise, it is statically unstable.

Dynamic stability is related to the aircraft's response over time after being sub-
jected to a disturbance. If an aircraft returns to equilibrium after being disturbed,
it is dynamically stable. Otherwise, it is dynamically unstable. While static sta-
bility covers the instantaneous tendency of the aircraft after being subjected to a
disturbance, it does not cover if the aircraft returns to an equilibrium state [6].

From a control systems perspective, the de�nition of stability is slightly di�erent.
A system is said to be input-output stable if the system has a �nite gain, i.e. the
impulse response is absolutely integrable. This is when (2.7) is ful�lled, whereg(� )
is the impulse response of the system [7].

Z 1

0
jg(� )jd� < 1 (2.7)
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2. Theory

2.2 Trimming of non-linear model

In this thesis, trimming an aircraft refers to �nding a solution to the equations
of motion where the translational and rotational derivatives are either constant or
zero in a speci�c �ight condition. [8]. This means that the state derivatives are
required to be either zero or constant, depending on the �ight scenario that is an-
alyzed [5]. The trimmed condition is either called a trim point or an operating point.

Operating points are essential as they provide the information required for lineariz-
ing the non-linear aircraft dynamics [5], which is needed for e.g. the implementation
of a range of control methods. Trimming can also indicate whether or not a model
is correctly implemented and, e.g. if control surface de�ection limits are su�cient
for the intended �ight envelope since the plane should be able to trim throughout
its �ight envelop. Perhaps the essential use of operating points is in the stability
analysis, where the response of the aircraft around an equilibrium is analyzed after
the aircraft is subjected to a force or moment, either as an intended pilot input or
from an external disturbance [6].

Trim points are found via numerical optimization tools where algorithms such as
sequential quadratic programming (SQP) or Simplex are commonly used [8]. De-
pending on the �ight scenario, speci�c constraints on the model states need to be
ful�lled. For example, straight and level �ight requires the roll-, pitch- and yaw
rates, along with the yaw and roll angle, to be strictly zero. In appendix A, an
example of the trim speci�cations for level �ight is shown.

2.3 Dutch roll

The Dutch roll is a lightly damped, oscillatory motion in yaw, coupled to the roll
and sideslip of the aircraft. The Dutch roll motion can arise when the aircraft is
disturbed in the yaw or roll axis. Yawing of the aircraft causes the air velocity over
the wings to change in an oscillatory manner, which induces a lift and drag di�er-
ence between the wings. This dynamic results in a coupled oscillation in yaw and
roll referred to as Dutch roll [9].

The characteristics of the Dutch roll mode of an aircraft are primarily determined
by the vertical �n, where a larger vertical �n is generally better for a more stable
Dutch roll mode. However, this contradicts the desired design requirements for the
spiral mode. This usually calls for a design compromise where the result often is to
have a lightly damped Dutch roll mode in order to have decent characteristics in the
spiral mode [9]. Therefore, many aircraft are equipped with an automatic control
system to help improve the characteristics of the Dutch roll mode. This control
system is called a yaw damper.

6



2. Theory

2.4 Coordinated turn

A coordinated turn is when the aircraft turns with zero sideslip angle and lateral
directional acceleration. A coordinated turn requires precise control of the rudder,
aileron and elevator input. The aircraft will slip towards the lower wing if a turn
is initiated by purely aileron input. A turn using only rudder input results in the
aircraft skidding [3].

2.5 Yaw damper

The yaw damper is a stability augmentation system (SAS). Stability augmenta-
tion systems are automatic systems that are present on most modern aircraft in
some forms and are meant to enhance the stability and �ying characteristics of the
aircraft. Common examples of SAS are to counteract undesired motions that can
appear naturally in �ight due to disturbances, e.g. phugoid motions or Dutch roll
motions [5].

The yaw damper is meant to suppress the yaw-rate perturbations that can happen
when an aircraft is disturbed from its steady-state mode, e.g. when �ying through
turbulence. Depending on the aircraft, the system response to such a disturbance
can be poorly damped, and the resulting motion, commonly known as Dutch roll,
of the aircraft, can cause discomfort to passengers and crew [10].

The most basic formulation of a yaw damper states that the yaw damper uses yaw
rate as sensed output and has the authority of the rudder as means to counteract
any deviations from the desired mode. In steady, level �ight, the desired value for
the yaw-rate is zero [10]. More sophisticated de�nitions of the yaw damper that uti-
lizes modern control techniques, e.g. linear quadratic regulator (LQR), use several
states and outputs as inputs to the controller [11]. In steady, level �ight, the values
for all lateral states will be zero. However, the aircraft will not always be in steady
and level �ight, which creates a problem with the general formulation of the yaw
damper. The yaw damper will always try to regulate the sensed outputs to zero,
and thus it will �ght the pilot when, e.g. setting up a turn. One solution for this
problem is to �lter the states fed to the controller with washout �lters. The washout
�lter is essentially a high-pass �lter to make sure only frequencies corresponding to
non-pilot induced disturbances get regulated [10].

2.6 Control theory

This section will give the theoretical background of the control methods implemented
in this thesis. The controllers to be used range from classical single input, single
output (SISO) controllers to more modern and sophisticated methods.
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2.6.1 Classic control methods

The Proportional-Integral-Derivative (PID) controller is the most widely used con-
trol method in the industry. It is a method that is easily understandable and delivers
e�cient solutions to many applications [12]. Therefore, it is reasonable to use this
control method as a baseline to compare against when constructing more modern
controller techniques such as LQR control.

A PID control law is de�ned as in equation (2.8), whereK P is the proportional
gain, K I is the integral gain andK D is the derivative gain [12].

u(t) = K P e(t) + K I

Z t

0
e(� )d� + K D

de(t)
dt

(2.8)

The three degrees of adjustment in a PID controller capture di�erent characteristics
of the error signal. The proportional gain compensates for the output by actuating
control input proportional to the error. The integral gain is primarily used to reduce
low-frequency stationary error. Finally, the derivative term improves high-frequency
transient behaviours in errors.

The derivative term is omitted from the classic control methods used in this project
since no emphasis has been put on transient response handling. Instead, proportional-
integral (PI) control is considered and used as the baseline control method.

2.6.2 Linear quadratic regulator

The classical control methods su�ers from a couple of limitations:

ˆ Classic control methods can not handle multiple input, multiple output (MIMO)
systems without introducing inner and outer loops.

ˆ Feedback gains require manual tuning, which is not always intuitive or easy to
achieve. Adjusting weights on states and inputs is more intuitive to use and
understand from an engineering stand point when implementing the controller
[5].

ˆ Classic control methods are not optimal. Modern control techniques are opti-
mal to minimize the cost function.

The LQR controller �lls these gaps and limitations that the classic control methods
leave behind.

A linear time-invariant system can be described using a state-space model (2.9).
x is the state vector of the system,u is the input vector, and _x contains the state
derivatives.

_x = Ax + Bu

y = Cx
(2.9)
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LQR is a full state-feedback control law for which the control (2.10) needs to be
decided [13].

u = � Kx (2.10)

Inserting (2.10) in (2.9) yields the state-space model in equation (2.11).

_x = ( A � BK )x (2.11)

The di�erence between LQR and regular state-feedback control is that the feedback
gain K is based on the aforementioned cost function (2.12). The matricesQ � 0
and R > 0 are design parameters referred to as weighting matrices. These matrices
decide how much cost should be associated with each state and input of the closed-
loop system and thus is how the designer can a�ect the dynamic behaviour of the
closed-loop system [5].

J =
1
2

Z 1

0
(x> Qx + u> Ru)dt (2.12)

The optimal feedback gainK is found as in equation (2.13), whereP is the solution
to the algebraic Ricatti equation (2.14).

K = R� 1B > P (2.13)

0 = A>
c P + PAc + Q + PBR � 1B > P (2.14)

2.6.3 Gain scheduling

Up to this point, controller design has only been discussed for a single operating
condition. However, the control design must work in the entire �ight envelope of
the aircraft. For instance, as described in section 2.1.1, the dynamic pressure grows
quadratically as a function of the airspeed. Hence, the same amount of low and
high-speed control surface de�ection will produce vastly di�erent responses.

The valid �ight envelope is multi-dimensional, and parameters can have an extensive
range of variability. An idea would be to design a controller su�ciently robust to
cover the whole �ight envelope. The drawback of that approach is that the con-
troller design will be conservative. Another idea that is widely adopted in aviation
controller design is the concept of gain scheduling [14], where the controller gains
vary with respect to one or several scheduling parameters. The gain scheduling tech-
nique captures non-linear dynamics by using several linear controllers and switching
between them with the scheduling parameters that have non-linear trajectories.

It is crucial to choose parameters that closely capture the dynamics of the non-
linear model. For example, parameters such as velocity and altitude directly impact
the dynamic pressure the airframe will be exposed to, a�ecting the overall dynamics
of the airframe. Other parameters that capture both longitudinal and lateral dy-
namics are also essential to consider to capture the non-linearity of an aeroplane.
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However, gain scheduling is an ad hoc method which has some implications. Analy-
sis of controller implementation is complicated since design criteria such as controller
performance and robustness are not speci�ed in the design process. Therefore, only
performance and robustness can be guaranteed in the exact trim points where the
controllers have been designed [15]. Extensive simulations and �ight testing is re-
quired to tune and establish the stability and safety of the controller design.

2.6.4 Linear parameter varying control

Due to the above mentioned limitations of the gain scheduling methodology, there
has been an increased interest of the concept linear parameter-varying (LPV) con-
trol [15].

An LPV system can be desribed by the state-space model

_x(t) = A(p(t))x(t) + B(p(t))u(t)

y(t) = C(p(t))x(t) + D(p(t))u(t)
(2.15)

where the vectorp(t) contains parameters that the matricesA, B , C and D depend
on.

Figure 2.1: The LPV system and controller architecture in a P-K structure.

To design the controller K, it is useful to have a standard problem formulation such
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as the P-K structure, which any control problem can be manipulated to [16]. The
augmented system is shown in �gure 2.1. The plant model P can be described as

2

6
4

_x(t)
e(t)
y(t)

3

7
5 =

2

6
4

A(p(t)) B1(p(t)) B2(p(t))
C1(p(t)) D11(p(t)) D12(p(t))
C2(p(t)) D21(p(t)) D22(p(t))

3

7
5

2

6
4

x(t)
d(t)
u(t)

3

7
5 : (2.16)

Using the same principle as in LQR controller design, the weight matrices describe
how vital and how costly an action or an error is. The weight matrixWu describes
the cost associated with the control inputWp weights the reference tracking prop-
erty of the controller, andWe weights the system's output. There are also weighting
matrices for inputs, such as the sensor noiseWn . Wr describes the ideal reference
system that is wanted for reference tracking [16]. Furthermore, it is also possible
to tune We and Wp as transfer functions, which provides even more adjustability in
tuning since that means the weights are frequency dependent.

A simple but valuable result of the controller analysis is theL 2 gain of the closed-loop
system. TheL 2 gain describes the input-output stability, meaning that a bounded
input to the system would result in a bounded output. Therefore, if the gain of the
closed-loop is �nite, then the system is input-output stable [7].

Let S(p) denote the LPV system in (2.15), then [17] de�nes the inducedL 2 norm
of the system as described in equation (2.17).

kS(� )k2! 2 = max
� 2P

max
u2 L 2

kuk26=0

kS(� )uk2

kuk2
(2.17)

The LPV toolbox generates a quadratically stabilizing controller over the whole
parameter setp while still trying to minimize the L 2 gain [17]. Hence, the closed-
loop LPV system is nominally stable. Under certain conditions, nominal and robust
performance and robust stability can be claimed. These claims require the norm of
the system to be less than 1.

2.7 Cooper-Harper scale

The Cooper-Harper scale is a pilot rating scale used to assess the handling qualities
of aircraft [18] and remains the most widespread method for pilot assessment more
than 50 years after it was �rst introduced [19].

Cooper-Harper de�nes handling qualities of an aircraft as "Handling qualities is
de�ned as those qualities or characteristics of an aircraft that govern the ease and
precision with which a pilot can perform the tasks required in support of an aircraft
role" [18, p.2]. From the de�nition, it is clear that assessing the handling qualities
of an aircraft is subjective. Despite numerous attempts of trying to capture han-
dling qualities in objective measures, no attempt has ever been successful [19]. The
Cooper-Harper scale has thus become the standard rating method for evaluating
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Figure 2.2: �The Cooper-Harper Handling Qualities Rating Scale� by Ccotting is
licensed under CC BY-SA 3.0 [20].

aircraft handling qualities. The Cooper-Harper handling qualities rating scale is
depicted in Figure 2.2.

The Cooper-Harper rating scale follows a speci�c procedure. After a �nished mo-
ment/manoeuvre that is to be rated, the pilot will answer several questions in order.
These questions are depicted in the left-most column in Figure 2.2. The questions
are answered with a yes or no, which are meant to guide the �nal rating into sub-
categories. The best category involves ratings 1-3 and is the desired category, where
the aircraft is desirably ful�lling the manoeuvre. The next category involves ratings
4-6 and is the adequate category. In this category, the aircraft performs the task
adequately, but improvements can be made. The third category involves ratings 7-9
when the aircraft has major de�ciencies which require an improvement. Finally, a
rating of 10 indicates that the aircraft is not controllable, and improvements have
to be made to make the aircraft �yable. Each of the subcategories then uses a pilot
rating of the aircraft characteristics and the pilot workload required to achieve the
�nal handling quality rating (HQR) [18].

A criterion for desired and acceptable performance has to be de�ned to use the
rating scale. The simplest way to do this is in terms of what the result of the ma-
noeuvre will be [18]. For example, suppose the pilot will conduct a turn where the
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goal is to roll out on a targeted heading. The desired and acceptable ranges could
be de�ned, in degrees, on how much the captured heading is allowed to deviate
from the targeted heading. These must be selected to be challenging but reasonable
values as they directly a�ect the �nal scores.

13



2. Theory

14



3
Methods

This chapter covers the methods used to explore the previously stated research ques-
tion of the project. Methods of modelling and control of the aircraft are discussed
in detail to give the reader insight into the design process of the controllers.

3.1 Aircraft modelling

Modelling is a vital part of controller design methodology. Since we are adopting
a model-based controller design, the model will directly a�ect how the controller is
going to respond.

3.1.1 Model inputs, states, and outputs

This section gives an overview of the model regarding what inputs, states and out-
puts are present.

Inputs

The model has six available inputs shown in Table 3.1.

Input Min Max Actuator
RollCmd -1 1 Ailerons
PitchCmd -1 1 Elevator
YawCmd -1 1 Rudder
FlapCmd 0 2 Flaps
ThrottleCmd 0 1 Motors
LdgCmd 0 1 Landing Gear

Table 3.1: Inputs in the model along with their available ranges and which actua-
tor(s) they control.

The roll, pitch, and yaw commands are the sidestick and pedal inputs available to
the pilot. These are measured in percentages of their max values, then mapped to
the max de�ections of their respective control surfaces.

The throttle command is a collective throttle input, i.e. there is no individual
control of the four motors.
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The �ap command has three settings (0,1,2) which map to di�erent �ap de�ec-
tions used for cruise, take-o� and landing, respectively. This project only analyses
the aircraft in conditions where the �aps are in a cruise setting to reduce complexity.

The landing gear is not yet implemented, so this input is redundant.

States

The underlying dynamics determine the states of the model. Twelve states stem
from the equations of motion (2.2)-(2.5), these are presented in Table 3.2. The
actuator models introduce two new states per actuator, one position state and one
state for the rate. There are four actuators in the model, two for each aileron and one
for the rudder and elevator respectively. This means eight new states are introduced
by the actuators, which yields a total of 20 states in the aircraft model.

States Unit
Attitude
� rad
� rad
 rad
Angular rates
p rad/s
q rad/s
r rad/s
Velocities
uB m/s
vB m/s
wB m/s
Position
xE m
yE m
zE m

Table 3.2: List of states that stem from the equations of motion.

Outputs

The outputs are determined by what sensors are present on the aircraft. In this
thesis, the modelling of sensors has been omitted, and it is assumed that all state
information of the aircraft is available, which makes the choice of outputs completely
arbitrary. However, some metrics are combinations of multiple states necessary for
analyzing the aircraft, e.g. the angle of attack� or sideslip angle� . The complete
list of outputs used in the model can be seen in Table 3.3.
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Outputs Unit
� deg
� deg

 deg
V m/s
nz -
H m
� deg
� deg
 deg
p deg/s
q deg/s
r deg/s

Table 3.3: List of outputs used in the model with their corresponding units.

3.1.2 Actuators

The dynamics of the actuators are also essential to consider when modelling the
plane. The control inputs from the pilot are delayed by the time it takes for the
electro-mechanical actuators to move the control surfaces to the correct position.
The dynamics of these are essential to consider since this will directly a�ect the
controller design. If the actuating dynamics were omitted, the controller would not
be as robust as the controller analysis might suggest since the actuators would delay
high-frequency control signals.

The actuators were modelled as second-order transfer functions. For this study,
the natural frequency and damping ratio is considered to be to! n = 31:4 rad/s and
� = 0:71 respectively.

Gact(s) =
! 2

n

s2 + 2�! n + ! 2
n

(3.1)

Only the actuators of the primary control surfaces, i.e. aileron, elevator and rudder,
were considered in the project. That is su�cient since the controller only uses the
primary control surfaces to control the aircraft. Otherwise, if the controller would
incorporate auto-throttle, the electric motors with the aerodynamic e�ects of the
propellers would also need to be considered in the model.

3.2 Trimming

Trimming of the aircraft is done via MATLAB and the built-in function �ndop()
[21]. Findop() takes the model object and operating point speci�cation, which spec-
i�es the constraints on the states of the aircraft as input arguments. The model
has four inputs that can in�uence the trimming procedure; roll-, pitch-, and yaw-
command and thrust. In addition, the model has a large number of outputs which
can be constrained to speci�c values depending on the �ight condition.
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It is possible to run several di�erent optimization algorithms for trimming. Af-
ter some trial and error with di�erent algorithms, SQP was chosen since it provided
the most reliable results.

The level �ight condition indicates that the aircraft is �ying straight and level rel-
ative to the ground, i.e. it is neither descending nor ascending, and the bank- and
yaw angles are both zero. Several constraints on the states, inputs, and outputs
can be derived from this de�nition. A complete operating point speci�cation for the
straight and level �ight condition, for altitude H = 10000 ft and airspeedV = 140
ktas, can be seen in Table A.1, A.2 and A.3. It is worth noting that not all states,
inputs and outputs need to be constrained since they are coupled in the model.
The number of constraints is kept to a minimum to avoid potential problems with
over-constraining.

3.3 Linearization

After �nding the trim point of the aircraft, the model is linearized to obtain a
linearized approximation of the non-linear aircraft model in the operating point.
Matlab's built-in function linearize() goes block-by-block and �nds each block's Ja-
cobian. The overall model linearization is then found by combining all individual
block linearizations [22]. However, it is not possible to calculate an analytical lin-
earization for some blocks. Some non-linear blocks lack an analytical Jacobian, and
discrete blocks are often linearized to zero, which was both experienced during the
project as well as stated in the Matlab documentation [22].

3.4 Yaw damper design

The following sections explore di�erent control concepts of the yaw damper. The
classic proportional-integral controller is considered �rst, followed by the more so-
phisticated LQR and LPV control methods.

3.4.1 Proportional-integral controller

Although more modern control techniques are available today, classic control de-
sign is still the most widely used control method in various applications due to its
simplicity. Therefore it makes sense to use the classical methods as a baseline to
compare to more modern and advanced methods.

As discussed in Section 2.5, it is necessary to �lter the sensed yaw rate with a
washout �lter before feeding it to the controller to prevent the controller from �ght-
ing the pilot. The characteristics of the washout �lter are decided by the transfer
function of Hwashout (s) (3.2), which in turn decides how aggressive the yaw damper
will be. If � is small, the yaw damper will be passive, and a large value makes the
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yaw damper more aggressive and will then �ght the pilot in manoeuvres.� � 4
seconds is usually a good value for a balanced yaw damper performance [10].

Hwashout (s) =
�s

�s + 1
(3.2)

One of the downsides of using a controller relying only on proportional gains is that
they are prone to yield stationary errors relative to the desired reference signals.
One remedy to this problem is to introduce integral action to the controller.

The non-linear dynamics is linearized at a steady-state �ight condition with the
altitude of H = 10000 ft and a true airspeed (TAS) ofV = 140 ktas. The linearized
dynamics of the aircraft is a MIMO system. However, the PI-controller only uses
the yaw rate as the sensed input and only needs the authority of the rudder, which
means we can extract the SISO-system relating the rudder input and yaw rate out-
put to use for the controller design. This SISO-system is denotedGr

rud .

Figure 3.1 shows the impulse response of the closed-loop system for a range of
values for K P and K I . These values are obtained using the built-in function pid-
tune() in MATLAB and changing the target crossover frequency between 4 and 12
rad/s, which are purely empirical numbers and the result of trial and error.

Figure 3.1: Open-loop and closed-loop impulse response from rudder to yaw rate,
Gr

rud , for a range of values for feedback gainsK P and K I .

The controller with K P = 0:3 and K I = 0:05 seems like a reasonable choice for a
balance between response time and minimal overshoot. The next step is to verify
the controller in the non-linear model.
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3.4.2 Linear quadratic regulator

In contrast to the classic control methods, the LQR method is no longer constrained
to be applied only on SISO systems. Full state-feedback is now considered on the
whole MIMO plant. This entails some further analysis on the plant model.

3.4.2.1 Observability and Controllability

The controllability and observability of a system describe how states in the state
space are a�ected by inputs and how they are measured from the outputs. Glad
and Ljung de�nes controllability and observability as:
De�nition 1 The state x* is said to be controllable if there is an input that in
�nite time gives the state x* from the initial state x(0) = 0. The system is said to
be controllable if all states are controllable.
De�nition 2 The state x* 6= 0 is said to be unobservable if, when u(t) = 0, t� 0
and x(0) = x � , the output is y(t) � 0; t � 0. The system is said to be observable if
it lacks unobservable states
[7, p. 45]. Hence, as implied by their names, if a system is not controllable, the reg-
ulator will not be able to control all states to their desired setpoint. Furthermore,
if a system is not observable, it is impossible to deduce the state values from the
measured outputs.

There are a number of methods to check for controllability and observability. Ar-
guably, the easiest method is to use Kalman's test for controllability and observabil-
ity by checking the null space of the controllability and the observability matrix.
Theorem 1 A system is observable ifO has full rank and the system is controllable
if C has full rank [7],

O(A; C) =

2

6
6
6
6
4

C
CA

...
CAn� 1

3

7
7
7
7
5

; (3.3)

C(A; B ) =
h
B AB : : : A n� 1B

i
: (3.4)

However, a signi�cant drawback of the Kalman tests is that the observability and
controllability matrices in (3.3) and (3.4) becomes highly ill-conditioned when ap-
plied on large systems with many states. Including actuator dynamics, the plant
model of the aircraft has n = 18 states. A more suitable method for high-dimensional
systems is the PBH (Popov-Belevitch-Hautus) test. The PBH test does not su�er
from numerical issues with regards to the number of states.
Theorem 2 A system is controllable if and only if

h
A � �I B

i
has full rank 8� .

It is observable if and only if

"
A � �I

C

#

has full rank 8� [7].

20



3. Methods

3.4.2.2 Kalman decomposition

Controllability and observability are criteria for designing LQR controllers. Since
a yaw damper only has authority over the rudder, the system loses controllability
over longitudinal states since it is challenging to control pitch and altitude using the
rudder. Thus, the system needs to be transformed into a controllable and observable
system. The Matlab function minreal() returns the minimal realisation of a system
and the Kalman decomposition transformation matrixT. The system can then be
transformed as follows,

�x = Tx; (3.5)

�u = Tu; (3.6)

�A = TAT � 1; (3.7)

�B = TB; (3.8)

�C = CT � 1; (3.9)

�D = D: (3.10)

The reduced system can therefore be described as

_�x = �A �x + �B �u

y = �C�x:
(3.11)

This reduced system is a controllable and observable system approximation of the
original system. Hence, it is possible to design LQR controllers for the system 3.11.
The robustness of the LQR controller will compensate for the precision lost during
the approximation and transformation to the reduced system.

3.4.2.3 Weight matrices

Instead of tuning the feedback gains as previously described in the classic control
methods, LQR minimizes the cost function (2.12). The weighting matricesQ and
R need to be chosen. Since we use a Kalman decomposition on the system, (3.5) -
(3.11), the weight selection ofQ has no apparent meaning. However, we can choose
the weight matrix Q in the original domain of the system and then obtain�Q as
described in equation (3.12).

�Q = TQT � 1 (3.12)

R = 1 is chosen as a starting point.Q is initially selected to have weights on the
yaw rate r and the lateral velocity vB since these are the two most crucial states for
a yaw damper. The yaw rate is evident due to the involvement in the Dutch roll
mode. The lateral velocityvB is also penalized since it is comparable to penalizing
the sideslip angle� , which is not a state and therefore not accessible. The argument
for penalizingvB is to make the controller regulate the sideslip to zero and help turn
coordination. Figure 3.2 shows the impulse response of the LQR-controller with two
di�erent tunings.
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The response looks reasonable with a quick response time for both tunings. The
initial tuning is R = 1 and Qr = QvB = 1 and the rest of the elements inQ kept at
zero. The �nal tuning was achieved after testing in the �ight simulator, where the
valuesQr = 2 and QvB = 0:5 were obtained.

When implementing the LQR in the non-linear model, the washout �lters are intro-
duced on the four lateral states roll angle , roll rate p, yaw rate r and the lateral
velocity vB to prevent the controller �ghting the pilot.

Figure 3.2: Impulse response of the LQR system vs. the open-loop response,

3.4.3 Gain scheduling

The parameters used for scheduling the feedback gains could be either outputs or
states. The parameters should be chosen to capture the system's non-linearities to
have a good approximation of the system dynamics. Five parameters were selected
for scheduling; TAS (V), altitude (H), sideslip angle (� ), load factor (nz) and �ight
path angle (
 ). These choices of scheduling parameters stem from the desire to
capture the full range of the �ight dynamics in the intended �ight envelope. The
operating ranges for the scheduling parameters are presented in table 3.4.
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Parameter Min Max No. points
H [m] 100 6000 2
V [ktas] 133 190 6
� [deg] -10 10 3
nz 0.75 1.5 3

 [deg] -5 3 3

Table 3.4: Parameter grid

3.4.4 Linear parameter varying control

In this part, the process of designing a LPV system is explained. The LPVtools
toolbox for Matlab is utilised to model, design, and analyse the controller. For
further reference about LPVtools, see [17].

3.4.4.1 Linear parameter varying modelling

Similarly, to gain scheduling, parameters need to be selected to capture the non-
linear dynamics of the model. By simulating both the LPV and non-linear model for
the same disturbances, it is possible to understand how accurately the LPV model
describes the non-linearities. The same trim points and parameter selection are used
for LPV modelling as with gain scheduling, i.e. the trim points from table 3.4 apply
to the LPV model.

Linear interpolation is used for the LPV model between trim points to obtain the
interpolated linear system. No extrapolation was used since a linear extrapolation
method leads to unstable simulations due to inaccuracies. Therefore, the extrapo-
lation is clipped to the closest trim point in the grid, which is known to be stable
for all points outside the de�ned grid.

As Figure 3.3 demonstrates, the LPV model can resemble the dynamics of the non-
linear model closely for the lateral states, which are the most important for the yaw
damper implementation.

3.4.4.2 Controller synthesis

During controller synthesis, it must be decided which outputs should be regulated by
the LPV controller. Since the plane still should be able to turn, the yaw rate is put
as a reference tracking output. As a performance output, the sideslip angle is used.
The sideslip angle should be regulated to zero unless a steady sideslip manoeuvre
is desired. However, since this is a weighted and not �ltered output, the plane can
still perform sideslip using this formulation. The weights in equations (3.13)-(3.17)
were found to obtain a satisfactory robust controller.

Wu = 10; (3.13)

We = 1; (3.14)
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Figure 3.3: Comparison between non-linear model and LPV model response to
aileron doublet input.

Wp = 10; (3.15)

Wr =
4

s + 4
(3.16)

Wn = 0:05I 2: (3.17)

3.4.4.3 Controller analysis

The resulting controller from the weights (3.13)-(3.17) has aL 2 norm of 1.2039. If
the weight on performanceWp and weight on reference trackingWe is lowered, the
gain of the system is less than one. Hence the controller would be theoretically
robust. However, this assumes that the output disturbance weight matrixWn ac-
curately describes the disturbances on the sideslip angle and yaw rate in �ight. By
changing the weights, theL 2 norm will be a�ected. More time needs to be spent on
tuning the weights which might result in reduced induced gain of the system and
nominal performance. However, nominal performance comes at the cost of a slower
time domain response.

In �gure 3.4, the gain of the open-loop and closed-loop for each grid point is com-
pared. For the open-loop system, there are some peaks in magnitude for both the
sideslip angle (beta) and the yaw rate at approximately 1 rad/s. This is the res-
onance frequency for which the rudder has the most e�ect on the system outputs.
Since di�erent grid points have di�erent external conditions a�ecting the plane, the
resonance frequency is shifted slightly between di�erent grid points. These peaks of
the gain and the low frequency gain are suppressed for the closed-loop. The open-
loop and closed-loop gains converge with heavily damped gains at higher frequencies.
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