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Abstract

This thesis presents a novel proof of canonicity and normalization for a type theory
a proof relevant impredicative universe and a hierarchy of predicative universes.
The proof uses Artin gluing, and is structured in a modular way that makes it easier
to extend to new type formers.
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1

Introduction

Type theory is a formal system which can be used both as a foundation of math-
ematics and as a basis for proof assistants to check the proof of mathematical
theorems and computer programs [12]. One key idea is to use the correspondence
between propositions and types to reduce proof checking to type checking, for
which it is crucial that this the type checking is decidable. The main result of this
work is to provide a proof of decidability of type checking for a type theory with
a hierarchy of universes and a proof relevant impredicative universe as defined
by Coquand [2]. This theory is difficult to formalize due to the proof relevant
impredicative universe.

Decidability of type checking can be reduced to proving the normalization property,
which is a refinement of the canonicity property. Canonicity states that every
term of the type of Booleans is convertible to either true or false in the empty
context. Normalization is a property which states that terms in arbitrary contexts
are convertible to normal forms with decidable equality.

This proof of canonicity and normalization is done using the technique of Artin
gluing presented by Kaposi et al. [10]. This makes the proof modular and easy to
extend to more type formers.






2

Background

We use intuitionistic set theory with an infinite hierarchy of universes %,, as the
metatheory. We do not assume impredicativity in the metatheory.

2.1 Syntax

The grammar of terms, types, and contexts is given in fig. 2.1. The typing rules
for the object type theory are listed in fig. 2.2 and fig. 2.3. The type theory has
an infinite cumulative hierarchy of universes U,, and an impredicate universe
Prop with an operation T to lift an element of Prop to U,. We write Prop for the
impredicative universe and V for the function space in Prop to clearly separate
them from U and IL.

This type system also has the type Bool in Prop with large elimination, as such,
the Prop universe is not proof irrelevant. It is possible to introduct other data
types such as natural numbers as well (But some data types cannot have large

A,B,a,b,t = x| U, | Prop | T(A)
| II,. sB|ta| Ax.b | Vy. 4B | un(t) | mk(t)

| Bool | false | true | elimpyg(x. A, ag, aq,t)

==L x: A

Figure 2.1: BNF grammar of the syntax



2 Background

' A type,
(O ctx T, x: A ctx
'A: U,
I'=U, type '+ A type
'~ A : Prop '+ A type, I, x: A B type,
Prop type, ['=T(A) type, I'—1I,.oB type,
I'a: A I'=Ay=A; type I' ctx
0 0= M VPG — " _(x:AinD)
F'a: A Fr'—x:A
'+ A type r-A:u,
'-A:U, '-A: U,
't :1I,. 4B 'ta: A Ix:Arb:B
I'—ta : Bla/x] [+ Ax.b : II,. 4B
'+ A type I x: A+~ B : Prop
I'=Vy.4B : Prop
I'—t: T(V,.aB) [+t : L. 4T(B)
[+ un(t) : L. s T(B) [ = mk(t) : T(Vy.4B)
I' - Bool : Prop I' - false : T(Bool) ' - true : T(Bool)

I, x : T(Bool) - A type,
I'+aqy : Alfalse/x] I'a; : Altrue/x] 't : Bool

[ elimpggyo(x. A, ag,ay,t) = Alt/x]

Figure 2.2: Typing judgements for contexts, types, and terms



2.1 Syntax

ILx:A+-b:B F'a: A 't :1I,.4B
I'—(Ax.b) a =bla/x] : Bla/x] ' (Ax.tx) =t :II,. 4B
'+t : 1. oT(B) 't : T(,.4B)
I'=un(mk()) =t : II,. ,T(B) I'-mk(un(t)) =t : T(V,.sB)

I, x : T(Bool) - A type, ['+ay : Alfalse/x] ['+a; : Altrue/x]

T = elimgyo(x. A, ay,ay,false) = ay : Alfalse/x]

I, x : T(Bool) - A type, ['+ay : Alfalse/x] ['+ay : Altrue/x]

I' F elimpgo|(x. A, ag, aq,true) = a; : Altrue/x]

Figure 2.3: Equality judgements for terms, with equivalence and congruence rules
omitted

eliminations without inconsistency [5]). Suprisingly we can prove the negation of

the law of excluded middle [3].

The syntax has separate judgements for types and terms so that it closely matches
the notion of a model of this theory.

The conversion rules are given as equality judgements, which support more models
than if it were defined as a separate function as in Geuvers and Werner [8]. It is
not clear a priori that the type constructors are injective or that subject reduction
holds.

We only have a strict isomorphism with un and mk to convert between between
T(V,. oB) and I1,.. 4 T(B), however with the technique by Shulman [4] we can con-
struct a model with the equality:

I', x: A+ B : Prop
[Ty, aB) =11, sT(B) typeo




2 Background

2.2 Category with families

Categories with families (CwFs) [1], [7] give a generalized algebraic theory pre-
sentation of type theory. The initial model of such theory can be seen as the term
model of the type theory with De Bruijn indices and explicit parallel substitutions.
We list the components below.

CweFs have four sorts: a collection of contexts, a set of substitutions A — T'if A
and T are contexts, a set Type(T') for types in context I', and a set Elem(T, A) for the
elements of type A in context I'.

Contexts and substitutions form a category: we have an identity substitution
id € T' — T for any T’, and if we have substitutionsy € A - T"'and § € © — A, then
they can be composed as yé € ® — I'. The composition is associative with id as
the identity:

y(60) = (y6)0 idy=y=yid

There is a terminal context denoted as () with a unique substitution () € I' — () for
any I'.

Substitutions can be applied to types and elements: if A € Type(I') andy € A — T,
we have Ay € Type(A), if a € Elem(T', A) and y € A — I' we have ay € Elem(A, Ay).
The following equations hold:

Aid=A A(yd) = (Ay)d aid=a a(yd) = (ay)d

We use concatenation for both composition and application of substitutions, it can
be inferred from the left element.

There is a context extension operation where I' A is a context if A € Type(I'). We
have the projections p € LA — I'and q € Elem(I" A, Ap), and if y € A — T and
a € Elem(A, Ay) we have (y,a) € A — I'.A. The equations are:

p(y.a) =y q(y.a) =a (v, a)d = (y9, ad) (p.q) =id

Ify € A > T, we can define y* € A Ay - T.A as (yp, q).



2.2 Category with families

For our type theory, we index the types such that Type C Type, ., then we have

U, € TypenH(F) and Elem(T, U,) = Type (D).

n+1’

It is straightforward to add the type formers:
« Prop € Type ()
« T(A) € Type,(I') where A € Elem(T, Prop)
« I14B € Type, (I') where A € Type (I') and B € Type (I"A)
« app(t,a) € Elem(T, B(id, a)) where t € Elem(T,I14B) and a € Elem(T, A)
« Ab € Elem(T, 114 B) where b € Elem(T.A, B)
« V4B € Elem(T, Prop) where A € Type (I') and B € Elem(T".A, Prop)
« un(t) € Elem(T,II,.. 4, T(B)) where t € Elem(T, T(V,.. 4B))
« mk(t) € Elem(T, T(V,. 4B)) where t € Elem(T, L. 4, T(B))
« Bool € Elem(T, Prop)
. false, true € Elem(T, T(Bool))

- elimpyo(A, ag,a;,t) € Elem(I, A(id,t)) where A € Type (I'T(Bool)), ay €
Elem(T, A(id, false)), a; € Elem(T, A(id, true)), and t € Elem(T, T(Bool))

We have the following equations:

app(Ab,a) = b(id, a) Aapp(tp,q)) =t un(mk(t)) =t mk(un(t)) =t

elimpgol(A, a9, a1, false) = q elimpgol(A4, ag, a;, true) = a;

All the type and term formers also have naturality laws:

Prop y = Prop T(A)y =T(Ay)
(II4B)y =114, By™ (Ab)y = A(by™) app(t,a)y = app(ty.ay)
(VAB)y = Va,By™" un(t)y = un(ty) mk()y = mk(ty)
Bool y = Bool false y = false true y = true

e“mBool(Aa dp, a1, t))/ = e“mBool(Ay+’ Aoy, a1y, t)/)



2 Background

We write A — B for I1,Bp and A = B for V4 Bp.

2.3 Artin gluing

We prove canonicity and normalization using Artin gluing, which is a technique
for building a new model of type theory given two models and a pseudomorphism
between them [10]. A pseudomorphism is a morphism between the CwFs but with
the mapping of contexts only preserved up to isomorphism.

For canonicity, we use a pseudomorphism between the term model and the D-set
model defined in chapter 3. For normalization, we use a pseudomophism between
the term model and a suitable presheaf model defined in chapter 5 following the
technique by Coquand [4].



3

D-set model

We first construct a D-set model [13] similarly to the w-set model defined by Hot-
mann [9], which will be used as the target model for Artin gluing.

3.1 Combinatory algebra

We assume a total combinatory algebra, which can be thought of as the syntax of
the untyped lambda calculus. It consists of a set D with a left associative application
operator - € D x D — D and two elements k, s € D such that:

k.x.y:x S.x.y.z:x.z.(y.z)

We also assume that it is a non-trivial model, so that k # s. Other elements and
operations on D can be defined in terms of k and s (e.g. by translation from lambda
calculus [6]):

i-x=x
b-x-y-z=x-(y-2)
(x,y)-z=z-x"y
T (L y) =x
- (xy) =y
(x,y)-z=(x-2,y2)
A-y-z=x-(y,2)

Note that D does not have to have decidable equality.



3 D-set model

3.2

Category with families

A D-set T is a pair consisting of a set |['| and a realization relation I C D x T, such
that any y € || has an x € D where x I y holds. We say that x realizes y. Let
D-set,, be a subset of D-set where the first component is in %,,.

If Ais a set in %,, we have a A(A) in D-set,, where |A(A)| = A and x a(4) a holds
for all x and a.

The components of the model are defined as follows:

10

A context is a D-set.

A substitution y € A — T is a function y € |A| — [T}, such that there is a
realizer x € D where y IFp é implies x - y Iy y(6).

A € Type, () is a family A, in D-set, over y € |T'.

a € Elem(T,A)isa € Hye|1“||AY|’ such that there is a realizer x € D where
y Ibr yimplies x - y I A, a(y).

id is defined by id(y) = y with the realizer i.

Composition yd is defined by (y§)(0) = 0 with the realizer b - x - y where x
realizes y and y realizes 6.

The terminal context is defined as A{x}.
The substitution () is defined by ()(y) = *.
Ay is defined by (Ay)s = Ay (s)-

ay is defined by (ay)(d) = a(y(5)) with the realizer b - x - y where x realizes a
and yrealizes y.

I'.A is defined by [[.A| = Zye\r
M- x Iy a any (y,a) € [T.A| has the realizer (x, y) where x Ir yand y I A,

‘|A),|, and x kr 4 (y,a) iff 1y - x Fp y and

p is defined by p(y,a) = y with the realizer m;.
q is defined by q(y, a) = a with the realizer m,.

(v, a) is defined by (y,a)(8) = (y(),a(5)) with the realizer {(x, y)) where x
realizes y and y realizes a.



3.3 Type formers

3.3

Type formers

We can define type formers in the model:

U, is defined as A(D-set,).

I14B is defined by [(IL4B),| = Elem(A,, a. B, ), and x F(r1,,B), biff y Fa, a
implies x - y Ip, b(a).

app(t,a) is defined by app(t, a)(y) = t(y)(a(y)) with the realizer s - x - y where
x realizes t and yrealizes a

Abis defined by (Ab)(y)(a) = b(y, a) where (Ab)(y) has the realizer Ax-ywhere

x realizes b and y Irr y, and Ab has the realizer Ax where x realizes b.

3B € Type (I') where A € Type (I') and B € Type (I A), it is defined by
(ZaB)y = A,.C where C; = B ).

fst(t) € Elem(T, A) where t € Elem(T,X 4B), is defined by fst(¢)(y) = t(y).1
with the realizer b - m; - x where x realizes t.

snd(t) € Elem(T, B(id, fst(¢))) where t € Elem(T, X 4 B), is defined by
snd(t)(y) = t(y).2 with the realizer b - 7, - x where x realizes .

(a,b) € Elem(T,X4B) where a € Elem(T', A) and b € Elem(T, B(id, a)), is
defined by (a,b)(y) = (a(y), b(y)) with the realizer {(x, y)) where x realizes a
and yrealizes b.

T € Type,(I) is defined by T, = ().

tt € Elem(T, T) is defined by tt(y) = *.

We can also define Booleans in Type,:

Booly € Type (T) is defined by IBooloyl = {0,1}, and x Iro|, 0 iff x =0 and
Y

X oo, 1iff x =1, where 0 = kand 1 = k - i as Church encoded Booleans.
Y

falsey € Elem(T, Bool) is defined by falsey(y) = 0 with the realizer k - 0.

truey € Elem(T, Booly) is defined by truey(y) = 1 with the realizer k - 1.

11



3 D-set model

- elimpggl, (A, a9, a1,t) € Elem(T, A(id, 1)), where A € Type (I.Booly), ay €
Elem(T, A(id, falsey)), a; € Elem(T, A(id, truey)), and t € Elem(T, Booly), is

aq lft(y) =1

x - y) - z where x realizes t, yrealizes ay, and z realizes a;.

defined by elimpq1, (A, ag, a1, t)(y) = with the realizer s- (s -

3.4 Impredicative universe

We call a D-set I' modest iff x Ir y; and x Fr y; implies y; = y,. An A € Type, () is
modest iff A, is modest for any y € I. We have that I14 B is modest if B is modest,
and Bool, is modest because the combinatory algebra is non-trivial.

Let PER(A) be the set of symmetric and transitive relations on the set A.

We can then define the impredicative universe Prop by Propy = A(PER(D)).

T(A) is defined by [T(A),| = {x € D : A(y)(x, x)}/A(y) and x I A), Siff [x]aq) = S.
We have that T(A) is modest for any A.

We can define an operation [A] € Elem(T’, Prop) where A € Type (I') and is modest,
it is defined by the PER: [A](y)(x, y) iff there is an a € |A,| such that x I A a and
yIF A, @

We have an isomorphism between Elem(T, T[A]) and Elem(T, A) for any modest
A:

« un(t) € Elem(T, A) where t € Elem(T, T[A]), is defined by un(¢)(y) = a where
a € |A| is the unique element such that for any x € D where [x][4)(,) = t(y)
we have x I A, G The realizer of un(t) is x where x realizes t.

« mk(a) € Elem(T,T[A]) where a € Elem(T, A), is defined by mk(a)(y) =
[x][4}(y) where x realizes a(y), with the realizer x.

Then V4B can be defined as [II,T(B)], and Bool can be defined as [Booly].

For the proof of canonicity, we use subsets. {a € A : P(a)} € Type, (I') where
A € Type (I') and Pis a predicate over |A,| for any y € [[], is defined by [{a € A :
P(a)},| ={a € |A)]| : P(a)} and x FacA: P(a)}, @ iff x Fa, a. And{a € A : P(a)}is
modest if A is modest.

12



3.4 Impredicative universe

We define a special syntax for function space if the domain is a set. [[__, B(a) €
Type (I') where A is a set and B(a) € Type, (), is defined as IIy(4)C where C(; o) =

B(a),. Likewise in Prop, HaEA B(a) € Elem(T, Prop) where A is a set and B(a) €
Elem(T, Prop), is defined as Vp(4)C where Cly.a) = Bla)y.

13






4

Canonicity

Assuming a model .Z, we can construct a canonicity model ./Z* by gluing over
a pseudomorphism from .Z to the D-set model, the pseudomorphism is defined

by:

M=A0-0 K@) =ys |4 =AEem(O 4) ) =ay

We have isomorphisms between |()| and (), and between |[.A| and [T|.|A].

4.1 Category with families

Every sort in the resulting model is defined to be dependent pairs, and the first
components of the operations are defined to be the corresponding syntactic oper-
ations. If we only consider the second component, it can be seen as a displayed
model. We list the components as follows:

« A context I'in ./" is a pair consisting of a context I in . and a family I} of
D-setsovery € () » T

« Asubstitutiony € A - I'is a pair consisting of y € A — T'and y5 € A§ — 1“)’,5
where § € () > A.

« A€ TypeZ(I‘) is a pair consisting of A € Type (I') and A}, € Type, (I})
where y € () » T'"and a € Elem((), Ay).

« a € Elem”(T, A) is a pair consisting of a € Elem(T', A) and ay € Elem(T'}, A} 4))
wherey € () - T.

15



4 Canonicity

In the following definitions of operations in this model, the first components are
omitted.

id is defined by id}', =id.

Composition y§is defined by (y6); = y505-
The terminal context is defined by (); = ().
The substitution () is defined by (); = ().
Ay is defined by (Ay)5 , = Als a¥s-

ay is defined by (ay)} = a}’/ 55

I.A is defined by (I.A); =T}, A}y qr-

p is defined by p; = p.

q is defined by q; = q.

(v, a) is defined by (y,a)5 = (y3, a5).

4.2 Type formers

For the type formers we have:

16

U, is defined by Un}’/A = A(Elem((), A)) = U,,.
HAB iS deﬁned by (HAB)),/,Z' = HaeElem((),Ay) HA)’/,aBEy,a),app(t,a)'

app(t, a) is defined by app(t, a); = app(t;(ay), ;).
Ab is defined by (Ab)y(a) = /lb(’y, 2

Prop is defined by Prop}’/A = A(Elem((), T(A))) — Prop
T(A) is defined by T(A); , = T(A(a)).
VaBis defined by (V4 B)(t) = HaEEIem((),Ay) VAhBEy,a)(app(t, a)).

Bool is defined by Bool}',(t) = [{u € Bool : (t =false Au=0) v (t = true A

u=1j].



4.3 Result

- false is defined by false)', = mk(false).

« true is defined by true; = mk(true).

« elimpyo|(A, ag, ay,1) is defined by elimp,o((A, ag, ay, 1)} =
elimBool, (A(y ) elimgaq(Ay.apy.ayy.y) P MK(Q)): 4oy, a1y, un(ty))

We can prove that there is an isomorphism between Elem(T, T(V 4B)) and
Elem(T, I1,T(B)).

4.3 Result

Instantiating . to be the initial model .Z,, we have a homomorphism from .#,,
to L. For any t € Elem((), T(Bool)) we have t* € Elem”((), T(Bool)), where the
first component of t* is defined to be equal to ¢, and we have t*E) € Elem((), T([{u €
Booly : (t =false Au=0) v (t = true A u = 1)}])) and un(t*é))(*) efue{0,1}:
(t = false Au=0) v (t = true A u = 1)}, which implies ¢t = false or t = true, and
un(falseé))(*) =0=1= un(trueb)(*) therefore false # true.

17






d

D-presheaf model

To prove normalization, we construct a presheaf model valued in D-sets over some
category 6. We call such a presheaf D-presheaf.

5.1 Category with families

The components of the model are defined as follows:

« A context I is a pair consisting of a family I'y of D-sets over object X in
€, and a restriction operation T r€ I'y = I'y where f € Y — X such that
Fid =id and ng = Fg Ff'

A substitution y € A — T is a D-set substitution yx € Ay — Iy for any X,
such that yy Ap=Tryx.

A € Type, (I') is a pair consisting of Ax € Type, (I'x) where X is an object
in 6, that is, a family Axy of D-set, over object Xin ¥andy € |['y|, and a
restriction operation Ay € Elem(I'x.Ax, Ay I'¢p) where f € Y — X, such that
Aid =q and Afg = Ag (Ff p,Af).

a € Elem(T, A) is ax € Elem(I'y, Ax) for any X, such that ay I'y = A¢(id, ax).
id is defined by idy = id.

Composition yd is defined by (y8)x = yx dx.

The terminal context is defined by ()x = () and () = ().

The substitution () is defined by ()x = ().

Ay is defined by (Ay)x = Ax yx and (Ay) = Ay Y.

19



5 D-presheaf model

ay is defined by (ay)x = ax yx-
« [LAis defined by (I"A)x = I'x. Ay and (I'A) g = (Tsp, Ap).

« pis defined by px = p.

q is defined by qx = q.

(y,a) is defined by (y,a)x = (yx, ax)-

5.2 Type formers

For the type formers, we first define some operations related to Yoneda embed-

ding:
« yXis a context if X is an object in @, it is defined by (yX)y = A(Y — X) and
(yX)e(f) = f&
« yf €yY - yXwhere f €Y — X, is defined by (y f)x(g) = fg
« Y €yX - I'wherey € [I'y], is defined by yy(f) = I Ay).
We can then define the type formers in the model:
» Uy is defined by (U,)x,, = A(Type, (yX)).
« T14Bis defined by |(ITyB)x,| = Elem(yX.Ay, By™), x I, B)y, b iff y ||_AY,Tf(y)

aimplies x - y Ip, . o by(f,a), and (Iy B) ((y,b) = b(y f)* with the realizer
TH.

« app(t,a) is defined by app(t, a) x(y) = tx(y)x(id, ax(y)) with the realizer s-x-y
where x realizes fx and yrealizes ay.

« Abis defined by (Ab)x(y) = byt with the realizer Ax where x realizes b.

« 24B € Type (I) where A € Type (T') and B € Type (I'A), it is defined by
(ZaB)x =24, Bxand (Z4B)r= (A (p.fst(q)), By (p,snd(q))).

o fst(t) € Elem(T, A) where t € Elem(T, X 4 B), is defined by fst(¢) x = fst(ty).

« snd(t) € Elem(T, B(id, fst(¢))) where t € Elem(T, X o B), is defined by
snd(t)x = snd(ty).
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5.3 Impredicative universe

+ (a,b) € Elem(I',24B) where a € Elem(T, A) and b € Elem(T, B(id, a)), is
defined by (a,b) x = (ax, bx).

« T € Type,(T) is defined by Tx = T and T ¢ = tt.
« tt € Elem(I', T) is defined by tty = tt.
We can define Booleans in Type,:
« Boolj € Type (T) is defined by Boolx = Booly and Bool s = g.
. false; € Elem(T, Bool)) is defined by falsey = false,,.
« true € Elem(T, Bool) is defined by truey = truey.

« elimpy| (A ag,a1,t) € Elem(T, A(id, 1)), where A € Type (I.Booly), ay €
Elem(T, A(id, falsey)), a; € Elem(T, A(id, truey)), and t € Elem(T, Booly), is
defined by elimp,oy, (A, ag, a1, 1) x = elimpgol, (Ax: (a9)x: (1) x: £X)-

5.3 Impredicative universe

We call an A € Type (I') modest iff Ax is modest for any X. We have that I14B is
modest if B is modest, and Bool, is modest.

We define R € PER(A,T), where A is a set and I is a D-presheaf, to be a family
Ry, € PER(A) where y € [T'x], such that Rx (a;,a,) implies Ry p f(y)(al, a,) for any
f €Y — X We also have Ry € PER(A, A), where R € PER(A,T)andy € A — T,
defined by (Ry)x s = Rx y(5)-

We then define Prop € Type (I') by PrOpr = A(PER(D, yX)) and Propf(y, A) =
A(y f).

T(A) is defined by [T(A)x,| = {x € D : Ax(y)x,106 0}/ Ax(¥)x 1> x Frcay,, S
iff [x]a, )y, =S and T(A) Ay, S) = [x]ay), ; with x € S. We have that T(A) is
modest for any A.

We define [A] € Elem(T, Prop) where A € Type (I') and is modest, it is defined by
[Alx()y,r = [AYIT ()

We have an isomorphism between Elem(T, T[A]) and Elem(T, A) for any modest
A:
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5 D-presheaf model

« un(t) € Elem(T, A) where t € Elem(T, T[A]), is defined by un(t)x(y) = a
where a € |Ax | is the unique element such that for any x € D where
[x][aG) = tx(y) we have x I Ay, @ The realizer of un(t)y is x where x

realizes t.

« mk(a) € Elem(T, T[A]) where a € Elem(T, A), is defined by mk(a)x(y) =
[x][4,)(y) Where x realizes ax(y) with the realizer x.

Then V4B can be defined as [II,T(B)], and Bool can be defined as [Booly].
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6

Normalization

To prove normalization, we first define the category of telescopes, assuming a

model /.

6.1 Category of telescopes

We define telescopes inductively with:
« () is a telescope
« X.A s a telescope where X is a telescope and A € Type(X)

together with the operation (X) which is a context in ./ for a telescope X, defined
by:

=0 (X.A) = (X).A

We inductively define weakenings as the morphisms Y — X where X and Y are
telescopes, with:

+0€0~-0
 fpeEY.A— Xwhere feY - X

e ffeY.A(f) > X.Awhere feY > X
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6 Normalization

together with the operation (f) € (Y) — (X) where f € Y — X, defined by:

(=0 (o) =(fIp (="
id € X — Xis defined by:
idy =0 idx 4 = idk
Composition fg € Z — Xwhere f €Y — Xand g € Z — Yis defined by:

fO=f f(gp) = (fglp (fp)g* = (felp g ="

6.2 Neutral and normal terms

We define the set of syntactical expressions with

A,B,a,b,t+=v, |U, |IIAB|app ABta|AABbD
| Prop | TA|VAB|un ABt|mkABt
| Bool | false | true | elimpgyo A ag a; t

where n € IN.

We then inductively define Term(X, A) which is a well-typed subset of syntac-
tical expressions where A € Type (X). Together we have an operation (a) €
Elem((X), A) where a € Term(X, A).

We define mutually inductive sets Norm(X, A) and Neut(X, A) to be subsets of
Term(X, A), with:

« aV e Norm(X, (AN)) where AN € Neut(X, U,) and a" € Neut(X, (AN))
« vy € Neut(X.A, Ap)

e Vp41 € Neut(X.B, Ap) where v, € Neut(X, A)

« U, € Norm(X, U, ;1)

« AN e Norm(X, U,)) where AN € Neut(X, U,)
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6.2 Neutral and normal terms

IT AN BN € Norm(X, U,,)) where AN € Norm(X, U,)) and
BN € Norm(X.(AM), U,)

app AN BN N aN € Neut(X, (BN)(id, (a"))) where AN € Norm(X, U,,),
BN € Norm(X.(AN), Up), tN € Neut(X, I 43(BN)), and
aN e Norm(X, (AN))

A AN BN BN € Norm(X, T 4v(BN)) where AN € Norm(X, Uy),
BN € Norm(X .(AN), U,,), and b € Norm(X.(AN), (BNY)

Prop € Norm(X, Ug)
AN e Norm(X, Prop) where AN € Neut(X, Prop)
T AN € Norm(X, Up) where AN € Norm(X, Prop)

v AN BN € Norm(X, Prop) where AN € Norm(X, U,,) and
BN € Norm(X.(AN), Prop)

un AN BN N ¢ Neut(X, H(AN>T(<BN>)) where AN € Norm(X, U,,),
BN € Norm(X.(AN), Prop), and tV € Neut(X, T(V<AN><BN>))

mk AN BN tN € Norm(X, T(V(AN><BN>))) where AN € Norm(X, U,,),
BN € Norm(X.(AN), Prop), and t" € Norm(X, I 4 T((BY)))

Bool € Norm(X, Prop)
tN e Norm(X, T(Bool)) where tN € Neut(X, T(Bool))
false, true € Norm(X, T(Bool))

elimgool AN a) al¥ tN € Neut(X, (AN)(id, (tV))) where
AN € Norm(X.T(Bool), U,), aé\]e Norm(X, (AN)(id, false)),
allv e Norm(X, (AN)(id, true)), and tN € Neut(X, T(Bool))

We can define operations a™ f € Neut(Y, A{f)) for a¥ € Neut(X, A)and f € Y — X,
and aV f € Norm(Y, A(f)) for a™ € Norm(X,A) and f € Y — X.

We define Term(X, A) as a modest D-set, where [Term(X, A)| = Term(X, A), and
the realizability relation relates Church encoded terms with the syntactical ex-
pressions. Neut(X, A) and Norm(X, A) as modest D-sets can then be defined as
{t e Term(X, A) : t € Neut(X, A)} and {t € Term(X, A) : t € Norm(X, A)}.
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6 Normalization

6.3

Constants

Before constructing the model, we define some constants to be internal to the
D-presheaf model, where we instantiate the category & to be the category of
telescopes:
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Type, is a type defined by TypenX = A(Type (X)) and Typenf(A) = A(f).

Elem(A) is a type for A : Type,, defined by Elemy(A) = A(Elem({X), A))
and Elem (A, a) = a( f).

IT| is a type for any context I in ., is defined by ||y = A((X) — I') and
Tl Ay) = y{f)-

lyl : |Al = |T| for y € A — T, is defined by |y|x(5) = y.

|A] : [T — Type, for A € Type (), is defined by |A|x(y) = Ay.

lal : II, . rElem(|A] y) for a € Elem(T, A), is defined by |a|x(y) = ay.
fst : T.A| — || is defined by fstx(y) = py.

snd : IT, . r 4] — [[|(fst y) is defined by sndx(y) = qy.

pair : IT, . = |Al y — [[.Al is defined by pair,(y,a) = (v, a).

Up : Type,_ , is defined by Uy, = U,,.

app : Hy:|F|E|em(|HAB| y) — Ha:Elem(|A| y)Elem(|B| (pair y a)) where A €
Type, (I') and B € Type, (I"A), is defined by app,(y.t,a) = app(t, a).

Prop : Type, is defined by Prop, = Prop.
T : Elem(Prop) — Type  where Tx(A) = T(A).

un : I, Elem(T (V4 B| y)) — Elem([IIsT(B)| y) is defined by unx(y,t) =
un(t).

Bool : Elem(Prop) is defined by Boolx = Bool.
false : Elem(T Bool) is defined by falsey = false.

true : Elem(T Bool) is defined by truey = true.



6.3 Constants

- elimpyg : I, r|Elem(|A| (pair y false)) — Elem(|A| (pair y true)) —
IL; . Elem(T Bool) Elem(|A| (pair y 1)) where A € Type (I.T(Bool)), is defined by
e“mBoolx(aO» as,t) = elimBooI(AY+’ ag, ay, t).

« Neut(A) is a type for A : Type , defined by Neutx(A) = Neut(X, A) and
Neutf(A, aN) = aNf.
« We write Norm(A)la for A : Type and a : Elem(A), it is a type defined by
Normyx(A)la = {a¥ € Norm(X, A) : (a") = a} and (Normx(A)|a)(@") = aVf
« We write (@) : Elem(A) for aV : Neut(A) defined by (a)x = (a™).
We then define constants for neutral and normal term constructors. For A €

Type (I') and B € Type (I.A), giveny : [T, AN : Norm(U,)|(|4] y), and BN :
I, Neut(14] y)Norm(Up)|([B] (pair y (a))), we define:

o« Iy AN BN : Norm(U,)|(TI4B] y) is defined by H}g((y, AN BN) =
IT AN (BY  4m (P Vo).
+ app® y AN BY : Neut(I4B| y) = I, plem(ia| yNorm(|A| y)la —
Neut(|B| (pair y @)) is defined by appg((y, AN BNt a,aN) =
app AN (BY  4m(p,vo)) £a™.
- A YAN BN . 1_It:EIem(|HAB\ Y)
(Iz: Neut(4] y)Norm(|B| (pair y (a)))l(app vt (a})) — Norm([IL4B| y)lt
is defined by Ai(y, AN BNt Ny = ) AN (B%<AN>(p, Vo)) (t)]&AN)(p, Vo))

The constants for ¥ can be defined similarly. For A € Type (I') and
B € Elem(T.A, Prop), given y : |[], AN : Norm(U,)|(|A] y), and
BN : T, Neut(4] y)Norm(Prop)|(|B| (pair y (a))), we have:

« vy AN BN : Norm(Prop)|(|V4B| y)
« un®y AN BN : Neut(T ([V4B| y)) — Neut([TI,T(B)| y)

. mk®y AN BN . IL; . Elem(T (v 4Bl y))Norm(ITL4 T(B)| y)[(un t) —
Norm(T ([V4B| y))It

The other constants are straightforward:

. ne’ : HAN:Neut(Un)HaN:Neut(AN)Norm<AN>|<aN>
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6 Normalization

» Un + Norm(Up41)|Uy

« ney; : Tan: Neur(u,y Norm(U,)[(AN)

. Props : Norm(Ug)|Prop

» N€Prop ¢ TLAN: Neut(Prop)Norm(Prop)|(AN)

« T : I, Norm(Prop)|(|A] y) = Norm(Up)I(IT(A)| y)
« Bool® : Norm(Prop)|Bool

* N€3ao1 ¢ TIV: Neut(T Baohy Norm(T Boo(t)

. false® : Norm(T Bool)|false

« true’ : Norm(T Bool)|true

* elirT'ISBOOI : Hy:|1"|(HtN:Neut(T Bool) = Norm(U,)|(|A] (pair Y(tN»)) -
HaO :Elem(|A| (pair y false))Norm(|A| (pair }’false))|a0 -
Hal :Elem(|A| (pair ytrue))Norm(|A| (pair y true))la; — L. Neut(T Bool) =
Neut(|A| (pair y (¢t")))

Finally, we can define a constant for the eliminator of Norm(T Bool) with the
signature by induction externally:

* elimNorm(T Bool) *
N S
HA:Ht;Hem(T BooyNorm(T Boo|)|t—>Un(HtN: Neut(T Bool)A (™) (neBOO] t)) —
A false false® — A true trueS — IL Elem(T Booh)IItN: Norm(T Booht = A teN.

6.4 Category with families

We first define a type Type’ (A) for A : Type internally. For A’ : Type’ (A) we
have a tuple with four fields, where:

« A’ : Elem(A) - U,
e ny : Norm(U,)|A

* qar I—Ia:EIem(A)A/ a — Norm(A)|a
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6.4 Category with families

rar - I—Ia:Neut(A)A, <a>

We can then define the components of the model:

A context I' in ™ is a pair consisting of a context I' in .# and a type I yin
the D-presheaf model for y : |T.

A substitution y € A —* T is a pair consisting of y € A — I'and y’ :
IIs5.ja) A 8 = T (Jy] 8).

A € Type () is a pair consisting of A € Type (T) and A’ : I, pI" y —
Type, (1Al y).

a € Elem”(T, A) is a pair consisting of a € Elem(T, A) and
a : I, Il .0 A" vy’ (lal ).

id is defined by id" yy’ = y".

Composition y§ is defined by (y8)’ 6060’ =y’ (16| 0) (6" 06”)
The terminal context is defined by ()’ = T.

The substitution () is defined by ()’ yy’ = tt.

Ay is defined by (Ay)’ 68" = A" (ly| §) (y’ § ).

ay is defined by (ay)’ 66" =a’ (ly| §) (y’ 6§ &').

I'Ais defined by (T.A) y =2,/ (fst )A" vy’ (snd y).

p is defined by p” y (y”,a’) = y’.

qis defined by q" y(y’,a’) = a’.

(y,a) is defined by (y,a) 66" =y’ §8’,a’ § ).

29



6 Normalization

6.5 Type formers

For the type formers we have:
+ U, is defined by the components:
- Upyy” A=Type (A)
=y = Uy
- quyp AA =ny
- ry; yy A" is a tuple with the components:
* 1y yy A" a = Norm(A")|a
iy yy AP = nefJ A"
* Qry, A aa’ =a
Ty A7 aN = ne’ A" gV
« II4Bis defined by the components:
- (aB) yy" t =4 Elem(a pa:caDaa’ (appyta)
- naypy yy =ync N
— qBy yy 1Y = A ync Nit’
- By yy Y aa =rpgq (app’ yne NtN a(qcaa’))
where we write C = A’ yy’ and Daa’ = B’ (pair ya) (y’,a’), and define
Na" = np (v (e av) and g aN = qp @) (1o av) (app v £ (@) (" (@) (rc a™))
« app(t,a) is defined by app(t,a)’ yy’ =t yy’ a(@ yy’).
o Abis defined by (Ab) yy’ aa’ = b’ (pairya) (y’,a’).
+ Prop is defined by the components:
- A’ : Prop’ yy’ Ais a tuple with four fields, where:
«+ A’ : Elem(T A) — Prop

+ ny : Norm(Prop)|A

30



6.5 Type formers

* qar I_Ia:Elem(T A)T (A" a) > Norm(T A)la

* rart HgiNeut(r 4)T (A’ (a))
= Nprop” yyr = PropS
= qprop’ yy’ = NA
~ prop’ yy’ AN is a tuple with the components:

* TProp’ yy’ AN g = Norm(T (AM)|a

* Mgy AN = ne}sjrop AN

* iy, AN G a =a
* Mg 0 AN aV = neS(TS y AN, o)

+ T(A) is defined by the components:

T(A)Y yy a=T(A" yya)
nrayyy =T (Naryy)

~ AT(Ay yy 44" =qaryyad
= Ty pyp @ =y d

+ V4B is defined by the components:

(Va4B)’ YY, L= Va:EIem(|A| y)va’ .caDad (app Y(un yt) a)

—vS
- n(VAB)/YY/—V )/I’ICN

= qew,By yy It = mkSync Nt(qg (unyt) (uny t))

= T(W,B) vy tN = mk, (rg (un® y ne NtY))

where we write C = A’ yy’, Dada’ = B (pairya) (y',a’), and E =

(IIAT(B)) yy’, and define NaN = np (@) (reaN)s Ung taa’ = un (unta)a,
and mk, t = mk (Aa. mk (Aa’.taa")).

+ Bool is defined by the components:

- Bool” yy’ t = [Norm(T Bool)|t]
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6 Normalization

_ S
~ Npgol’ yy = Bool

= QBool’ yy [t =unt’
N _ S N

~ TBool’ yy’ Y = mk (neBool t)

. false is defined by false” yy’ = mk false®

« true is defined by true’ yy’ = mk true’

« elimp is defined by elimgyo (A, ag, a1,t)" yy’ =
e“mNorm(Bool)(R k,agyy',aryy’.ltly,un (@ yy’)) where we define:

- Btt' = A’ (pairyt) (y',t")
Ptt’ = Btt’ (elimpye ¥ (agl v) (lai] y) t)

NN =g (45 (ned,, 1)
- bt = AB (1) (nes, ., tN) (laol y) (ag yv")
= = ) (g ) (1l V) @y YD)

= KN =t g (nes ) (Do v N (ol 1) (0 £Y) (i ) (V) £Y)

6.6 Result

Finally, we instantiate .Z to be the initial model .Z,.
We define the operation rig € [[1(id)| by induction on I, which is a context in ./,
with:

id, = * Fidr, = (Tid p(ride): P47, (p.y) (Vo))

We then get the normalization operation norm(a) € {aN € Norm(T, A) : (aV) = a}
for a € Elem(T, A), defined by norm(a) = qA'r(id,rid)(a’ a’(id, r;g)).

From this, we get decidability of equality of elements, since a = a’ iff norm(a) =
norm(a’).
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7

Conclusion

As stated in the introduction, this proof of normalization has the modularity prop-
erty. The proof can be easily extended with more type formers such as the dependent
pair type, unit type, etc. as opposed to the argument by Geuvers and Werner [8].
Adding type formers just amounts to adding components to each model we have

defined.

7.1 Formalization attempt

Parts of chapters 3 and 4 were formalized in the proof assistant Agda. Most of
the D-set model could be defined strictly by using strict propositions, and the
canonicity model could then be mostly strict by shallowly embedding the syntax [11].
Formalizing normalization is difficult, as defining a presheaf model requires a large
amount of coercion operations over equalities, which prevents the model from
being strict and makes it require even more coercions.
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